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OPEN STRING UNDER THE MODIFIED BORN-INFELD FIELD

ABSTRACT. In this article we consider the two end-points of the string to
be attached to D-brane with the different Born-Infeld field strength F and
calculate the total momenta for the special case.

1. INTRODUCTION

We consider a string ending on a Dp-brane, the bosonic part of the action is
1
dma!

Sp = / d*0 [9°° Gy 0a X" 05 X" + €*P B,y 0, X 95 X" ]
P

— A;(X)d. X
2ma! £ dr Z( )87— ’

where A; (i =0,1,---,p), is the U(1) gauge field living on the Dp-brane [1, 2, 3].
The string background is

Guv = M, ® = constant, H=dB=0.

Here we use the boundary condition of the action Sp so that we can get more

specific equations of motion for a free field and the canonical momentum.
2. EQUATIONS OF MOTION AND THE CANONICAL MOMENTUM

Variation of the action yields the equations of motion for a free field
) (02 — 02) x# =0
and the following boundary conditions at ¢ =0 :
@ 0 X'+0, X' Fi =0, i,j=0,1,---,p,

X =g, a=p+1,---,9,
and at 0 =7 :
(3) DX 4O, XIF =0,  i,j=0,1,---,p.
Here
F=B-F and F =B —F

are the modified Born-Infeld field strength and x&, x% are the location of the D-

branes. Indices are raised and lowered by n;; = (—,+,--- ,+).
The general solution of X* to the equations of motion in (1) is [1]

XF=af + (agT + b’ga) + ckor + df (72 + 02)
(4) e inT .k ko
+ Z - (zan cosno + by sin nU)
n#0
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and

—inT
€

X =uzx{ +b“a+z
n#0

a .
Gy sinno, a=p+1,---,9,

where z§ + 7b® is the location of the D-brane to which the other end-point of the
open string is attached.

Lemma 2.1. The coefficients c§ and df in Eq. (4) are

(a)

o=y (-1)" (m(bﬁb A F) -+ aﬁp;f)flg (),
nez
(b)
1 (1 o . )
0 n ; k 1 1\k
AR %H) <7r(bn +anFy) +in(by + anf’k>f’j) (=,

where Mi’j =i — ‘Flff,kj-
Proof. By (3) and (4) we have
0=0,X"+ 3TX.7'}-/;?
=00 <x’(§ + (agT + bGo) + cgor +di (7 + 0?)

+ ;} = - (iak cosmo + b sin na))
n

+0- (176 + (aéT + béo) + cém' + d% (7'2 + 02)

e—inT o .
+ Z - (iad, cosna—Hﬁlsmna)) .7-"’?
n#0

efin’r
=bj + c§T + 2dGo + Z (—inal sinno + nbf cos no)
n#0 "
iy j —ine”"7 i "
+ | ap + cyo + 2dyT + Z — (zan cosno + b, smna) F;
n#0

= B+ b (4 2T (2 + o
- Z e " (Z sinno(ak + b{;flf) — cosno(by, + a%f/;?))
n#0
= (ch+2d)F'})7 + (2 + G F')o

- Z e T (Z sinno(al + bf;]—"?) — cosno(bF + aif’f))

ne”Z
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then, now since 0 = m and using the Taylor series, this identity can be written as

(ck + 2d} F'5)r + (2df + AF 5 + 3 e (=) (BE + ol F')
nez
= (b + 20 F'5)r + (2d5 + A F 5w

+> (Z —) ) (~1)" (V) + ) ')

n€Z \m=0

= ((2d’5 + A F T+ Y (1) (BE + az;f’ﬁ))
nezZ

+ <c’g +2d)FY — i (—1) bk + @f’?)) T
nez
+y° (

(j:,)m> (1" + a Py

n€Z \m=2
=0.
Thus the above identical equation about 7 shows that
(5) 2d5 + S F 5w+ 3 (~1)" bk + el F'5) =0
neZ
(6) ch +2d)F' — iy (=1)"n(bk + al F') =0,
nez
and

an " bk a’ .7-"’?) =0 form>2.
neL
a) From (5) we can easily obtain

F ) ily obtai

(7) 2d) F'% + hFFY 4 = Z () + a\ FHF =
nEZ
Subtracting (7) from (6) we get
c —i Y (—1)"n(bf +al, F'}) — hF|F';
neL
— = Z (0 + a\ FF =
nGZ
and
. 1 . :
S (-nn (m(bg +al F7) + (b + a;f’{)f{’;>
neZ
= cé — cf)]:’{]:’?
= ok~ 47
j ok

= co(ny *]'—/g]'—/j)
= ch Mk
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SO
) 1 . )
= 0 (it + )+ L+ D) (0
nez

(b) In a similar manner, by (6) we have

(8) AFS +2db FFS —i Y (=) n (], + aL FFS =
nez

After dividing (5) by 7, we subtract (8) from (5) and obtain

1 . i
2df + — > (~1)" (0 + al F'%) — 2db F1 F'

nez
+i Y (=) (] + al FFS =
nez

and

fz ( bk—&-aj}"k)—i-m(bj +a f’J).F'k)

neZ
= dy — dyFF}
= dynff — dbF1F'j

= dy(nf — F1F'5)

= dyM;*
SO

1 1 , ) .
=5 S0 (208 + )+ in@) +  FHFY) (017
(I

Remark 2.2. Let us consider the two end-points of the string to be attached to
D-brane with the same F field. Then we can see that

ko afl}'f =0, for all n

n [1]. Applying this fact to Lemma 2.1, we simply have c§ = d& = 0, which equates
the result obtained in [1].

Now the canonical momentum is given by

[ FE F
2w/ P*(1,0) = 9, X* + 9, X7 (j—;7>
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So by (4), we note that

(9)
2o P (7, 0)

—Z'ILT

=0, (x0+a07+b00+0007+d0(7' +0? —I—Z
n#0

k koo
(ta, cosno + b} sin na))

72717'

+ 05 (x% +aé7’+béa+céo7’+d] + %) + Z (ia?, cosnaerZLsinncr))

n#0
Fr+ F
(7
2
=af + cho 4 2d5T —i Z e~ (iak cosno + bF sinno)
n#0
o . , . , FE Fh
+ (bé + T + 2d}o — Z e~ """ (ia), sinno — b, cosno ) (77
n#0
by (FE + F'%) (FE+ F'h
_ k 0\ 4 J J Tk 1k 0
— (o + ) (b + S+ F) o+ (2df + T )
} i (Fk 4 FM) bi (FE + F'%)
_ —int ) ;[ 1k a'”( J J : _ k n\vJ J
Z e {z(bn + 5 )sm no (an + 5 )cos no
n#0
. A(Fr+F7)
o k k k 0
= (co + d(F; Jr]:'j))a + (2d0 + #)T
. I (FE+ F%) b, (FE + F'%)
_ —int ) o pk an( J J : _ k n\vJ J
Ze {z(bn—i— 5 )smna (an—i— 5 )cosna .
neL
Theorem 2.3. If F/ = —F, the total momenta
k T k 1 Ze —inT k
Piy(1) = 1o ;€ *doT‘f' 2% o+ Y Z " (=)™ —=1)by,
n#0
where
? n n
eh =5 > n((L+ (=1 + (1= (~1)")a).F}) .
ne”L
d = 3 2 n (A COMBF + (- ()0 F )
neL
1 n 7 Tk
- o (_1) ( —ap F )

Proof. By the condition 7 = —F and (9), we have

2na’ PH(1,0) = cho + 2diT — E e™ 7 (ibk sinno — a¥ cosno)
nez
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and so

P (r) = / do PH(r, )

1 /7 , ,
= / do <C§J +2dET — Z e T (zbfL sinno — a” cos na))
0

2mwa’
ne”Z
! ™ ok + 2rndbT + afm + Z e (=)™ —1)bk
= —C, — —
ora’ | 2°° 0 0 n "
n#0
o iy k 1 k 1 k 1 ie_i"T n k
"I T T gt g 2 (-
And using the boundary condition (2) and Taylor series for 7 we obtain
(10) > (b +alFf) =0,
neZ
(11) cf + 2y FF =iy n(bf + al FF) =0,
neZ
and

an(bﬁ + afl]:j]-“) =0 form>2.
nez
Also applying the assumption 7' = —F to Egs. (5) and (6), we have

(12) (2d5 — AF})m+ Y (=)™ (b — al, Ff) =0,
neZ
(13) cb — 23 FF =iy (=1)"n(bf — al, Ff) = 0.
nez

Then by (11) and (13) we deduce that
2cf —i > n(bf +al Ff) =iy (—=1)"n(bf — al FF) =0

neZ ne”
)
7 .
k= 3 S on (@ + (=)™MbE + (1= (-1)™)al,FF).
neZ
Finally, substituting the above cf into (12) we complete the proof. (I
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