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Existence of random attractors for the
stochastic reaction-diffusion equation with
distribution derivatives and multiplicative

noise on R"

Abstract: In this paper, we prove the existence of random attractors for a stochastic
reaction-diffusion equation with distribution derivatives and multiplicative noise defined
on unbounded domains. In order to obtain the asymptotic compactness of the random
dynamical system, we make use of a priori estimates for far-field values of solutions as
well as the cut-off technique.
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1 Introduction

In this paper, we investigate the asymptotic behavior of solution to the following s-
tochastic reaction-diffusion equation with distribution derivatives and multiplicative noise
defined in the entire space R" :

du + (au — Au)dt = (g(x,u) + f(z) + D;jf7)dt + bu o dW (t), (1.1)

with the initial value condition
u(z,0) = up(x) r eR", (1.2)
where —A is the Laplacian operator with respect to the variable x € R", u = u(x,t)
is a real function of x € R™ and ¢t > 0; «, b are proper positive constants; D; = % i
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distribution derivatives; f7, f € L?*(R") (j=1,2,....,n); ¢ is a nonlinear function satisfying
certain conditions; W (t) is a two-sided real-valued Wiener process on a probability space
(Q, F,P), where Q = {w € C(R,R) : w(0) = 0}, F is the Borel ¢ -algebra induced by the
compact-open topology of (2, and P is the corresponding Wiener measure on F; o denotes
the Stratonovich sense in the stochastic term. We identify w(t) with W (¢), i.e.,

W(t) = W(tw) =w), tecR.

It is well known that the asymptotic behavior of a random dynamical system is pre-
sented by a random attractor. The existence of random attractors without distribution
derivatives have been studied by many authors, see [2, 4, 5, 8, 9, 12, 17, 18] and the
reference therein. Notice that the partial differential equations (PDEs) studied in these
literatures are all defined on the bounded domains.

In the case of unbounded domains, the existence of random attractors without dis-
tribution derivatives was established for the stochastic reaction-diffusion equation with
additive noise in [3], and with multiplicative noise in [16].

Recently, in our case of distribution derivatives on unbounded domains, the existence
of global attractors was established for the deterministic reaction-diffusion equation with
distribution derivatives in [14, 15], and for the stochastic reaction-diffusion equation with
distribution derivatives and additive noise in [1].

However, there is no results on random attractors for stochastic reaction-diffusion
equation with distribution derivatives and multiplicative noise on unbounded domain.

In this article, we will use the idea of uniform estimates on the tail of solutions to in-
vestigate the existence of a random attractor of the stochastic reaction-diffusion equation
with distribution derivatives and multiplicative noise on unbounded domain. Since the
equation (1.1) include the distribution derivatives, we can't use —Awv as the test function
to obtain a priori estimates of solution in a higher regular space. That is the essential
different from [16]. Besides, we decrease the condition of the nonlinear function g(z,u)
comparing the condition of [16].

This paper is organized as follows. In section 2, we recall some basic concepts and
properties for general random dynamics system. In section 3, we provide some basic set-
tings about Eq. (1.1) and show that it generates a random dynamical system on L*(R™).
In section 4, we prove the uniform estimates of solutions, which include the uniform es-
timates on the tails of solutions. In the last section, we first establish the asymptotic
compactness of the solution operator by given uniform estimates on the tails of solutions,
and then prove the existence of a random attractor.

In the sequel, we use || - || and (-, -) to denote the norm and inner product of L*(R™) ,
respectively.

2 Preliminaries
As mentioned in the introduction, our main purpose is to prove the existence of the

random attractor. For that matter, first, we will recapitulate basic concepts related to
random attractors for stochastic dynamical systems. The reader is referred to [2, 7] for
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more details.
Let (X, || ||x) be separable Hilbert space with the Borel o-algebra B(X). Let (€2, F,P)
be a probability space.

Definition 2.1 (Q, F,P, (¢;)er) is called a metric dynamical system if J : R x 2 — Q
is (B(R) x F,F)-measurable, 9 is the identity on Q, ¥s; = J; o ¥, for all s,¢ € R and
v,P = P for all t € R.

Definition 2.2 A continuous random dynamical system (RDS) on X over a metric
dynamical system (Q, F, P, (J;)ier) is a mapping

p:RFxOx X — X, (twz)—otw ),
which is (B(RT) x F x B(X), B(X))- measurable and satisfies, for P-a.e. w € ,

(i) ¢(0,w, -) is the identity on X,
(il) o(t + s,w, ) = ¢(t,dsw, ) 0 @(s,w, -) for all ¢, s € RT,
(iii) ¢(t,w,+) : X — X is continuous for all ¢t € RT.
Hereafter, we always assume that ¢ is continuous RDS on X over (2, F, P, (¥;)cr)-

Definition 2.3 Let © be a collection of random subset of X and {K(w)} € ©. Then
{K(w)} is called a random absorbing set for ¢ in ®© for every D € © and P-a.e, w € €,
there exist to(w) such that

o(t, 9w, D(0_w)) C K(w) for all t > to(w).
Definition 2.4 Let ® be the set of all random tempered sets in X. Then ¢ is said
to be asymptotically compact in X if for P-a.e. w € Q, {o(t,, V¢, w, X,)}52; has a con-
vergent subsequence in X whenever ¢, — oo, and X,, € B(¢_;,w) with {B(w)} € D.

Definition 2.5 A random compact set {A(w)} is said to be a random attractor if
it is a random attracting set and ¢(t,w, A(w)) = A(Y_w) for P-a.e. w € Q and all £ > 0.

Theorem 2.6 Let ¢ be a continuous random dynamical system on X over (2, F, P, (J;)icr)-

If there is a closed random tempered absorbing set { K(w)} of ¢ and ¢ is asymptotically
compact in X, then {A(w)} is a random attractor of ¢, where

Alw) = d(r, 9w, K(W_w)), weQ.

t>0 71>t

Moreover, {A(w)} is the unique attracor of ¢.



3 The random reaction-diffusion equation on R” with
distribution derivatives and multiplicative noise

In this section, we show that there is a continuous random dynamical system
generated by the stochastic reaction-diffusion equation defined on R™ with distribution
derivatives and multiplicative noise:

du + (cu — Au)dt = (g(x,u) + f(z) + D;jf7)dt + bu o dW (t), (3.1)
with the initial value condition

u(z,0) = up(x) xr € R", (3.2)

where a, b are proper positive constants, f7, f € L*(R"), D; = % is distribution deriva-
J

tives, and g(z,u) is a nonlinear function satisfying the same condition as [16], but except
the condition |%(:c,u)| < g(z) for all x € R™ and u € R.

g € CY(R" x R,R), (3.3)

g(z,0) =0, g(z,u)u<0, forall ze€R" and ue€R, (3.4)

g—g(x,u) <e forall z€R" and u € R, (3.5)
u

sup sup \@(x,uﬂ < L(r), forall z € R", uw € R and r € R, (3.6)

zER™ |y|<r OU

where € is a non-negative constant, L(:) € C(RT, R™).
To model the random noise in Eq. (3.1), we need to define a shift operator {;};cg on
2 (where €2 is defined in the introduction) by

() =w(-+1t) —w(t), teR,

then (2, F,P,{V; }1er) is an ergodic metric dynamical system, see [2, 7].
For our purpose, it is convenient to convert the Eq.(3.1) into a deterministic system
with a random parameter, and then show that it generates a random dynamical system.
We now introduce an Ornstein-Uhlenbeck process given by the Brownian motion. Put

2(hw) == —/ e’(Mhw)(s)ds, teR, (3.7)

—00

which is called the Ornstein-Uhlenbeck process and solves the Ito equation

dz + zdt = dW (¢). (3.8)

From [2, 3, 10, 11], it is known that the random variable z(w) is tempered, and there
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is a Yy-invariant set Q C Q of full P measure such that for every w € Q, t — z(dw) is

continuous in t; lim;_,40 ‘Z(?tt‘w)l = 0; and limy_, 4 % fg z(Ysw)ds = 0.

To show that Eq. (3.1) generates a random dynamical system, like in [16], we let

v(t) = e 0y (1), (3.9)

where u is a solution of Eq. (3.1). Then we can consider the following evolution equation
with random coefficients but without white noise:
dv

prinal U Av = e 20 (g(z, P*U)y) 4 f(x) + D f7) + bz(9yw)v, (3.10)

with the initial value condition
v(x,0) = vo(z) = e Py (z), = € R™ (3.11)

We will consider (3.10)-(3.11) for w € Q and write Q as Q from now on.

By using the standard Galerkin method following, see [6, 13], one may show that
(3.10) has a unique solution v(t,w, vy) which is continuous with respect to vy in L*(R")
for all t > 0. Then (3.10) generates a continuous random dynamical system {¢(¢) };>¢ over

(Q, F,P,{¥;:}+er), where
B(t, w,v9) = v(t,w, vy), for vy € L2(R™), ¢t > 0 and for all w € Q.
We define mapping ¢ : RT x Q x L*(R") — L*(R"™) by
o(t, w,up) = u(t,w,up) = P (t, w,vy), for vy € L*(R™), t > 0 and for all w € Q.

Then ¢ is a continuous random dynamical system associated with the Eq. (3.1) on
L?(R™).

Note that the two random dynamical system are equivalent. It is easy to check that ¢
has a random attractor provided ¢ possesses a random attractor. Then, we only need to
consider the random dynamical system ¢.

4 Uniform estimates of solutions

In this section, we derive uniform estimates on the solutions of (3.1)-(3.2) defined
on R™ when ¢t — oo with the purpose of proving the existence of a bounded random ab-
sorbing set and the asymptotic compactness of the random dynamical system associated
with the equation. In particular, we will show that the tails of the solutions for large
space variable are uniformly small when time is sufficiently large.

From now on, we always assume that ® is the collection of all tempered random
subsets of L?(R™) with respect to (2, F,P, {¥;}scr). The next lemma shows that ¢ has a
random absorbing set in .

Lemma 4.1 Assume that f/, f € L*(R"), and (3.3)-(3.6) hold. Then there exists a
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random ball { K(w)} € © centered at 0 with random radius p(w) > 0 such that {K(w)} is
a random absorbing set for ¢ in @, that is, for any {B(w)} € © and P-a.e. w € Q, there

is Tp(w) > 0 such that

o(t,V_yw, B(U_w,)) C K(w) for all t > Tp(w).

Proof Taking the inner product of Eq.(3.10) with v in L*(R"™), we have

1d
30l ol Vol =0 [ gl 0y

e (f0) + (D, f7,0)) + ba(0) ]
In line with condition (3.4) and (3.6), we get
o0 < — LI o) [lo]]? < e 20w / gz, wudz < 0.

n

By the Holder' inequality and the Young inequality, we conclude

1 o}
—bz(Yiw) < —2bz(Vtw) 2, = 2
I 0) < e PO P o,

—bz(Yrw j —bz(Vrw) [ F —bz(Vrw) || £ 1 _ z(Vew) || £
e (D, I v) = e U (f, Vo) < e U f]- V|| < 3¢ 2O 17 +

where f = (1., f*) and [|f||* = 325, |7
Then inserting (4.3)-(4.5) into (4.2), it yields

d 1 oo .
VI = (2b2(0) — @)l +[|Vo[* < —e (£ +a £]%)-

Hence, we can rewrite (4.6)as

d 1 —202(Vtw ¢
Il = 2b2(Ww) = )lol* < —e (| £]]* + ol £]]°).

By applying the Gronwall's lemma to (4.7), we find that

t
lot,w, vo(w))|I? < € Jo P20ty (o) |2

(4.1)

(4.4)

1
Sl

(4.5)

(4.7)

2 £112 t
+ ||f|| + OéHfH e2bf(;S z('ﬂsw)ds—at/ 6—2bz(195w)—2bf05 z(ﬂfw)dT—‘rocst‘ (48)

Q 0

By replacing w by ¥_;w in (4.8), we get
lo(t, 910, vo (V) |2 < €= 20wdbm0t (901
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2 £112 0
+ ||f|| + CYHfH / 672bz(195w)+2bf50 z(z?.,—w)dTJrast. (49)
«

—0o0

By the properties of Ornstein-Uhlenbeck process,
0 0
/ 6—21)2(1950.1)—&-217fS z(ﬂTw)dT—i-asds < +00. (410)

Notice that {B(w)} € © is tempered, then for any vy(V_w) € B(J_w),

lim 2 /% =Wsw)ds—at) g )12 = 0. (4.11)

t—-+o0

We can choose

2 F2 o0
p(w) -1+ Hf“ —i;\)\HfH / e—2bz(195w)+2bf50z(ﬁfw)d'r—i—asds. (412)

—00

And let
K(w) = {ue L*R") : [Jul* < p(w)}.

Then {K(w)} € ®, and {K(w)} is a random absorbing set for ¢ in ®, which completes
the proof. O

Lemma 4.2 Assume that f/, f € L*(R"), and (3.3)-(3.6) hold. Then there exists a
tempered random variable R;(w) > 0 such that for any {B(w)} € ® and vy(w) € B(w),
there exists a Ts(w) > 0 such that the solution ¢ of (3.10) satisfies for P-a.e. w € €, for
all t > T (w),

t+1 3
/ 1V (s,9_1_1w, vo(V_i—1w))||*ds < Ri(w). (4.13)

Proof By substituting ¢ by 7" and w by 9_,w in (4.8) for any T > 0, we find that
[0(T, 0y, 0o (I—w)) | < €2 Ho 20mdo=aT |y (i) 2

+ ||f||2 -+ OéHf“zeQbeT z(ﬁs_tw)dS*aT /T e*2bz(0s—t“’)*2bfos z(ﬁf_tw)d‘r+asd8' (414>
@ 0

Multiplying two sides of the Eq. (4.14) by e2b J7 20 —w)dr—a(t=T) t}en simplifying it, we

find that for all t > T

eI 207—)ir=elt=D)|| (T )y, vp(_w)) 2 < 2o 20rtdds=et g ()2

+ HfH2 + OZHfH2 /T 6—2bz(1957tw)—|—2bf;5 z(ﬂsftw)ds—oc(t—s)ds. (415>
o 0
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By the Gronwall's lemma to (4.6), we get that for all ¢ > T,
[o(t, w, vo(w)) |2 < €27 20sdds=alt=D (T, o, g (w))|

+ ”fH2 + OleH2 /t 6—2bz(ﬁsw)+2bf; z(ﬁTw)dT—l—a(s—t)ds
o T

t
- / ¢ [ 20m)r 00|y (s, 00, v (w)) |2, (4.16)
T

which obviously gives

[ 2bf Yrw)dr+a(s— UHV’U(S w 'UO( ))H ds < eQbfT FYsw)ds—a(t— T ||U(T,W,U0(W))H2
T

2 £112 t
+||f|| + af f] / o= 202(05)+2b [ 2(0-w)dr+als—1) g (4.17)
T

«

By replacing w by ¥_,w into (4.17), we get
t
/ €2bfs z(ﬂT,tw)dT—&-a(s—t)”VU(S’ ’19_,5(,0, Uo(ﬁ_tw))HQdS
T

< 62b fqﬁ 2(0s_tw)ds—a(t—T) ||U(T, ’19_,5(4}, Vo (ﬁ—tw))”2

2 £lh2 ot

+ Hf” + CYHf” / 6—2bz(195,tw)+2bfst z(ﬁ,—,tw)d'r-‘ra(s—t)ds. (418)
o T

Together with (4.15) and (4.18), we have

t
/ 62bf5t z(ﬁT,tw)dT—&-a(s—t)”VU(S’ ﬁ_tw, ’U()(ﬁ_tW))HQdS
T

< D2 st g )12 w/ —2bx(s0) 420 [0 2(Orw)drtasgg (4 19)

—t

Replacing T by t and t by t + 1 in (4.19), we have

t+1 1
/ 6Qbf5 2(9r—t—1w)dr+a(s—t—1) ||VU(S, ﬁ—t—lwa v (ﬁ—t—lw)) ||2d8
t

- 0
< GQbIEtfl z(Ysw)ds—a(t+1) ||v0(19_t_1w)\|2 + ||f||2 + Oé||f||2 / 72bz(19sw)+2bf ﬂq—w)d’T“FQSdS
- a —t—1

(4.20)
For s € [t,t + 1], to yield that

t+1
/ €2bfst+1 2(9r—t—1w)dr4a(s—t—1) ||VU(S, ﬁ—t—lwa Vo (ﬁ—t—lw)) ||2d8
t
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t+1
> / e~ 2bmaxosr<i [2(0rw)l=a||\7y (5 9,0, vo(D_1_1w))||*ds. (4.21)
¢

By the property of z(w) and temperedness of ||ug(w)]|, there exists Tp(w) > 0 such that
for all t > Tp(w), from (4.20) and (4.21) we find that

t+1
/ IV 0(5, 9 s 100, 00 (I_110))|*ds
t

3 0
<14+ ||f||2 + Oz”f”2 / e—QbZ(ﬁSw)—Q—%emaXOSTSl \z(ﬁq—w)|+2bfso z(ﬁ.rw)dT—l—a(s—l-l)dS
- «

= Ry (w). (4.22)
It is easy to check that R (w) is tempered.This completes the proof. O
Lemma 4.3 Assume that f7/, f € L*(R"),(3.3)-(3.6) hold. The random dynamical sys-
tem {¢(t)}i>0 has a (L*(R"), L*(R")) and (L*(R™), H'(R™))-bounded absorbing set, that
is, there exists a random radius p(w) such that for any {B(w)} € © and vy(w) € B(w),

there exists a Ts(w) > 0 such that the solution ¢ of (3.10) satisfies for P-a.e. w € Q, for
all ¢ Z TB (w),

(¢, I, vo(9—w))I* +[| Vb (E, V-, vo () [I* < plw). (4.23)

Proof Taking the inner product of Eq.(3.10) with v in L*(R"™), we have

1d
I+ ol [l = 0 gt e

n

+ e O ((f o) + (D, f7,0)) 4 bz(9w) v (4.24)
By (4.3) - (4.5) and Lemma 4.1, we conclude from (4.24) that

d 1 —2bz(%w —2bz(Htw) || F
Sl + allol + V0l < e PO 2 4 (i) plw) + e PO IR (425)
Noticing that
V0 -+ 7 < 29l + 20 I (4.26)
by (4.26), we conclude from (4.25) that
d r 1 —2bz(Yw —2bz(%tw 3 ~
%||v||2+C(\|W+f||2+||v||2) < —e 2020|112 4-2b(2(Vew) ) p(w)+(L+e D) FII? < plw),
(4.27)

where C = min{e, 3}. Integrating the Eq. (4.27) from ¢ to ¢ + 1, and using Lemma 4.1,
we can find a Tg(w) > 0, such that for all ¢t > Ts(w),

t+1 B
/t (1904 FIP+ el) < p(w) (4.28)



On the other hand , multiplying Eq. (3.10) with v;, and integrating over R™ we find that

1d
loc” + 5 2 1V oll* +allvl?)

= (e7 " g(w, e v), )+ ((f, vt)——(f Vo)) +s b2l (9) o] Jr—llvt\l2

(4.29)
By the Holder inequality and the Young inequality, we conclude
1
e—bz(ﬂtw)(f’ Ut) < e—?bz(ﬁtw)HfHQ + Z||Ut||27 (4'3())
and
1
(esz(ﬂtw)g(l.’ ebz(ﬂtw)v)’vt) <e —2bz(V¢w) Hg(ﬂi U)H2 + ZHth2‘ (4'31)
Then inserting (4.30)-(4.31) into (4.29), it yields
d 2 3 7112 2 ‘
S VUl +2(F, Vo) + I FIP+allv]7)
< 2e 2| £2 4267250 | g (2, w) P46 2 () [P o] (4.32)
By using condition 3.5, we conclude that
2 < @ 0 2 2d < 2 2 4.33
lg(z, "< | |2 (2, 0u)[*ul"dz < €[lull%, (4.33)
Rn U
where 0 < 6 < 1.
By (4.33) and Lemma 4.1, we can rewrite (4.32) as
d _
IVt FI*+allvl]) < 2e7 = fI[2 4 (26457 2(01)[*) p(w) < p(w). (4.34)

Combining with (4.28) and (4.34), by the uniform Gronwall lemma, we deduce that
Vo + FI* + allv]® < plw). (4.35)

Thus, thanks to [|[Vo|? < 2|[Vv + f||*> + 2||f|? and Eq. (4.35), we achieve that for
t> TB(CL)) + 1,

Vol + flof* < Aw). (4.36)
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This proof is completed. O
Now we will prove the solution is enough small in a large space using the method and
skill of [22 — 24].

Lemma 4.4 Assume that f/, f € L*(R"), and (3.3)-(3.6) hold. Let {B(w)} € © and
vp(w) € B(w). Then, for any ¢ > 0, there exist 7' = T'(¢,w, B) > 0 and K = K(¢,w) > 0,
such that the solution ¢ of Eq. (3.10) satisfies for P-a.e. w € Q, Vi > T,

[ 16009 <. (487
lz|>R

Proof We first need to define a smooth function o(-) from R* into [0,1] such that
() =0on [0,1] and o(-) = 1 on [2, +00), which evidently implies that there is a positive
constant ¢ such that the |¢’(s)| < ¢ for all s > 0. For convenience, we write o, = a(li—‘;).

Multiplying Eq. (3.10) with o,v and integrating over R™, we have

1d
—— an|v|2dx+a/ an|vl2d:v:/ (Av)anvda:—i-bz(q?tw)/ oxlv|*dx
+e_bzwt“)(/ Uﬁg(x,u)vdx+/ o fodr + D;flovdr), (4.38)
n n RTL
where

2
/ (Av)ovde = — g |VU!20ﬁdac—/R UJ,;R—Z(VU)dx

¢
< [ [vePods+ (ol + Vo) (4.39)

where () is a non-negative constant.
By condition (3.4) and (3.6), we get

—00 < e b0w) / org(z, u)vde = ezbz(ﬁf“)/ 0x9(x, u)udr < 0. (4.40)

n

For the fourth term on the right-hand side of (4.38), we have that

1
ebzwt“’)/ o fvdr < %/ Uﬂ]v|2dx+2—€2bz(§tw)/ ol fPd. (4.41)
n n @ n

Next, we estimate the last term on the right-hand side of (4.38), we get that

. ~ 92 -
e P ; D, flowdr = —e b*(0) g f K—f 0,V d:c—ebz(ﬁt“)/ on [ (Vv)dx
C ~ 1 ~ 1
< SR + I0lP) + 5o [ ol Pdet 5 [ oVoda, (1.42)
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where C; is a non-negative constant. Then inserting (4.39) - (4.42) into (4.38) to see that

d
pr an|v|2dx—(2bz(z9tw)—a)/ O’,{|U|2dﬂﬁ—|—/ IVv|?0,.dx
Rn n n
1 o _ Cy - C c
< Lo / o7+ al 7Pz + ZFI + Lol + vl (4.43)

where Cy, C3 and C, are non-negative constants. Hence, we can rewrite (4.43) as

K o|v)?dr — (2b2(Vyw) — a)/ o |v|?dx
dt Jgn

n

1 oo C
< e )/ F1E+ ol fyde + 2 (A1 + 3||v||2+f\|Vv||2- (4.44)

By applying the Gronwall's lemma to (4.44), for every ¢ > T, we find that

/ 0| v(t, w, vo(w))[2dz < 21 2(Pre)dr—ali=T) / o 0(T', w, v (w)) [2dz

n

(67

1 ~
4= [ 2bf Vrw)dT—a(t—s)—2bz(Vsw) / U,{(’f|2 + @|f‘2)d$
T R”

+@/ 2 [ 2(0r)dr=a(t=3) |1y (5, w0, vo(w))||2ds
T

K

K

C t
+_4/ ebeStz(ﬂTw)dT—a(t—s)||VU(S7w7Uo(w))Hst
T

t
_’_9 / 62bfs 2(Vrw)dr—a(t—s) ||f||2d8 (445)
T

R

Then, substitutingw by ¥_,w into (4.45), we have that

/ oo (t, 9w, vo(04w))[*dx < €2bfT£Z(ﬂT_tw)dTa(tTA)/ Un|U(T> 04w, v (V)| *dz

1 ~
_'__/ be Vr_tw)dT—a(t—s)—2bz(¥s— tw)/ O_H(’f|2 + Oé|f|2)d37d8
a T n
C3 2bf V7 _tw)dT—a(t—s) 2
+— |v(s, 94w, vo(V_4w))||"ds
K Jr
C4 ! 2bft z2(9r—rw)dr—a(t—s) 2
+E et s H IVo(s, 9w, ve(¥_4w))||*ds
T
Co ! 2 ! 2(9r—sw)dr—a(t—s) || F||2
& [ I F1ds (1.46)
T
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Then,we estimate every term on the right-hand side of (4.46). Firstly by Eq. (4.8)

replacing t by T and w by ¥_,w, then we get

2 J} 207 —i)dr—a(t=T) / 0a[0(T, 90, vol(0_w)) e

n

2 2 T
< e2bf0t z(ﬂfftw)dT—atHUO(ﬁ_tw)“2 + Hf” + Oé”fH / 6—2b2(1957tw)+2bf‘: z(ﬁfftw)dT—oc(t—S)dS.
> —a ;
(4.47)

It easy to see that there exists T} = Tl(B, ¢, w) > T, such that for all ¢ > T3, then

¢2b J1 207 —ww)dr—a(t=T) / 0 [0(T, 9_yw, vo(V_yw))|?dx < C. (4.48)
For the second term on the right-hand side of (4.46), Since f, f € L*(R™), there are
Ty =Ty(¢,w) > T and Ky = K;({,w) > 0, such that for all t > T and k > K, then

«

1 [ -
[ 62b fst 2(97r—tw)dT—a(t—s)—2bz(9s—tw) / Un(|f|2 + Oz|f’2)dl‘d8
T n

S_
«

t
+/ e2b f: 2(9r—w)dr—a(t—s)—2bz(9s_1w) / \f\zdxds
|z[>r

T

t
1 / €2bfst 2(0r—tw)dT—a(t—s)—2bz(¥s—tw) / |f|2d$d8
T |z| >k

(4.49)

< ¢
For the third term on the right-hand side of (4.46). By replacing t by s and w by ¥_;w in

(4.8),we get

Cs [* t
“3 / €2bfs 2(9r—rw)dT—a(t—s) ||’U(S, 79—#*), Uo(ﬁ_tw))HQdS
K Jt
C A t
< —3<t i T>€2bf0 z(ﬂT,tw)drfatHUO(ﬁ_tw) HZ
K
2 112 t s
+CB(||f|| + a”f” ) / / e2bf§t z(ﬁfftw)dT—a(t—§)—sz(ﬂgftw)dgds' (45())
RO 7 Jo
Then, by f, f € L%(R"), there exist Ty = T3(B,(,w) > T and Ky = K»((,w) > 0, such

that for all ¢ > Ty and x > K, we find that

(4.51)

C t
—3/ eQbfstzw“t“)dT_o‘(t_s)||v(s,19_tw,vo(19_tw))||2ds <.
K

T
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Next, we estimate the fourth term on the right-hand side of (4.46). Since f, fe LA(R™),
by using(4.19), there exist Ty = Ty(B, (,w) > T and K3 = K3(C.w) > 0, such that for all
t > T, and Kk > K3, we get that

t
%/ 20 s 20r—w)dr=alt=9) |7y (59 _yw, vo(_yw))||*ds < C. (4.52)

k-Jr

Finally, we estimate the last term on the right-hand side of (4.46). Since f € L*(R"),

there exist Ts = T5(C,UJ) > T and Ky = IQ(C.w) > 0, such that for all ¢ > T5 and k > Kjy,
we have that

Co [* ¢ .
2 / 6217]3 2(9r—rw)dr—a(t—s) ||f||2d8 < C (453)

k- Jr
By letting
T = max{fl,T27T3,T4,T5}, and K = max{[%l, [%2, Kg, [%4}

Then, inserting (4.48) — (4.49), (4.51) — (4.53) into (4.46), for all t > T and x > K,
we obtain that

/ o |v(t, 9w, vo(9_w))|*dr < 5¢, (4.54)
which shows that

/| =K |6(t, V-, v0 (V) [*dz < 5C. (4.55)

This proof is completed. O

5 Random attractors

In this section, we prove the existence of a global random attractor for the random
dynamical system ¢ associated with the stochastic reaction-diffusion equation (3.1)-(3.2)
on R". The main result of this section can now be stated as follows.

Lemma 5.1 Assume that 7, f € L?*(R"), and (3.3)-(3.6) hold. Then the random
dynamical system ¢ generated by (3.10) is asymptotically compact in L*(R™), that is, for

P-a.e. w € Q, the sequence {¢(t,,V_,w,von(V_¢,w))} has a convergent subsequence in
L*(R™) provided ¢, — +00, {B(w)} € ® and vy ,(V_;,w) € B(V_y,w).

Proof Let t, — +oo, {B(w)} € © and vy ,(V_4,w) € B(Y_4,w). Then by Lemma
4.1, for P-a.e. w € (), we have that
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{d(tn, V4, w, v0n(0_4,w))}2, is bounded in L*(R™).
Hence, there exist & € L?(R") such that, up to a subsequence,

D(tn, Vs, w, 000 (0_4,w)) = &  weakly in L*(R"). (5.1)

Next, we prove the weak convergence of (5.1) is actually strong convergence. Given ¢ > 0,
by Lemma 4.4, there exist Ty = T1(B, (,w) > 0, &1 = £1((,w) > 0and Ny = N;(B,(,w) >
0, such that ¢, > T} for every n > N;

/ |p(tn, 04, w, v07n(19_tnw))|2dx <. (5.2)
|z|>A1

On the other hand, by Lemma 4.1 and 4.3, there exist Ty = TQ(B,w) > 0, such that for
all ¢ Z TQ,
6(t,9-0, v0(9-)) — €l eny < Ri(w). (53)

Let Ny = NQ(B,w) be large enough such that ¢, > Ty for n > Ny. Then by (5.3) we find

~

that, for all n > Ny,
16 (tn, O—t,w, Vo0 (9—t,0)) = Ell7 @ny < Ba(w). (5.4)

Denote Q.; = {z € R : |z| < K1} be a ball. By the asymptotic a priori estimates of
the random dynamical system ¢ with respect to L?-norm, which play a crucial role in the
proof of the L?(R™)-asymptotic compactness H'(Qy,) — L*(Qg,). It follows from (5.4)
that, up to a subsequence depending on K

Oty 04,0, 00,0(9_e,w)) = € strongly in L*(Q,), (5.5)

which shows that for the given ¢ > 0, there exist N3 = Ng(B,w)(B, (,w) > 0, such that
for all n > N3,

1(tn, ¥, Vo (-1, 0)) — &l L2(q,,) < € (5.6)

Note that £ € L*(R™). Therefore, there exist Ky = K5(¢) > 0, such that
[ lewpar<c 67)
|z|>R2
By letting N = max{Ny, No, N3}, and # = max{&y, >}
Then, by (5.2),(5.6) and (5.7), we find that for all n > N,

[¢(tn, V-, Vo (V—1,0)) — €l L2 (en) < / |6 (tn, V1,0, Vo (9, w)) — E[*dz

|z <A
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+ / (6t 1.0, Von (D)) — Eda
|z| >~

< 6¢. (5.8)
which shows that

Atn, 0, w, 000 (0, w)) — &  strongly in L*(R™). (5.9)

This as desired. O
We are now in a position to present our main result, the existence of a global random
attractor for ¢ in L*(R™).

Lemma 5.2 Assume that 7/ f € L?*(R"), and (3.3)-(3.6) hold. Then the random
dynamical system ¢ generated by (3.10) has a unique global random attractor in L*(R").

Proof Notice that the random dynamical system ¢ has a random absorbing set { K (w)}
in ® by Lemma 4.1. On the other hand, by Lemma 5.1, the random dynamical system
¢ is asymptotically compact in L?*(R"). Then by Theorem 2.6, the random dynamical
system ¢ generated by (3.10) has a unique global random attractor in L*(R"). O
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