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Golden Section and Evolving Systems

Abstract

We present a body of results that demonstrate that the golden section, one of the most important
intelligence signatures in the universe, can be implemented in the design of evolving systems. Albeit we
only develop the mathematics, both mathematician and computer expert should find the concept of this
manuscript clear. Perhaps of particular interest to the number theorist is the observation that the sequence
T, =1,4,7,10,13, ... defined by t,,, = t, + 3,n = 1,t; = 1, known as the Teleois number system, crops
up in our results. Having shown in previous works how this sequence is closely related to the golden
section, this manuscript gives further confirmation and the fact that Teleois numbers penetrate the golden
section renders it a proportion of great splendour. Our results can find a wide range of applications from
information technology through manufacturing to military purposes.

Keywords: Cassini identity; evolving systems; Fibonacci sequences; golden section; Teleois numbers;
transformation vector; zero transformation.

1 Introduction

Let an integer x satisfy

{y = round(x)

y—x=2z
x # round(z¢g) (1.1)
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x is called a parent number and is a seed value of a Fibonacci sequence. Let a sequence H,, satisfy the relation
hyyq = round(phy),n =1 (1.2)
H,, is called a Fibonacci sequence [1]. As a natural consequence of relation (1.2), H,, also satisfies

hpyo =hpyy +hpn>1 (1.3)
The work at hand is devoted to mathematically demonstrating that the golden section, denoted ¢ in equation
(2.1) and formally defined by the ancient Greek mathematician Euclid in his seminal work The Elements [2] as

the division of a line segment into extreme and mean ratio, can be implemented in (the design of) evolving
systems. The concept makes much reliance upon the Cassini identity for H,, given generally as

hahpys = Bygs” = c(=1)%n = 1} (1.4)
a=norn+1

Various scholars have worked on the application of the Cassini identity and Fibonacci numbers in computing
science, especially cryptography, see [3-12].

We introduce transformations based on the Cassini rule and we obtain useful results. For analysis purposes, a
Fibonacci sequence H,, shall be represented in the mechanical form

hi = gnsiat fiiz1ln=4 (1.5)



where G, is a Fibonacci sequence and
E, =1,23,58, .. (1.6)
Hereinafter, the designation E, is reserved for the sequence (1.6).

The concept of parent number as defined above has enabled us to regenerate not only the sequence (1.6) but also
the “Lucas numbers” through the Fibonacci sequence

H, =711,18,2947, ... 1.7)

We would like to assemble a sequence L,, defined by

L=fi+fiyzon=>1 (1.8)
thus
L, =4,7,11,18,29, ... 1.9

Notice in passing that the sequence (1.9) is the sequence (1.7) extended backward by one step. Now let

2L, =1, n>1 (1.10)
It follows
L, = 8,14,22,36,58, ... (1.12)

The sequence (1.9) has profound significance to the results of this work. The sequence (1.11), call it the “double
Lucas numbers”, is important in the study of symmetry. One may find the result in theorem 1.1 interesting.

Theorem 1.1

Consider two Fibonacci sequences B, and Q,, such that

Pi = hpviza +fi}i S1n>5s 1.12)
qi = hnyioa = fi ,

(Pi + Div2) = (@i + qiv2) = 1 (1.13)
Proof

Pi + Pivz = (Rpyic + ) + (hpwivn + fis2)

= hpyio1 + fi + hosivn + fisa (1.14)
qi + Qivz = (Apsicg — f) + (hyin — fir2)
= hyyio1 = fi + hnsivr = fisa (1.15)
(1.14) = (1.15) = hpyi1 + fi + Ppginr + fivz — Pnsica + fi = Bnginr + firz
=2(fi + fi+2)
= le
=1l (1.16)
2 Results

2.1 Zero transformation

Axiom 2.1



Let a Fibonacci sequence H,, be defined by h; = g,.i_1 — fi, i = 1,n = 4. The Cassini identity is given by
hihisz = hipy® = (=D i 2 1 (2.1)
where c is a constant.

Axiom 2.2

Let a Fibonacci sequence H,, be defined by h; = g,.i_1 + fi, i = 1,n = 4. The Cassini identity is given by
hihisy = his® = c(=1), 121 (2.2)
where c is a constant.

Let the constant ¢ be the Cassini value of H,,. Take h;,i = 5. Let

hi—1= P1}

where P, and Q,, are Fibonacci sequences. Now take p; and q;, j = 4. Consider the sequences

Pi—LPjs1 = 2Dj42 =3 Pjsz =5, iC =10
PitLpjs1+2,0j42+3,0j43+5 ic=0¢
(2.9

4 —1,qj31—2,qj42 = 3,4j43 = 5,..ic =3
qj+1,qj41+2,qj42+ 3,443+ 5,..ic=cy
Let
(hi)j = (c1,¢2,¢3,¢4) (2.5)
Let
Z=c+cytc3tcy (2.6)
Theorem 2.1
For an arbitrary Fibonacci sequence H,,, let equations (2.3) to (2.6) hold. z = 4(h;yj_4 + hiyj—2).
Proof
€1+ ¢ =6f; + 2fj40 +8hiyj — 8fj41 — 6hiyj1 — 2hiy iy (2.7)
c3+ ¢4 =8hiyj +8fj1 —6fj = 2fj4p — 6y 1 — 2Ry 4 (2.8)
z=16h;; — 12h;y; 4 — 4y i

=4(4hiyj — 3hipjo1 — Rigjer)

=4(4hiyj — 3hirjo1 — hiyj — hiyjq)

=4hiyj — 4hiyj-1)

=4(hiyj-sa + hitj2) (2.9)
Proof is complete.
Now let (h;); = (c1, ¢z, c3,¢5). Let j = i + 1. For even i, let the transformation vector for the mapping
(h)j - (hppi=4 (2.10)

be given by

v = (¢4 —C4Cy —C1,C3 — C3,Cq — C3) (2.11)



For odd i, let the transformation vector for the mapping

(hi)j = (h)pi =5 (2.12)
be given by
v = (cy = Chy € = €4, C3 — ChyCy — €7) (2.13)

Theorem 2.2: zero transformation

Consider an arbitrary Fibonacci sequence H, . For the mapping (h,)ns1 = (Bns)wn =4, let the
transformation vector be given by v = (wy, wp, ws, w,). Yi—; wy, = 0.

Proof

(hp)ns1 = (€1,€2,€3,¢4)
From theorem 2.1,

z= 4(hn+(n+1)—4— + hn+(n+1)—2) = 4(hzn-3 + han-1) (2.14)

(hnyn)n = (€465, ¢4, €3)
Again from theorem 2.1,

2" = 4(hns1yen-a + hnenyan—z) = 4(han_z + han_1) (2.15)

Notice that (2.14) = (2.15). Therefore (2.14)-(2.15)=0, thus transformation vector v = 0.

2.2 Direct computation of transformation vector
We first need to state theorems 2.3 and 2.4.
Theorem 2.3

Let a Fibonacci sequence H,, be defined by h; = g,4;—1 — fi, i = 1,n = 4. The Cassini identity is given by
Rihirs — hip® = c(=1)"*1,i > 1. The constant ¢ is given by
C=0n-1tGgn-3+¢g— 1}

2.16
Cg = GnGn+2 — Jh+1 (216

Proof

¢ =hyh; — h%
= (gn - 1)(gn+2 =3) = (Gns1 — 2)2
= GnGn+z = 39n — Gn+z +3 = Gisr + 4Gn1 — 4
= 4(39n—1 - gn—3) - 3(29n—1 - gn—S) - (Sgn—l - 2971—3) + Cg — 1
=0gn-1tGn-3+C4— 1

Theorem 2.4
Let a Fibonacci sequence H,, be defined by h; = g,.i_1 + fi, i = 1,n = 4. The Cassini identity is given by
Rihirs — hiy® = c(=1)%,i = 1. The constant ¢ is given by
C=0gn-1tGgn-3—Cg+ 1}

2.17
Cg = InIn+2 — g%+1 ( )

Proof



hihs — h3
= (gn + 1)(gn+2 + 3) - (gn+1 + 2)2
= GnGn+z +39n + Gniz + 3 = Ghe1 — 4Gns1 — 4
= 5(gn-1) — 2(gn-3) + 3(2gn-1 — gn-3) —4BGgn-1 — Gn-3) t g — 1

=—gn-1—Ggn-3tcg—1 (2.18)
From axiom 2.2, h, h; — h3 is negative. This means
c=—(2.18)

=Y9n-1 + In-3 — Cg +1
Theorems 2.3 and 2.4 are crucial to theorems 2.5 to 2.12 that deal with the direct computation of transformation
vector.
Theorem 2.5
Let a Fibonacci sequence H, be such that h; = gnyic1 — fi,i =1, gn = Qmen-1 + fm,n = 4,nis even.
Consider the transformation (h;);+1; = (hi+1);. Let the transformation vector be given by

v = (wy, wy, ws, w,). When i is even,

wy =hy+hiog =l —2(gn-1 + Gns t+ Cg)

wp =hi_ 3+ hi_y—li_y+2(gn-1+ gn-3 t+¢4)
Wz =li_ g —hiyg —himqg — 2(gn-1 + gn-3 + ¢4) (2.19)
Wy =lig—hi 53— hi_s+2(9gn-1+ Gn-s+cg) '

Cg = InYn+2 — Ih+1

L, = (1.9)

when i is odd,
wi=hi o+ hiy—li s —2(Gn-1 + Gn-3+¢4)
Wy =hiyr +hiog — iy +2(gn-1+ gn-s + Cg)
wy =1y —hi_; —hi_4 —2(gn—1 + gn-3 + ¢4) (2.20)
Wy =1l —hig—hig +2(9n1 + Gnst+ Cg) '

Cg = GnGn+z — Ih+1

L, =(19)
Proof

Scenario I: i is even

Given (h;)i+1 = (hiy1)s let

(hi)i+1 = (€1,€2,€3,C4)

(hi+1)i = (C{' Cé' C:f;' Cz’l)

Since i is even, equation (2.11) gives the transformation vector as v = (¢; — ¢}, ¢; — €1, €3 — C5,Cq4 — C3).
Consider (h;);+1- Using equation (2.5), j = i + 1. It follows p, = h; — 1. This means

Pi+1 = hai — fira
Div2 = haix1 — firz (2.21)
Di+3 = haix2 — fiss

Pir1 = D@isz — 3) — iz — 2)?
= (hzi - fi+1 - 1)(h2i+2 - fi+3 - 3) - (h2i+1 - fi+2 - 2)2
= hyihyivs = firzhai = 3R = firihorsa + fisafivs + 3fivr — hiiva + 2fizhoins + 4hpiq — 4fis,
- fziz —-4- h2i+2 + fi+3 +3 (2-22)

With even i, from axiom 2.1 and theorem 2.3,



hoihoise = 311 = —(Gno1 + Gn-z +¢g— 1)
Also notice that
fir1fivs — fi52 = —1, therefore equation (2.22) reduces to

2fisohoirr + 4hoivs — firzhai — 3ho; — fizihoivr — haiva — Bfi + fivz — fiss)
_(gn—l + gn-3+ Cg) -1 (223)

Since i is even, it follows ¢; = (2.23). Now consider (h;41);.
‘Zé =hip +1 ) )
qi = hai + fi, Qiv1 = Roiv1 T firr, Qivz = haiz + firz

@ + D (G2 +3) = (qi41 +2)?
= (hyi + f; + D(hgisz + fiaz +3) = (hgisr + firr +2)° (2.24)

= hyihairy + firahoi + 3ho + fihoiso + fifiez + 3fi + hopuo + frao + 3 = Wi — 2firahaien — 4hoi
—4fi1 — f‘lil —4

Since i is even, it follows ¢, = —(2.24), therefore,
ch = 4hyipq + Afior + fo1 = fifier + 14+ B3y — hoihoiio + 2finahaies — firghor — 3ho — fihgieo — 3f;
- fi+2 - h2i+2

= 4hyiq + firr + 3fim1 = firz = (haihgivz — h3i0) + 2fivahaivs — firzhar = 3ho; — fihoiss — hosn
= 2fiv1hai01 + 4N2i41 — fis2hoi — 3ho — fihaieo — hoipr +3fici — fi
+(gn—1 + Gn-3 + Cg) -1 (225)

Wy =¢—C4
= 2fihais1 — fisrhai = fic1haive — (fict + fir1) — 2(Gn-1 + Gn-3 + ¢4)
=hy1+hiog—liog —2(gn-1 + Gns t+ Cg) (2.26)

Having given a detailed geometric proof for w; for scenario | of the theorem, it is assumed that the reader may
be able to follow the same procedure in proving all eight scenarios.

It is in the interest of space that we state theorems 2.6 to 2.12 below without proof. The interested reader shall
follow proof to theorem 2.5 in proving these theorems.

Theorem 2.6

Let a Fibonacci sequence H, be such that h; = gnyic1 — fi,i =1, gn = Qmen— + fm,n = 4,nis odd.
Consider the transformation (h;);+1; = (h;+1);. Let the transformation vector be given by
v = (wy, wy, ws, w,). When i is even,

wy =hy +hiog =l —2(gn-1 + Gns t+ Cg)
wy =hi_ 5+ hiy—li_y+2(gn-1+ gn-3 +¢4)
Wy =1y —hiyg —himqg — 2(gn-1 + gn-3 + ¢4)
Wy =lig—hi 3 —hi_s+2(9gn-1+ Gn-s+cg)
Cg = InYn+2 — Ih+1
L, = (1.9)

(2.27)

when i is odd,



wi =h o+ hiy— iy —2(gn-1 + Gn-s +¢4)
Wy, =hipq +hiog —liog + 2(gn-1 + gn-3 + ¢4)
Wy =1y —hi_y —hi_y — 2(gn-1 + gn-3 + ¢4)
Wy =liog — Ry — hiog + 2(gn-1 + gn-s + ¢4)
Cg = InYn+2 — Ih+1
L, = (19) )

(2.28)

Theorem 2.7

Let a Fibonacci sequence H,, be such that h; = guii-1 — fi,i 2 1, 9n = Qman-1 — fom,n = 4,nis even.
Consider the transformation (h;);+1 = (h;+1);. Let the transformation vector be given by

v = (wq, Wy, wg, w,). When i is even,

wi =hi+hiog =l —2(gn-1 + Gns t+ Cg)

Wy =hip+his—lis+2(gn-1+gn-s+ Cg)
wi =l —hiyr —himqg — 2(gn-1 + Gn-3 + ¢4) (2.29)
Wy=Uls—hio—hi_4s+2(gn-1+gns+ Cg) '

Cg = Inn+2 — ngL+1

L, = (1.9)

when i is odd,
wi=hi o+ hiy—lis—2(Gn-1 + Gn-3+¢4)
Wy =hig +hiog — s+ 2(gn1 + gn-3 + ¢4)
wy =lig—hi_; —hi_y —2(gn—1 + gn-3 + ¢4) (2.30)
Wy =1l g —hig—hiog +2(9n-1+ gns+ Cg) l

Cg = GnGn+2 — Grs1

L, =(1.9)
Theorem 2.8
Let a Fibonacci sequence H, be such that h; = gnyic1 — fi,i =1, gn = Qmen—1 — fom,n = 4,nis odd.
Consider the transformation (h;);+1; = (h;i+1);. Let the transformation vector be given by

v = (wy, wy, ws, w,). When i is even,

wy =hy +hiog =l —2(gn-1 + Gns t+ Cg)

Wy =hi_ 3+ hi_y—li_y+2(gn-1+ gn-3 +¢y)
wz =1y —hiyg —him1 — 2(gn-1 + gn-3 + ¢4) (2.31)
Wy =lig—hi 3 —hi_s+2(9gn-1+ Gn-s+cg) '

Cg = 9nIn+2 — grzl+1

L, = (1.9)

when i is odd,
wi=h o+ hi_4—1li s —2(Gn-1+Gn-s+ Cg)
w, =hig+hig — i+ 2(gnq1 + gn-3 + ¢4)
wy =1y —hi_p —hi_y — 2(gn-1 + gn-3 + ¢4) (2.32)
wy=lig—hig—hiog +2(gn-1 + Gns t+ Cg) .

Cg = InIn+2 — ngL+1

L, = (1.9)



Theorem 2.9
Let a Fibonacci sequence H, be such that h; = guyic1 + fi,i =1, gn = Qmen-1 + fm,n = 4,nis even.

Consider the transformation (h;);+1 = (hi+1);. Let the transformation vector be given by
v = (wy, wy, ws, w,). When i is even,

wy =hy+hiog =L +2(9n-1 + Gns — Cg)
wy =hi_ 5+ his—li_y —2(gn-1+ Gn-3 — ¢4)

Wz =l —hiyq —hi_q + 2(gn-1 + gn-3 — ¢4)

2.33
Wy =lia—hi 5 —hi_s —2(gn-1 + Gn-3 — ¢4) (233)
Cg = 9nIn+2 — grzl+1

L, = (19) )
when i is odd,
wi=hi o+ hi_ 4 —li s +2(Gn-1+ Gn-s— Cg)\
Wy = hiyr g — iy = 2(9n-1+ gn-s — Cg)
wiy =lig—hi_; —hi_4 +2(gn—1+ gn-3 — ¢4) (2.34)

Wy =1l g —hig—hiog —2(9n-1 + Gns — Cg)
Cg = InGn+2 — Gh+1
L, =(1.9)

Theorem 2.10

Let a Fibonacci sequence H, be such that h; = gnyic1 + i, i =1, gp = Qman_1 + f,mn = 4,nis odd.
Consider the transformation (h;);+1 = (h;41);. Let the transformation vector be given by
v = (wy, wy, ws, w,). When i is even,

wy =R+ hiog — Loy + 2(9n-1 + Gns — ¢4)
wy =hi_ 5+ his—li_y —2(gn-1+ Gn-3 — ¢4)
wy =1l 1 —hip1—hig +2(9n-1+ gn-s — Cg)

2.35
Wy =lia—hio—hi_yg —2(gn-1 + Gn-3 — ¢4) (235)
Cg = 9nIn+2 — g%+1
L, = (19) )
when i is odd,
wy=h o+ hi_s—li s+ 2(Gn-1+ Gn-s— Cg)
w, =hi1+hig =iy —2(gn-1 + gn-3 — ¢4)
Wy =li_g—hi_y —hi_y + 2(gn-1 + gn-3 — ¢4) (2.36)

wy =l —hig—hiog —2(9n-1 + Gn-s — Cg)
Cg = 9nIn+2 — grzl+1
L, =(1.9)

Theorem 2.11
Let a Fibonacci sequence H, be such that h; = gnyio1 + fi,i =1, 9n = Qmen_1 — fom,n = 4,nis even.

Consider the transformation (h;);+1 = (h;+1);. Let the transformation vector be given by
v = (W, Wy, wg, w,). When i is even,



wy =R+ hiog — Loy + 2(9n-1 + Gns — ¢4)
wy =hi_ 5+ his—li_y —2(gn-1+ Gn-3 — ¢4)
Wy =1l —hiyg —hi_q + 2(gn-1 + gn-3 — ¢4)

2.37
Wy =lia—hi5—hi_s —2(gn-1 + Gn-3 — ¢4) (237)
Cg = 9nIn+2 — g%+1
L, = (19) )
when i is odd,
wy=hi o+ h_4—1li4s+2(9n-1+ 9n-s3—¢y)
Wy = hiyr +hiog = lig = 2(9n-1+ gn-s — Cg)
wy =1y —hi_y —hi_4 +2(gn-1 + gn-3 — ¢4) (2.38)

Wy =1l q—hig—hiog —2(9n-1 + Gns — Cg)
Cg = Inn+2 — grzl+1
L, =(1.9)

Theorem 2.12

Let a Fibonacci sequence H, be such that h; = gpyic1 + 1,0 =1, gn = Qan—1 — f,mn = 4,nis odd.
Consider the transformation (h;);+1 = (h;41);. Let the transformation vector be given by
v = (W, Wy, wg, w,). When i is even,

wy = hi +hiog — Loy + 2(9n-1 + Gn-3 — ¢4)
wy =hi_ o+ hi_s—li_y—2(gn-1+ Gn-3 — Cg)
wy =l —hiyr —hi_q + 2(gn-1 + gn-3 — ¢4)

2.39
Wy =1lia—hi5—his—2(Gn-1+ Gn-3—¢4) (239)
Cg = GnGn+z — Ih+1
L, = (1.9)
when i is odd,
wy=h o+ hi_s—li s+ 2(Gn-1+ Gn-s— Cg)
w, =hig+hig =iy — 2(gn-1 + gn-3 — ¢4) |
Wy =li_g—hi_y —hi_y + 2(gn-1 + gn-3 — ¢4) (2.40)

wy =1l g —hig—hiog —2(9n-1 + Gn-s — Cg)
Cg = 9nIn+2 — grzl+1
L, =(1.9)

2.3 Systems Evolution

A series of the transformations (h;);4+1 = (hi+1)i, i = 4, for a given Fibonacci sequence H,, yields very
important results. For illustration we give the first ten such transformations for the sequence

H, =9,15,24,39,63, ... (2.41a)

We only require the transformation vector, the reason for developing theorems 2.5 to 2.12. Because the
sequence (2.41a) takes the form

hi = gnyi-1+fii=1n=5 (2.41b)

where G,, = E,, it follows that theorem 2.10 and hence equations (2.35) and (2.36) apply. These transformations
are therefore:

9



(ha)s = (hs)s
v= (92,52, —605, —34)} (242)

v= (z(;g?ig;—(ﬁg,)s—lw)} (2.43)
b= orsL 15 63} (242
o= 0290660 338} (2.4
b= (537007 oot _135)) (2.6
v = ot e 500} (.7
b= (e S o) (.49
v= (5(3}171,12)11391_,) —(2(1)25),112223)} (2.49)
b= ot G seo) (250
b= (1390 b, T rony) @51)

Recall v = (wy, wy, w3, w,). wy,wy in equation (2.45) equals wy, wy in equation (2.42); w,, w, in equation
(2.46) equals w,, w, in equation (2.43); w;, wy in equation (2.47) equals wy, ws in equation (2.44); w,, w, in
equation (2.48) equals w,, w, in equation (2.45); etc. Theorems 2.13 and 2.14 structure this result.

Theorem 2.13

For an arbitrary Fibonacci sequence H,, let the transformation vector for the transformation
(h)) i1 = (hiz1)i i = 4, be given by v = (wy, w,, w3, wy,). If i is even, then (hi;3)iza = (hiys)is3 has vector
v’ = (wi, wy, wi, wy) such that wi = wy; wg = ws.

Proof

Assume theorem 2.9 applies. In the transformation (h;);4+1 = (hi+1);, if i is even, equation (2.33) gives

wy =hp +hiog — Loy +2(9n-1 + Gn-s — Cg)}

2.52
wy =1l 1 —hip1—hig +2(9n-1+ gn-s — Cg) ( )

Since i is even, it follows (i + 3) is odd. Let j = (i + 3). We need the transformation (h;) ;.1 = (hj41);. Since j
is odd, from equation (2.34),

wi=h o+ h 4=l 4+ 2(Gn1+ gns— Cg)} (2.53)

wy = La—hi;—hjis+ 2(gn-1 + Gn-3 — cg)
10



But j = (i + 3), it follows
wi =R +hig —Lig +2(Gn-1 + Gnz — Cg)}
wy =11 —hiq—hiog +2(Gn1 + Gn-s — Cg)

(2.54)
Notice that (2.54) = (2.52), therefore result is true.

Remark

In our proof we have assumed that theorem 2.9 applies. The same can be done with any of theorems 2.5 to 2.12.
Theorem 2.14

For an arbitrary Fibonacci sequence H,, let the transformation vector for the transformation

(h))i41 = (hiz1)i i = 4, be given by v = (wy, w,, w3, wy,). If i is even, then (hi;3)ira = (Riysa)is3 has vector
v’ = (wy, wy,wi,wy) such that wi = wy; wi = ws.

Proof

Assume theorem 2.12 applies. In the transformation (h;);+1 = (hi+1);, when i is odd, equation (2.40) gives

(2.55)

Wy = hiyr +hiog —lig = 2(9n-1+ gn-s — Cg)}
wy =1l —hig—hiog —2(gn-1 + Gn-s — Cg)

Since i is odd, it follows (i + 3) is even. Let j = (i + 3). For the transformation (h;);.; = (hj41);, since j is
even, from equation (2.39),

wy=hi g+l 4=l 4= 2(gns + Gns— Cg)} (2.56)
wy = lj_4 — hj_z - hj—4 = 2(gn-1+ Gn-3 — Cg) .
With j =i + 3, we have

wh = Rigq + hicg = lisg = 2(gney + Gnes — Cg)} (2.57)
Wi = Loy = hisy = iy = 2(gn-1 + Gns — €5 '

Notice that (2.57)=(2.55), therefore result is true.

Here we have a system that retains and modifies certain attributes as it evolves. But equally striking is the fact
that this concept provides once again a link between the golden section and the Teleois numerical system:

T, = 1,4,7,10,13, ...

thaz =t +3,n =1t = 1} (2:58)
As implied by theorems 2.13 and 2.14, replication and modification of attributes occurs at Teleois positions.
Therefore by coding a system following the concept of this paper one does not only implement the golden
section, but the Teleois also, about which Hardy et al. [13], cited by Sherbon [14] say, “‘Understand the
electromagnetic frequencies of the atom and you understand why the Teleois proportions were used.”

3 Conclusion

Our theorems demonstrate that the golden section can be implemented in the design of evolving systems, which
concept should be appreciated by both geometer and computer expert, with applications range from information
technology through manufacturing to military purposes. Albeit the emphasis is on applications, the results may
be used for further development of the theory of the golden section.
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