Maximum Vanishing Moment of Compactly Supported B-spline
Wavelets

Abstract:

Spline function is of very great interest in fiebdl wavelets due to its compactness and smoothnegeny. As
splines have specific formulae in both time andjdiency domain, it greatly facilitates their mangtidn. We have
given a simple procedure to generate compactlyatigg orthogonal scaling function for higher orBesplines in our
previous work. Here we determine the maximum vangimoments of the formed spline wavelet as esthbt by the
new refinable function using sum rule order method.

Keywords: B-splines, Multiresolution analysis, v&ring moments, sum rule order.

| ntroduction:

One of the principle goal of wavelet theory hasrb construction of useful orthonormal bases
for L2(R). Orthonormal wavelet base have revealed to be olteol in applied mathematics
and digital signal processing. Wavelet bases amgallys constructed via multiresolution
analysis(MRA) on R. MRA attraction is its utilitysaa powerful tool for efficiently representing
functions at multiple levels of detail with manyharent advantages.

There is the great interest in the investigatiorwahpactly supported wavelets. This interest is
due to the computational capabilities of such wetgehnd the wide range of their applications.
The compactly supported orthonormal B-spline wasels been found to be powerful tool in
many scientific and practical applications, theitéinelement method, image processing etc.
Thanks to some of their exceptional propertiesngefiin [6] and mathematical simplicity, they
are also applied and give very good results inousriareas of applied sciences in comparison to
other known wavelets.

We already given in [11] a very simple proceduregémerate orthonormal wavelet bases and
using the sum rule approach as given in [10], dateuthe maximum vanishing momentybfis
m.

Prelimimaries:
1. B-Splines
The cardinal B-splin®,,, defined in [1] of ordem > 1 is

By = By * By = [ By (. —t)dt m=>1 (1)
with B; = xpo,1)- It is known thatsuppB,, = [0,m] and B,,(m = 2) satisfies the
recursion formula
(m—1)B,,,(x) = xBpy_1(x) + (Im —x)Bp_1(x — 1) XER
By convolution property, the Fourier TransformByf is

B (©) = [* Bn() e~ %dx = (= ym 0

i§




The i order cardinal B-spling,, satisfies the following properties;

i) SuppB,, = [0, m]

i) Bn(x)>0 for0<x<m

iii) Yhe—owBn(x—k)=1 Vvx

iv) The Cardinal B-splineB,,and B,,_; are related by the identity,,(x) =

B 1 () + - By 1 (x — 1)

m-—1
V) B, is symmetric with respect to the centre of itsmup namelyB,, (%+x) =

By (5 = X)

2. Multiresolution Analysis
A MRA [7] in L2(R) (introduced by Mallat and Mayer) is given by atedssequence of
subspaces generated by dilates and translatesgbé $iinction.
Definition:
Let a functionp € L?(R) generate spaces
V0 = clos;2(@(.—k); k € Z)
V= clost(Q)j; k €eZ)
with
0l(x) = 220(2x—k)  jkez
where<> denotes the linear span. T@ds said to generate a MRA if the subspaéés
have the following properties
i) VicVy, forall jeZ
i) Ujez V) = L*(R)
i) NjezVy = {0}
iv) f(x) € V;if and only if f(2x) € V;,, forall j € Z
V) There exist a functiorp € V, such tha{p(x — k): k € Z} is an orthonormal basis.

The functiong defined in the last condition is called scalingdtion of MRA. For each subspace
Vi4+1 there exist an orthonormal complimétit of V;,, in V; such that,

W; is subspace o¥/;. 4
WLV,
Vs = VW,

and W, LW, forall k#1

Hence under condition (i), (ii) (iii), it followshat L, = @, W). The space®/, , k € Z are
called wavelet spaces df, relative to the scaling functiop. A scaling functionp must be a



function in L,(R) with [ ¢ # 0. Also sinceg €V, is also inV; and {p,, = 2]/2(2x —k)ke

Z} is a Riesz basis df;.

Construction of spline wavelets:

The Cardinal B-spline of order m generates a MRALgR)
clos;2{Bn(2%.—j):j € Z}.

Since,V; c V;,, and let By, (x) € V; then
B (x) = X PiBm(2x — k)

where p,, is somd? sequences. The Fourier transform of (3) is

—ik&

(&) =2%kpre 2 B

1 "k Bn(®
> - e 2 =——-::-
ZZk Pk ﬁm(g)
Using (2),
. m
1 L 1 —ig\™
Ekake 2= < i£ 1—e_2i§> T om (1 tez )

—ik&
=2Lm 7!‘:0(’;?)6’12

1 1
= EZR Pr = 2—,,12%”:0(’,?)
Therefore the two scale relation of cardinal Bisplis
_ m
B(x) = B 27+ (7)) B (2x = k)

and Fourier transform of it is,

Bn® =P (%/5) Bn/y)

where P (5/2) = %ZZLO o-m+1 (Zl)e‘z _ (£)m

in the sense thatVy" =

©)

(4)

(5)

(6)

(7)

8)(



P(f/z)is called the mask of the scaling function.
Also (7) can be written as,

Bn(2§) = P(§)Br($) (9)

1 _ m\ _; 1+e-i€\™ i
WhereP(z)=P(€)=E 2 m“(k)e ‘k‘f:( Z ) , z=e 8

Theorem2.1: A scaling functiorp with refinement relation
p(x) = X0 prp(2x — k) ,
forms an orthonormal basis if only if
|P(2)|? + |P(—2)|? =1 forz € C with|z| =1 (10)
and theP(z) satisfies the following
1. P(z) € C' and is Z-periodic
2. P(1) =1
3. P&)#0 VvV §€[—mnm|

For B-splines of fiorder,

|P(2)|2 + |P(—2)|* = coszmg + sinzmg < coszg+ sinzg 1.
Hence (10) is satisfied only when m=1, thus B-splform orthonormal basis fan=1 only.
Therefore to induce orthogonality far > 2, let us introduce a Laurentz’s polynomial

Q(2) = ZZLO quk 7= ¥
In such a manner thatP(2)Q(2)|* + |P(-2)Q(—2)|* =1 (11)
B = max,=1|Q(2)| < 2M1 2

andQ(z) must satisfied the three condition stated in téen(2.1) forP(z).
Putting z=1 in (9),

PRI +IP(-DQ(-D)I> =1

leMI* =1 = Q(1) = +1

Therefore Y7-,qr = 11, but we consider onl@ (1) = 1 in order to ensure the orthogonality
of the scaling function.

Expression of)(z):
Q(2) = Yo qrz"

Q(2) = qo + q1c0sé + q,c052& + - — i(q,Siné + qusin2é + -++)



1Q(2)1? = qf + qf + -+ X121 qoqicosié + Y. qiq, cos(i — j)2&

Thus Q is a polynomial function itosé with real coefficients [1], so we take |Q(2)|? =

R(cosé)

1- ,
Take x = %Sf = sng

and R(x) = R(cos&) = R(1 — 2x) = R(sin? g)
From (9),

IP@I21Q(2)I* + IP(-2)I?|Q(—2)|* = 1

1+z 2m

1_22m
2T R@ + [ RA-x) =1

- (1=x)"R(x)+x™R(1—-x)=1 (13)

Since(1 —x)™ and x™ are co prime witlgcd((1 — x)™, x™) = 1 therefore using the following
lemma used in [8, 9], we find two polynomidl(x)and N(x) of degree less than such that

1=—x)"M(x)+x™N(x)=1
Lemma2.2: Polynomial Extended Euclidean Algorithm,

If p and q are two non zero polynomial then theepded Euclidean algorithm produces the
unique pair r and s such that + gs = gcd(p,q) where

deg(r) < deg(q) — deg(gcd(p, q)) ,deg(s) < deg(p) — deg (gcd (p, d)).

Now,

1=01-x+x)>m1

— (1 -~ x)Zm 1 + ( )(1 x)Zm—Zx + ot (X)Zm—l
k O (Zm )(1 x)Zm 1- kxk + Zm 1 ka 1)x2m—1—k(1 —X)k
=(1 _x)m Zm 1 ka 1)( )m 1-kyk 4 ,m Zm 1 ka 1)(1 _x)kxm—l—k (14)

Thus from (12) and (14),

R(x) = ¥/ 1 Zm )(1 x)m—l—kxk



~ Q@I =R(x) = X5y (ka_ 1) (1 — x)m—1-kyk

=ym-t (ka_ 1) cos™ 1kgsinke (15)

Thus the new two scale symbol for the ispl scaling function is given by

M(z) = P(2)Q(2)
= X b !
generating orthonormal basis. And the required Vedve
h(28) = M($B($)
Vanishing Moments:
Before defining vanishing moments we define sura oitler L for a finite sequenge= {p;}.

Definition: A finite sequence = {p,} is said to have sum rule order L if L is the |atgateger
for which the two scale symb#I(§) satisfies

dl

PO=1 & g

P(n)=0 forl=01,..,L—1

From (8), P(0) =1

at al 1+e ¥
w P ={a

)Yz =0 forl=01,..,m-1
Also from (15),Q(0) =1
Thus M) =1 (16)
And M E) = Bheo () 5 PE) 2 06
=0 até=m forl=01,...m—-1 a7
Thus the sequendé(¢) has sum rule order m. Next define the vanishingerds as,

A compactly supported functiap € L?(R) is said to have vanishing moments of order L if
IZ ) xtdx=0  forl=01,..,L—1 (18)

Theorem: (Sum rule implies vanishing moments)



Let @ be an orthogonal refinable function associatet wilynomialP (§). Lety be the function
given by (15) with the sequence givenMy¢) = P(£)Q(€). If P(¢)has sum rule order m, then
Y has maximum vanishing moments of order m.

Before proving this theorem we take a quick looloor of the property of Fourier Transform:
Let f € L,(R) with fourier transfornmf (w). Then if x*f(x) € L,(R) for some

k>1, thenf € C*(R)with

a* . — Kk k —iwx
Wf(w)_(_l) fx f(x)e dx, wE€R

— 00

fooxkf(x)dx = (—i)kd—kf(O) forw =0
dw* ’

— 00

Proof: From above,

dl
do!

L 528) = L M(OBn(®)
=50 () s MGV Bn®

Since M (&) = M(§) = (=D*M(n — &) is a trgnometric polynomial and () has sum rule
order m, therefore

LME) =L (~DME -6 =0 até=0

at 1
Thus, WM(O)_O’ 0<l<m
dl
Hence, mw(O) =0

[ee) [N
or. [ X 9e) = 19 (0) =0 0<I<m
Hencey has maximum vanishing moment

Conclusion:

The order of wavelet transform is typically giveyp the number of vanishing moments of the
analysis wavelet. The number of vanishing momeriits avavelet is important when using



wavelet for the analysis and synthesis of a fumcfide inner product of a function and a wavelet
with many vanishing moments result in a smalleugabiving a better approximation for a fixed

number of Fourier coefficients. Hence higher ordewelet transform usually result in better

signal approximation.
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