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Original Research Article

A Transmuted Lomax-Exponential Distribution: Properties and Applications
f\‘

Abstract

In this article, the Quadratic rank transmutation map proposed and studied by [15] is used to
construct and study a new distribution called ‘the transmuted Lomax-Exponential distribution
(TLED) as an extension of the Lomax-Exponential thistribution recently proposed by [6]. Using
the transmutation map, we defined the probability density function {pdf) and cumulative
distribution function<edf), of the transmuted Lomax-Exponential distribution. Some properties of
the new distribution such as moments, moment generating funetion, characteristics function,
quantile function, survival function, hazard function and order statistics are also studied. The
estimation of the distributions’ Sarameters has been done using the methodhof maximum likelihood
estimation. The performance of the proposed probability distribution is being tested in comparison
with some other generalizations of Exponential distribution using a real life\dataset. The results
obtained show that the TLED performs better than the other probability distributions.

Keywords: Exponential distribution, Quadratic rank transmutation map, Moments, Reliability
analysis, Maximum likelihood estimation, Transmuted Lomax-Exponential \distribution,
parameters, Applications.

1. INTRODUCTION

An Exponential distribution which can be used in Poisson processes gives a description of the time
between events. The distribution has been applied widely life testing experiments. The distribution
exhibits memoryless property with a constant failure rate which makes the distribution urjsuitable

where @ > Qis the exponential parameter and—x>0-is-the-randem-variable

There are several ways of adding one or more parameters to a distributjon function which makes
the resulting distribution richer and more flexible for modeling data. S6me of the recent studies on
the generalization of exponential distribution include the Lomax-exponential distribution by [6],
the transmuted odd generalized exponential-exponential distribution by [1], the transmuted
exponential distribution by [13], transmuted inverse exponential distribution by [11], the odd
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40  generalized exponential-exponential distribution by [9] and the Weibull-exponential distribution
41 by [12]. Of interest to us in this article is the Lomax-exponential distribution (LED) which has
42 been found to be useful in various fields to model variables whose chances of survival and failure
43  decreases with time. It was also discovered that the LED is positively skewed and performed better
44 than some existing distributions like Weibull-exponential and exponential distributions.

45  According to [3] the cdf and pdf of the Lomax-G family (Lomax-based generator) for any
46 continuous probability distribution are given respectively as:

47 F() =1— 8 ( f—log[1-G(x)]) % ocate the
( [ ]) J (1) humtt)erﬂi]n the
-1 correc place
48 f(x):aﬂ“g(x)([l—G(x)]@log -600]}™) (L.4)

Use the same notation
49  where g(x) and G(x) are the pdf and cdf of any continuous distribution to be generalized

50  respectively and a>0 and are the two additional new parameters.

51  Recently, a new extension of the exponential distribution has been proposed in the literature by
52  considering the Lomax-G family above where the random variable X is said to have follow the
53  Exponential distribution with parameter 6. The distribution of X according to [6] is referred to as
54  Lomax-Exponential distribution. The pdf of the Lomax-Exponential distribution is defined by

55 -: af“0(B+0x) “? x>0,a,8,0>0 (1.5)
56 The corres,ponding%mu{Use () and F(x) due to expression 1.3 and 1.4 Lygnential distribution is

Do not match, use the
same typo Y
58 =1 X>0,a,5,60>0, (1.6)

59  Where, x>0,@>0,8>0,0>0 ;& and f are the shape parameters and ¢ is a scale parameter.

60  The cdf and pdf of the transmuted Lomax-Exponential distribution are obtained using the steps
61  proposed by [15]. A random variable X is said to have a transmuted distribution function if its pdf
62  and cdf are respectively given by;

63 f(x)= g(X)[1+ A— ZAG(X)] \Write in the same (1.7)

ay as in expression Please check the
64 and \\//_1-7 redaction. Is it

65 F(X)=@Q+2)G(x)— ,1[G (X)]2 L8) necessary f(x) here?

66 where; x>0,and -1 <1< ransmuted parameter, G(x) is the cdf of any continuous
67  distribution while[f(X) and g(x) are the associated pdf of F(x) and G(X), respectively.

68  The aim of this paper is to introduce a new continuous distribution called the Transmuted Lomax-
69  Exponential distribution (TLED) from the proposed quadratic rank transmutation map by [15]. The
70  remaining parts of this paper are presented in sections as follows: We defined the new distribution
71 and give its plots in section 2. Section 3 derive@}ome properties of the new distribution. Section
72 4 discusses reliability analysis of the TLED. The estimation of parameters using maximum
73 likelihood estimation (MLE) is provided in section 5. In section 6, we carry out application of the
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proposed model with others using a real life dataset. Lastly, in section 7, we make some useful
conclusions.

2. The Transmuted Lomax-Exponential Distribution (TLED)
Using equation (1.5) and (1.6) in (1.7) and (1.8) and simplifying, we obtain the cdf and pdf of the
transmuted Lomax-Exponential distribution as follows:

F(x)=(1+2) (1— B (B+ Hx)_“)—ﬂ(]_— L ( ﬂ+9x)_“ <3
\_Be car{e’)fJI\with the

and style

1) /_
()= 0(B+0x) [1+z—2/1(1-ﬂ“(ﬂ+ex)“ﬂ =

(D D)\

. The figure is so poor, please include clear figures.
respectively. Where, x >0, >0, 5 >0,

scale parameter and A is called the tran
The pdf and cdf of the TLED using soménttps://www.stat.berkeley.edu/~s133/saving.html
follows.

Use this page:

and use width and height parameters to ensure the same size of
plots

P oOorm—orore T J

Lambda—1_.0

E — ey

— Lambda=1.0
oo | — La da—0.5
= L arm a=-0.5

= Use expressmn
- - (lambda) to obtain the
= greek letter.
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Figure 2.1: The graph of pdf of the TLED for a =3, 8=2,0 =1and different values of 2 as
displayed on the key in the plot above.
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Figure 2.2: The graph of cdf of the TLED for « =3, 8 = 2,0 =1and different values of 2 as shown
in the key on the figure above.

3. Statistical Properties of the TLED

3.1 The Quantile Function

This function is derived by inverting the cdf of any given continuous probability distribution. It is
used for obtaining some moments like skewness and kurtosis as well as the median and for
generation of random variables from the distribution in question. Hyndm;% and Fan [4] defined
the quantile function for any distribution in the form Q(u) = F~*(u) where Q(u) is the quantile
function of F(x) for O <u <1 5

Taking F(x) to be the cdf of the TLED and inverting)it as.ahove will give us the quantile function

as follows:
2

F(x)=(L+ ) (1—ﬂ”‘ (B+6x) " ) —z(l—ﬁ“ (,B+(9x)_“ ) —u cﬁ

(3.1.1)

Simplifying equation (3.1.1) above, we obtain:

Su)=%, =L i{l_[(u/l)‘\/(;;i)z—Mu” y .

o\ p°

(3.1.2

3.2 Skewness and Kurtosis

This paper presents the quantile based measures of skewness and kurtosis due to non-existence of
the classical measures in some cases.

The Bowley’s measure of skewness by [7] based on quartiles is given by:
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Q(%)-22(%)+Q( %)
Q(%)-(*)
And the [10] kurtosis is on octiles and is given by;
KT:Q(%)‘Q(%)_Q(%)J“(%) (3.2.2)
2(%)-(%)

3.3 Moments Improve the symbol, it

Let@enote a contimilsmsﬁ oot moment o@ given by;
@ n ° n
1= E[x ]:jx f (x)dx
0 (3.3.1)

Taking f(x) to be the pdf of the TLED as given in equation (2.2) and simplifying the integral we
have:

SK =

(3.2.1)

TX (aﬁ 0(B+0x) " [1—z+2wa (,B+6?x)_q)dx

ﬂO 1-2) jaﬂ ox" (B +0x) “" dx+2;tjaﬂ2“0x (B+6x)"" dx

lu'nzaﬂ“e(l—z)j X" (B+0x) (“*1)dx+2aﬁzmjx (B+0%)" " dx

Using integration by substitution, let:

(U= B+0x=x==L(1-4)
d_U — (9 X = d_U
dx 0
Now, substituting for@ X and dxabove, we have:

Iu'n:aﬂag(l_ﬂ)]z(_g(l_i)) (u) (a+1) dgu 2 ﬂz”’t%f(—% _%))n(u)—Za—ld?U

(a+1)( u du+2aﬁ ( 1)n ;LT(U)—za—l(l_

O'—oS

=

,un T%lall inﬂldu—k%(—l)nl]g(
0

Recall that B(x,y) = B(y,x):.[tx’l(l—t)yfl dt and this implies that
0
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U :(%}(—gj {(1-2)B(1-a-1n+1)+24B(1-2a-1n+1)}
(3.3.2)

The mean, variance, skewness and kurtosis measures can also be calculated from the n ordinary

moments as well as the moment generating function and characteristics function using some well-

known relationships.
The Mean
The mean of the TLED can be obtained from the n" moment of the distribution when n=1 as

follows:

lullz(—%){(l—/l) B(l—a—l,2)+2/18(1—2a—1,2)} (3.3.3)
Also the second moment of the TLED is obtained from the n" moment of the distribution when
n=2 as

L, =Z—[3{(1—/1) B(l-a-13)+22B(1-2a-13)}  (3.34)

The Variance
The n™ central moment or moment about the mean of X, say u,,, can be obtained as

AN n i n g
M, =E(X -] =3 (D) [i]wni (33.5)
i=0
The variance ef>¢ for TLED is obtained from the central moment when n=2, that is,
var(X) =E(X?)-{E(X)}’ (3.3.6)
. 2
var(X) =, — {4 (337)

Where 4, and u,are the mean and second moment of the TLED all obtainable from equation

{332 <—{333and3.34??? |

3ﬁr Moment Generating Function

The moment generating is an important shape characteristic of a distribution and is always in one
function that represents all the moments. In other words, the mgf produces all the moments of the
random variable X by differentiation.

The mgf of a random variable X can be obtained by

o0

M .©®= E(e“) = [e"f (x)dx

(34.1)

~t+

M.0=E(e")=3 A

5

(34.2)

where
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i =(%J(—§j {(1-2)B(1-a-1n+1)+24B(1-2a-1n+1)}

is as defined in equation (10) previously.

35 Characteristics Function

This function is useful and has some properties which give it a genuine role in mathematical statistics. It is

161
162
163

used for generating moments, characterization of distributions and in analysis of linear
combination of independent random variables.
The characteristics function of a random variable X is given by;

@, (t) = E(e™) = E [cos(tx) +isin(tx)] = E[cos(tx)] + E[isin(q)] (3:3.1)
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i i i The prime symbol is not
165  Simple algebra and power series expansion proves that o Tonsistent
) t2n o ( 1)” t2n+1

Use the same notation

$0=-3" ZW/! ’ 52)

kWhernd n=2n+1 respectipahsand.canbaohtained
- could be improved?
from pu,, as Check [0 sce that 1=2 and
a ﬂ 2n

U, [EJ(_EJ {(1-2)B(1-a-12n+1)+24B(1-2a-1,2n+1)}

and
a ﬁ 2n+1
U, [Zj(—gj {(1-2)B(1-a-12n+2)+2AB(1-2a-12n+2)}

respectively.

4. Some Reliability Functions
In this section, we present some reliability functions associated with TLED including the survival
and hazard functions.

4.1 The Survival Function

The survival function describes the likelihood that a system or an individual will not fail after a
given time. It tells us about the probability of success or survival of a given product or component.
Mathematically, the survival function is given by:

S(x)=1-F(x) (4.1.1)
Taking F(x) to be the cdf of the TLED, substituting and simplifying (4.1.1) above, we get the
survival function of the TLED as:

o)1 (e o 1 (0% <j
(4.1.2)
——

Improve
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Below is a plot of the survival function at chosen parameter values in figure 4.1.1

Surwvival function of the TLED
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Figure 4.1.1: Plot of the survival function of the TLED for « =3, #=2,6 =1and different values
of 2 as shown on the figure above// ,——{"¢lud® some exta space. |
From the figure above, we observed that the probability of survival for any random variable
following a TLED decreases with time, that is, as time or age grows}the probability of life
decreases. This implies that the TLED could be used to model random variables whose survival
rate decreases as their age lasts.

4.2 The Hazard Function
Hazard function as the name implies is also called risk function, it gives us the probability that a
component will fail or die for an interval of time. The hazard function is defined mathematically

%)

f f
()= 0 _ () (4.2.1)
1-F(x) S(x)
Taking f(x) and F(x) to be the pdf and cdf of the proposed Lomax-Exponential distribution given
previously, we obtain the hazard function as:

o o(p-00 [se12(s 50|

h(X)= 2

1+2) (1—ﬂ" (ﬁ+ex)‘“)_/1(]__lga (Ig_;gx)‘“ ) (4.2.2)

a
The following is a plot of the hazard function at chosen parameter values in figure 4.2.1
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R GV g =

5. Parameter Estimation via MM

-Xn be a sample of size.ﬂznﬂindependently and identically distributed random variables
from the TLED with unknown parameters o, S, 6, and 1 defined previously. The pdf of the TLED

f(x)=apo(f+0x) "

A

=1

XK, la,B,6,2) such that

i=1

i=1

Taking the natural logarithm of the likelihood function, i.e.,

Let, I =log L (

[l+ﬂ—2/1(l—ﬁ“ (B+0x)" )}

Is X a vector or one
observation? Please, use

bold when necessary.

I :nIoga+na|ogﬁ+nloge—(a+1)ilog(ﬂ+(9xi)+anlog[1+/1—2/1(1—ﬂ“ (,B+0xi)_“)}

i=1

Differentiating [ partially with respect to a, S, 0 and A respectively give@

Figure 4.2.1: Plot of the hazard function of the TLED for « =3, 8=2,6 =1and different values

of A as shown on the plot above. //
Mewleﬂ’\ﬂgure 4.2.1 above shows the behavior of hazard function of the TLED and it means
failure for any TLED random variable is decreasing with respect to time

eases, the probability of failure or death decreases.
use math notation to
improve
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£+nlogﬂ_zn:|09(,3+6xi)+ n [ 248 (B+6%) {Iogﬂ—log(_aﬁﬂgxi)}
“ = = 1- A+ 244" (B+6x,) 5.

| 228 (B+0x ) {ap ™ +(B+0x) "]
i1 = 1-A+228 (B+0%) "

n n 4y | 20A87% (S +0x )—a—l
C(a+1 (B+0x
’ (a+ )izzll{xl (:6_'_ Xl) }+;{1ﬁ+2&ﬂa(ﬁ+gxi)a}

(5.4)

Z{ 26 (B+6x) -1 }

i1 [1-A+228% (B+0%) "

Equating equations (5.3), (5.4), (5.5) and (5.6) to zero and solving for the solution of the non-Iinear
system of equationsJ will give us the maximum likelihood estimates of parameters «, /@ﬂ

respectively. However, the solution cannot be obtained analytically except numerically with the
aid of suitable statistical software like Python, R, SAS, etc., Wunify the way to write 2N,

E tial.
. . /— xponential
6 Appllcatlonx

Here, we have applied and compared the performance of the Transmuted Lomax-exponential
distribution (TLED) to that of Lomax-Exponential distribution (LED), transmuted odd generalized
exponential-exponential distribution (TOGEED), odd generalized exponential-exponential
distribution (OGEED), Weibull-Exponential distribution (WED), Transmuted Exponential
distribution (TED) and the Exponential distribution (ED) using the following dataset. //

—Bata-set: This data represents the remission times (in months) of a random sample of 128 bladder
cancer patients. It has previously been used by [5], [1], [14] and [8]. It’s summarized as follows: /
Table 6.1: Summary Statistics for the datasef. ————[nserispace. |

parameters Hnﬁ Minimum Q Median Q Mean  Maximum Variance Skewness Kurtosis
1 3

Values 128  0.0800 3.348 6.395 11.840 9.366 79.05 110.425 3.3257 19.1537

From the descriptive statistics in table 6.1, we observed that the data set is positively skewed with
a very high coefficient of kurtosis and therefore suitable for flexible and skewed distributions.

To compare the distributions listed above, we have used several measures of model fit such as AIC
(Akaike Information Criterion), Cramer-Von Mises (W*), Anderson-Darling (A*) Kolmogorov~
smirnov (K-S) statistics.

Note that the model with the lowest values of these statistics shall be chosen as the best model to
fit the data. //

Table 6.2: The statistic@&lcr,_A*, W and K-S for the fitted models to the dataset.
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Distributi  Parameter  U=(log- AIC A w* K-S P-Value  Ranks

ons estimates likelihood (K-S)

value)

TLED 0=0.4665 409.6905 827.3809 0.1326  0.0210 0.0448  0.9593 1
a=4.2157
B =9.7146
2 =-0.8445

LED 0=0.1643 4156839 837.3678 0.3392  0.0551  0.0988  0.1639 2
a=6.3108
B =9.9520

TOGEED 9=0.0182 416.5186  839.0372 1.0381  0.1747  0.1079  0.1014 3
a=2.7822
2 =0.7591

TED 6=0.1065 4157532  835.5065 0.8349  0.1404 0.1322  0.0228 4
2=-0.2944

< — ;P =
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N Please coment what
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It is shown from %ﬁ 6.2 above that the Transmuted Lomax-Exponential distribution (TLED)
corresponds to the smallest values 0f 7, AIC, A", W* and K-S compared to those of the Lomax-
Exponential distribution (TLED), Transmuted odd generalized exponential-exponential
distribution (TOGEED), odd generalized exponential-exponential distribution (OGEED),
Weibull-Exponential distribution (WED), Transmuted Exponential distribution (TED) and the
Exponential distribution (ED) and therefore we chose the TLED as the best model the fits the real
life data. // ~—~——__linclude some comment about the last column in table 6.2
7 Conclusion
In this article, we proposed a new distribution, TLED, derived and study some of its properties
with graphical analysis and discussion on its usefulness and applications. Hence, having
demonstrated earlier in the previous section, we have a conclusion based on our applications of
the model to a real life data that the new distribution (TLED) has a better fit compared to the other
six already existing models and hence a very competitive model for studying real life situations.
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