3-DIMENSIONAL COMPRESSIBLE EULER EQUATIONS

ABSTRACT. In this paper, we mainly give two conclusions. The first conclusion
is self-similar solutions of the compressible Euler equations in three dimensions.
We find a new system, which is simplified by using the plane wave transform
and self-similar transform. Next,we give the exact solution by using the Cardan
formula. The second conclusions is that we find this equations have limit
behavior.

1. INTRODUCTION

Now, we are discussion about the following 3-dimensional compressible isentropic
Euler equations

pt+Vp-v+4+pV-v=0, (1.1)
1=3
(pv)e + Z(pviv)u + V(p(p)) =0, (1.2)

where V denotes the gradient respect to the space coordinates z = (x1,x2,3),
p = p(t,z) denotes the density of the gas, vector v = (v1,va,v3) = v(t,x) is the
velocity of the gas, and p(p) denotes pressure.

In this article we only considering the equations under the polytropic pressure
laws (6 — laws) with 6 > 1:

P, P
(o) = 2Ly, (13)
here ¢y is the sound speed at density py. Many subsequent results extend with little
or no change to 6 < 1 or to general pressure laws.

The compressible Euler equations have drawn great interest since the vital physi-
cal importance and many mathematical challenges(see Lions [I]). Yuen [2] obtained
the analytically self-similar solutions with elliptic symmetry and drift phenomenon
for the compressible Euler and Navier-Stokes equations in R™ (n > 2) by the sepa-
ration method.

Therefore its solutions are very meaningful in mathematical physics. Sideris
[B] found that the smooth solutions to the three-dimensional Euler equations for
a polytropic idea fluid must blow up in a finite time under some assumptions on
the initial data. Godin [4] derived the asymptotic behavior of the lifespan of the
smooth solution to three-dimensional spherically symmetric flows of ideal ploytropic
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gases with variable entropy, when the initial data is just perturbed from a constant
state by smooth compactly supported functions. On the other hand, it is interesting
that Grassin [5] showed that there exist global smooth solutions for ideal plolytropic
fluids if the initial data can force the particles to spread out. In reference [6], the
authors proved the global existence of the smooth solutions to the Cauchy problem
for two-dimensional flow of Chaplygin gases under the assumption that the initial
data is close to a constant stste and the vorticity of the initial velocity vanishes.

Recently, Li and Wang [7] studied the blow up phenomena of solutions for the
multi-dimensional compressible Euler equations by constructing some special ex-
plicit solutions with spherical symmetry. Yuen [§] succeeded in constructing some
non-spherically symmetric solutions for the 1-dimensions compressible Euler equa-
tions by perturbing the linear fluid velocity with a drifting term. By this perturba-
tions, Yuen [9] derived a new class of blow up or global solutions with elementary
functions to the 3-dimensional compressible or incompressible Euler and Navier-
Stokes equations. Meanwhile Yeung and Yuen [10] constructed some self-similar
blow-up solutions for the Navier-Stokes-Poisson equations with density-dependent
viscosity and with pressure by the separation method. Most recently.

In this paper, we mainly give the proof of explicit exact solutions and limit
behavior for the compressible Euler equations in three dimensions.This method is
different from the study of above reference literature. Because the new system
can be solved directly by using the plane wave transform and the Cardan formu-
la.Finally,giving the proof of limit behavior.

The paper is organized as follows. In Section 2, we give some definitions and
lemma. The Section 3 is devoted to simplify the system, and give the explicit self-
similar solution of 3-dimensional Eluer equation. In Section 4, give a simple proof
of the limit behavior.

2. PRELIMINARIES

Now, we first give same simpler definitions and lemma, which will be used in
Section Bl

Definition 2.1. (Plane wave) We say that a solution (u,p) of Eluer equations
— in the 3+ 1 variables © = (x1, 79, 73) € R?, t € RY having the form
v(x,t) = flprx — o1t), © = (11, 29,23) € R3 t € RT,
p(x,t) = g(yax — oat), = (21, 22,73) € R® t € RT,

is called a plane wave, where y; € R3, i =1,2.

Definition 2.2. (Self-similar solution) We say that a solution (u,p) of Eluer e-
quations -{1.9) in the 3+ 1 variables © = (v1,22,23) € R, t € R* having the
form

1 x 1
v = t—ﬁu(t—a) = t?u(y)ﬂ
p=uw(Z1) = Zu(y),

tetr) Ty
is called a self-similar solution, where y € R3, «, B are constants.
Lemma 2.3. (The Cardan formula) The general cubic equation over the field of

complex numbers
23+ pr+q=0.



Any cubic equation can be reduced to the above form, the roots of the equation has

the form:
— {4 I _1 ‘L b~
= \/ * \/ -+ 5 27 -+ \/ V1 27

3. MAIN RESULTS

In this part, we firstly get an equivalent system by using self-similar transform,
and also find an explicit solutions of the new system.

Definition 3.1. We define a C*° function 7 as follows

L

y—1

(PO) -1
n(p) =8 b
log( ),7—1

where p € (0,00), v € [1,00).
Utilize the self-similar transform to Euler equations -, we have a new
system as following.

Theorem 3.2. Let 5 =0,a =1 and arbitrary ~v. Then the Euler equations -
can be simplified to the self-similar form

yw+y-Vw —u-Vw —wdive = 0, (3.1)
(y-Vu—u-Viu—m,Vw =0, (3.2)
where y € R3.

Proof. We seek the self-similar solutions by lemma 2.2, we can get
3

v 1 1
T ta+v+1 Zwyla:t T oty Zwylut + farpry wdive =0

That is . 1

—vw—ay-Vert(H_ﬁ T Vw - u—i—t s wdive =0. (3.3)
Suppose a + § — 1 =0, that is to say
a+ =1, (3.4)
we have

yw + ay - Vw — u - Vw — wdivu = 0. (3.5)

Similarly, we have

g 1 T
_tBT taJrﬁJrl Z’U,yllﬁ + toz+2ﬁu v

According to the deﬁmtlon

m(p) = m(w),
we have
s (v LI Vw =0
W'IL"’W(y )u_tOtTZBu u_tOt-'r"‘/Trw w = u.
That is
1 1



Next welet a + 3 —1=0and o« — 3 —1=0. Then
B8=0a=1. (3.7)
Substituting (3.7) into (3.3) and (3.6) respectively, and (3.1])-(3.2) follows. O

Next, we will solve the new system - by using the plane wave transform
and the Cardan formula.

Theorem 3.3. Lety =1, 0 = 2. Then the new system — has the following
ezact solution

3 3 2
w= |- (ZS t zim M agM) + (ZS g iz M an) - (3.8)

27 4 27 4 729’
—2M
u=——(ai,az,as3), 3.9
where M = ¢ - ¢} - Qal with constant ¢, z = Z?:l a;y; with constant a;, and

N=w+i + 2.
Proof. We seek the plane wave of — with the following forms
w = Q(z), (3.10)
u=wv(z), (3.11)
where z = a1y1 + a2y2 + asys, ¥y = (y1,Y2,y3). Then
Vw = wy = (W(y,), Wiy,), Wiys)) = w=(a1,az,az). (3.12)
Substituting — into —, we have

YQ + (a1y1 + a2y2 + azy3)Q. — (a1v1 + azvs + azv3)Q.
— Q- (a1v1; + agve; + asvs,) =0

and
v, - (a1y1 + agy2 + azys) — (a1v1 + agvz + azvz) - v
2 1-0 8-2
—cg-wy - Q" (a1,az2,a3) =0,
where )
2, W g2 2 1-0, 0—2 2 1—60,0—2
T = co(——)" " — = gy w =cQy Q7.
wWo wo
That is

v-Q+2-Q. — (a1v1 + azv2 + azv3) - Q.
— Q . (alvlz =+ a2vV2, =+ a3’03z) = 0, (313)
z v, — (a1v1 + agvs + asvs) - v,
2 Al—0 H0-2 _
- Qy - Q -Q.(a1,a9,a3) =0. (3.14)
Let 0 = 2, we have
[z — (a1v1 + agva + a3v3)]Q: + [y — (a1v1 + agve, + a3v3.)]Q = 0,

[z — (a1v1 + agve + azvs)|v, — Cg : QJl -Q:(a1,az,a3) = 0.



It follows that
v — (a1v12 + asva; + azvsz)

- =0 3.15
Q (a1v1 + azvs + azvz) — 2 ( )

0(2)'@0_1 (a1,a9,as) i .

(a1v1 + agva + agvs) — 2z z . '
According to (3.15)), we get
Q =C-e J (a(l:11'uz 11aa22?322:aa33;33)27);7 dz.
Let Y= 1, we ha,Ve
1

o (3.17)

c- .
[(a1v1 + agve + agvs) — 2]
According to (3.16)), we know that

C(Q).Qal.(a17a27a3) Q —0
(a1v1 + agvy + azvs) —z ’

Uy +

=0,

- Q' (a1,a2,a3) 1= (a1v1; + agva; + asvgz)Q
(a1v1 + agva + azvs) —z  (a1v1 + agvsy + azvs) — 2z
c-ch- QJI - (a1, a2,a3)[(a1v1, + agve, + agvs,) — 1]

[(a1v1 + agvs + agvs) — 2|3

. =

Thus
v:c.cg'Qal'(ahaz,as)' : ' 19
2. [(alrUl —+ agvy + a3113) - Z]2
That is 1
. 2.0"1. .
v=c6Qp rm —2 - [(a1v1 + agve + azvz) — 2]’
1
— . 2 . —1 . M
vg=c-¢y- Q- az =2 [(a1v1 + agvs + azvs) — 2|2’
1
p— . 2 . 71 . *
V3 =C- ¢y QO as 9. [(alvl + agv2 + GSU?») - Z]Q .
So we have
1
.2, 01,2,
vicap=c-cy- Qg - ay =2 [(a1v1 + azvs + azvs) — 2|2’
1
— . 2 . —1 . 2 .
vgrag=c-cy-Qy - ay =2 [(a1v1 + agvs + agvz) — z]?’
1

_ .. 2. -1 2
vgrazg=c-cy-Qqy -az =2 [(a1v1 + agvs + agvz) — 2]

Now, we assume that M = c¢- cg . Qal and 4 = a1v7 4+ asvy + azvs, we have

M (af + a3 + a3)

T
That is to say
203 — 42a? + 2%+ M(a? + a3 + a3) = 0. (3.19)
According to the idea of the Cardan formula, we suppose
2
a=tt = (3.20)
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and substitute (3.20) into (3.19)), we have

3 th+£+ M(a? + a3 + a3)
3 27 2
According to the the idea of Cardan formula again, we suppose

2
t=wt — (3.22)

9w
and substitute (3.22)) into (3.21)), we have
28 223 M(a? + a3 + a?)

= 0. (3.21)

3
il =0. 2
w +729w3 + o7 + 5 0 (3.23)
That is s ) ) ) .
2z M(a3 + a5 + a3) z
312 itaz;+az), 3
i ~
W)+ 153 2 v+ 739
Thus
= £+M(a%+a§+a§) j:\/(,23+M(a%+a%—&-a§))2_426
27 4 27 4 729"

In view of (3.22)), we get

: 23 M(a? + a2 + a?) 23 M(a? + a2 + a2) 426
t :\3/_ ( + 1 2 3 4 (7 + 1 2 3 )2 d
27 4 27 4

52

3 23 M(af+a3+a3) \/ 23 M(a?+a3+a3) 426 .
9\/—(27+423)i (r+ =)~ %
Due to (3.20)), we get
s (P, Mttad+ad)), [ M} +a3tad))® 42
27 4 27 4 729

22 2z
+ + —.

2
s/ _ (23 M(aj+a3+ai) z8 | M(al+a3+a3) 426
9\/ - (ﬁ + T =AVAC s T ~ 79

+

we can get

a1v1 + agv2 + azvs

s(z3+M(a%+a§+a§))i\/<z3+M(a%+a§+a§))2 426

27 4 27 4 729
+ < + 2;, (3.24)
gi’/ (?; + W) + \/<2; n M(a%+4a%+a§))2 g
Substituting into and concludes the Theorem (Il

Remark 3.4. The solution @—@/ are explicit, in view of —, we can

get the explicit and exact self-similar solution of 3-dimensional Eluer equations.



Corollary 3.5. Let v = 1, 6 = 2. Then the new system — has the
following special exact solution

3 23 M P M 426
o My My PR
v \/ (Ta0m7 * 365 \/( 72907 T 360) 3190

+ 22 n 22\ .
u=|lw+——+—1|¢
812w  9b )

where é = (1,1,1), M = c~c%-Q51 with constant ¢, z = b(y1 +y2+ys) with constant
b.

Proof. Now we substitute (3.24]) into (3.18). Let v1 = vy = v3 = ug, then we can
find that

a; = ag = as.
Let a; =0b,7i=1,2,3. Then

1
=c — 3.25
Q=c g —70 (3.25)
1
=M-b—. 3.26
1o —2(3bug — 2)? (3:26)
It follows ([3.26) that
1802 - ud —12b- z - ud + 2 - 2%ug + Mb = 0. (3.27)
According to the idea of the Cardan formula, we suppose
2z
= — 2
ug =1+ 9% (3 8)
Substituting (3.28]) into (3.27)), we have
22 223 M
39—ttt ——— + — =0. 3.29
2702 * 72963 + 18b ( )
According to the idea of the Cardan formula again, we suppose
2
z
t= .
w + 12w (3.30)
and substitute it into (3.29]), we have
: 4 - + 2 LMy
w _ =
813p6w3 72903 18b ’
that is to say
223 M 28
3)2 4 w3
il -0
W)™+ (Zo05 1860+ 51558
Thus
3 3 6
3 z M \/ z M, 4z
= (e ) R (e )2 - —— 3.31
(729b3 + 36b) (729b3 + 36b) 813p6 ( )

Because ((3.30)), we have

3 23 M 23 M 426
t=\|—" (st )tV (o + =) — —
\/ (Ta0w7 * 360/ \/< 20 36~ 8190
+ . (3.32)
26
81b2\3/ (7291)3 + 36b )+ \/ 72917‘g + 36b o 8%31)6
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In view of (3.32)), we have

3 23 M 23 M 476
— —( — —_— :l: —_— A
Ho \/ (Za987 * 360 \/( 729b3 36~ 8190

+ + —. (3.33)
3 23 426
815 \/_(72%3 + 36b )+ \/ 729b3 + 36b © 8138

4. LIMIT BEHAVIOR

In this section, we mainly discuss the limit behavior of -. In other words
, we discuss whether the weak solution of — tend to the one of —

when v — 1.
Now, we lable equations — as follows

P4V (p"0) =0 (4.1)

0+ Z (00 ), + V(P(p")) = 0 (4.2)

When v — 1, the limit equatzon 18

pt+V-(pv) =0 (4.3)
(pv) + Z pviv) e, + V(cip) =0 (4.4)
when equation, (-)and,(-)respectwely to do bad,we can get
(pi =pt) + V- (pv") =V - (pv) =0 (4.5)
d d
(") = (o)t D000 ), = S ool (4.6)

+V(P(p ) — V(cop) =0

Theorem 4.1. Let Qr = Q x [0,T],here 0 < T < +oo and Q C R3.If (v*, p*) and
(v, p) is the weak solution of —and—, satisfy the same boundery

conditions, respectively. Then when v — 1
Io* =pllzz Q)+ [ 0" = v g2 (2-) =0
Proof. let v* —v = 0,p* — p = p, it follows (4.5)),(4.6)that
e+ V-(pv)+ V- (p*0) =0 (4.7

(p* 0 +vp) + Vp o i + p*Vu*s + Vp* v + V- v* + p*Viv  (4.8)
v - Vo + (0 4 p*0)V - v* + poV -5+ cEpy T p* Y .Vt — EVp =0
Multiply . by p, we have
Pt +p(Vp-v+pV-v)+p(Vp* -5+ p*V-0) =0 (4.9)



integrating over (2, we have

2 2 2
2dt/|| /V|p| v+/QpV v+ (4.10)
/ﬁVp*-f)Jr/ﬁp*V-ﬁ:()
Q Q
Similarly, multiplying (4.8)by —A(p*? + pv), and integrating over 2, we can get
[ oot ol-airosp)+ [ Vooil-ao e+ (1)
Q Q
/ PV o[- A(p*v + pv)] +/ Vo ov[—A(p* v + pv)| +
Q Q
/ V5 2 [—A(p"5 + po)] + / VT[54 )] +
Q Q
/ v FVO=A(0" T+ )] + / (v + p"8)V - o= A(p*5 + )] +
Q
[ oov-sl-atro s po+ [ oo 0D VAT + o)
Q Q
GVpl=A(p T + pv)] = 0

Q
Due to

= [ 5 alA o+ o) =
[ 9eri o Veri e = [ (it Viti e = (@12
Q o0

53 L1905+ 0nF = [ (7540 V(4 )

Integraling over[0, T|with respect to t,where 7 € [0, 7],we can get

2dt// (I (o"5 + vp)P? + |7) +co/ VolA(p"5 + o) +

7/ V|ﬁ|2~v+/ ﬁvp*.ﬁ+/ ppV - D+
2 Ja, Q. Q

-

1
! / V(v + o) - v
2 Q.

=—</ V(5o + o D)2V " + / A2V ") +
Q,

-

| Ve ia@s+pol+ [ Ve elae+ )

/ V(0)0[A ™5 + )] +/ o0V - BIA( T + )] +
Q,

Q.

03/9 p D ps ™ VP A" B+ pv)] +

.

([ @ top) Vom0 nt [ (ot g D0 V(G 0) n)
o o0
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Suppose

Gy = [ [ 965+ on)l + 15

0
because (r-1)
*(y— 1— P*W i Y- 1 _
pr Ny < + o
Y Y

(there p is v, q is ﬁ, and v > 1) we have

T J—
6y = [ [0 oo+ o) < e -

thus
T T 7_1

[ @k < [ aveasonP+ o) < €72 - )
0 JQ 0o Ja Y

Therefore, we obtain that

(1]
2]
(3]

(4]

(5]
(6]

(7]
(8]
(9]

(10]

| o = pllz2r) + | 0" = v llz2(0)— 0
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