Linear Maps Preserving Rank-additivity and Rank-sum-minimal

on Tensor Products of Matrix Spaces

Abstract: The problems of characterizing maps that preserve certain invariant on
given sets are called the preserving problems, which have become one of the core
research areas in matrix theory. In this paper, linear maps that preserve rank-additivity

and rank-sum-minimal on tensor products of matrix spaces M ®L ® M are
ﬂl 7lk

characterized respectively.
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1. Introduction

Let F be any number field, £~ be the set of all non-zero elementsin F  V
is the matrix space given on the domain F. Forany AeV = R(A) denotes the rank

of the matrix A. If the matrix pairs A,BeV satisfy R(A+ B) = R(A)+ R(B) or

R(A+ B) = |R(A) - R(B)|, then it is said to be rank-additivity or rank-sum-minimal.
For the linear map ¢ on V and pairs A B, if R(A+B)=R(A)+ R(B) are
deduced from R¢(A+ B) = R¢(A)+ Rp(B) , we say that ¢ preserves the
rank-additivity. If R(A+ B) = |R(A) - R(B)| are deduced from

R$(A+ B) = |R¢(A) - R¢(B)| we say that ¢ preserves the rank-sum-minimal.

Let M bethesetofall mxn matrices. When m=n, M is

mxn

abbreviatedas M . E denotes the matrix with 1 atthe (4,7) entryand0

elsewhere, the order being determined by context. The notation I' denotes the set of
all tensor product matrices of rank 1in M ®L ® M .Let © denotes the set of

the all tensor product matrices satisfying the rank-additivity in M ®L ® M, and
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© denotes the set of the all tensor product matrices satisfying the
rank-sum-minimal in Mnl QL ® Mnk .Forany A e Mm (t=1L ,k),wecalla
linearmap 7 on Mnl QL ® M”k canonical, if

n(A ®L ®A)=1(A)QL Q7 (A),where r : M, — M, ,iseither the

identity map or the transposition map, and we abbreviatedas 7 =7, ®L ® 7,

Many scholars have characterized linear maps preserving rank-additivity and
rank-sum-minimal on the general matrix space. For example, Alexander Guteran[1]
and Beasley[2] respectively described the linear maps that preserving the
rank-additivity and the rank-sum-minimal on the n order matrix space and the
mxn matrix space. Zhang Xian[3] further generalized the results of [2]. Then,
ZhangXian[4] discussed the linear map of the rank-additivity and the
rank-sum-minimal on the symmetric matrix space. Tang Xiaomin[5] characterized the
linear map of the rank-additivity on the Hermitian matrix space. At present, the
research on the linear preserving problem of rank-additivity and the
rank-sum-minimal on the general matrix space has been basically improved.

The tensor product matrix space, as a special matrix space, has played a certain
role in promoting the development of quantum information science[6]. Therefore, it is
particularly important to study the problem of preserving the tensor product matrix
space. The research results about preserving the tensor product matrix space are not
too many. Zheng BD[7] characterizes the linear maps preserving rank of the tensor
products of matrices. Zejun Huang[8] further studied the linear rank preservers of
tensor products of rank one. These laid the foundation for subsequent research. This
paper characterizes the linear maps preserving rank-additivity and rank-sum-minimal
on tensor products of matrix spaces, which enriches the results of the tensor product
matrix space preserving problem.

2. Preliminaries

The following theorems and lemmas are required for the two theorems in this paper.

Theorem 1. (7, main theorem) For any A QL ® A e M ®L ®M ,a linear

map ¢: M ®L ® M — M ,preserves rank of tensor products of matrices, i.e.
Rp(A ®L ®A)=R(A ®L ®A)

if and only if there exist invertible matrices P, € M and a canonical map 7 on
M ®L ®M suchthat
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for all XeM ®L ®M"'.

Lemma 1. (3, Lemmal) (4,B)e® forany A, Be M ifandonly if there exist

invertible matrices P e M and @ € M such that

A=PI ®0)Q,B=PO®I)Q ,u+v<min(m,n).

Lemma 2. (A QL ®A,B®L ®B)e® for any A®L QA
B ®L ®B eM, ®L ®M ifand only if (A ®L ® A k(B ®L ®B,))c0®

forany heF.

Proof: The conclusion can be deduced immediately from the rank property of the

matrix.

3. Main Results

Theorem 2. Forany A ®L ® A,B ®L ®B eM ®L ®M, ,alinear map,
$:M ®L ®M —>M ®L ®M ,as

R(A®L ®A +B ®L ®B)=R(A ®L ®A)+R(B ®L ®B,)

established, there is

RAA ®L ®A +B ®L ®B))=R(¢(A ®L ®A))+R(HB, ®L ®B))

then ¢ =0, or there exist invertible matrices P,Qe M ®L ®M and a

canonicalmap 7 on M ®L ® M  such that
#(X) = Pr(X)Q
forall XeM ®L ®M .

Proof. We distinguish two cases:
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(1) Suppose ¢ is not injective. Itis easy to see that thereis A ®L ® A matrix
withrank s(s>1) suchthat ¢(4 ®L ® A )= 0. Without loss of generality,
hypothesizing that ¢(/ @ 0)=0.Bythe (E,, ®L ® E,,001  ®0)e0® ,we
have S 1S \N\&

((E,®L ®F 5,400  ©0))e®

or equivalently-,

R(HE, ®L ®F )+¢0®1_ @0))=R(HE, OL ®F )+ R0®I_ & O0))
butg(E, ®L ®E, )+401_ @ 0)=¢( ®0), ie.

)

Rg(I ®0))=R(HE,®L ®F,))+R#O0SI_ @ 0)) -

Thenjaccording to ¢(I, ® O) = 0, we obtain
QeSS g(E, ®L ®E,)=0 - @)
For j =1L ,n, ?Z =1L ,k,andyj,L ,7 can'tbe 1 at the same time), by the
(E,®L ®E, -E_®L ®E_,E_ ®L ®FE +E ®L ®F )ec0,
N Ty N T3 N Iy
(E,®L ®E, +E, ®L ®E E QL ®F, )c®
we have

(p(£,®L ®F  — E‘U1 L ® E,Uk),¢(Ejlj1 ®L ® EM + E‘U1 QL ® Euk)) €0

’

(4(E,®L ®F, +E_ ®L ®F, ),¢(E, ®L ®F ))ecO

or equivalently.

RY(E, ®L ®F, +E ®L ®F )

Iy

R@YE,®L ®F, +E ®L ®F  +E, ®L ®F, ))

A

- R($(E, ®L ®E, -E, ®L ®F, )+R(@#E, ®L ®F  +E, ®L ®F, )

=R()E,®L ®F, + E, ®L ® Eljk)) + R(¢(E]_1jl ®L ® EM))

By calculation, this, together with (1), the above two formulas can be simplified to
RYE, ®L ®F, )=RHE, ®L ®F, )+R($E, QL ®F, +E, QL ®F, )
R(¢(E, ®L ®F, +E, ®OL ®F, ))=RHE, ®L QF, )+RHE, L QF, ))

Jed

Then, we have R(¢(E,, ®L ®E _))=0,le.,

i
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#E, ®L ®FE, )=0 )

The same can be proved that for p =1L ,n. (=1L ,k, and p, L ,p cant
be 1 at the same time), then we can get

HE, ®L ®F, )=0 3)

Foranyj; =1L ,n;p. =1L n(i=1L ,k), bythe

(E, ®L ®E,_ -E ®L ®E ,E ®L ®FE +E ®L ®E )e®
J Ik Py Py, Py Py, Py Py,

we can get

(gzrﬁ(EUl QL ® EUA_ - E’W1 QL ® Em) , (/ﬁ(Ep11 QL ® Em.l + Em1 ®L ® Em..ﬁ. ) e®

or equivalently.

R(@J(E, ®L ®F, +E ®L ®F, )=R(@(E, ®L ®F, ~E ®L ®F, ))

kk

+R(@(E, ®L ®F, +E ®L ®F, ))

Py
By calculation, together with (2) and (3) we can get
T~
R(¢(Epl.71 L ® Epkjk)):o 4)

Therefore, together with(2)-(4) and the linearity of ¢, we can obtain ¢ =0.
(i) Suppose ¢ is injective.
For the convenience of discussion, letn=n,L n .. Forany A ®L ® A T,

Itis easy to see that thereare A, ®L ® A L ,A ®L ® A €T suchthat

n—1

(A, ®L ®A, +> " A ®L ®A, A ®OL ®A )ecO
-l_J

(@)

By ¢ preserving rank-additivity, we have

n—1

R(§(4, ®L @4, +) ﬂ®'— ©A, )+ RigA, OL ®4,))

R(p(A, ®L ®A, +> " A OL ®4 , N+RHA, ,, OL ®A )+
R(#(A ®L ®A))

=L
= R4, OL ®4,))+ 3 RHA, OL ©4,).

Bythe 4 ®L ® A eT(t=12L ,n),and ¢ isinjective, We obtain

R ¢(A11 QL ® Au)) =

R(#(A, ®L ®A, +> " A ®OL ®A))=
(
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For B ®L ®B eM ®L ®M witharbitrary rank r(r >2), itis

obvious that there exist matrices
B,®L ®B,,L ,B, ®L ®B el

1k?

such that

B ®L ®B, = ZHB“ ®L ®B,

th? "y

Bythe (Y. B, ®L ®B,,B ®L ®B,)ec©,wehave

R(#(B ®L ®B,))=R(¢>, B, ®L ®B,)))

t=1"tl

=R(¢> B, ®L ®B,))+RHB,OL ®B,))

= R(¢B,®L ®B,))

Thus, according t ¢B,®L ®B )el(t=1L ,r) , we obtain
R(¢(B, ®L ® B,)) =, therefore ¢ preserves the rank of the tensor product matrix.

This, together with Theorem 1,,10W€ can know there exist invertible matrices
P,QeM ®L ®M and a canonical map z# on M ®L M, such that

#(X) = P(X)Q N2
o

©
forall X e M ®L ® M .
Ora E 711 7lk R G‘T\&

Theorem 3. For any 4 ®L ® A,B ®L ® B e M ®L ®Mnfa linear map,
$:M ®OL ®M, —>M ®L ®M ,as

R(A ®L ®A +B ®L ®B,)=|RA ®L ®A4)-R(B OL ®B,)
established, there is

R(¢(A ®L ® 4 + B ®L ®B,))=|R(¢(4 ®L ®A))-R($(B, ®L ®B,))

Then ¢ =0, or there exist invertible matrices P,Qe M ®L ®M and a

canonicalmap 7~ on M ®L ® M  such that
#(X) = Pr(X)Q

for all XeM ®L ®Mn‘.
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Proof. Forany A ®L ® A,B, ®L ® B,e M, ®L ® M , if

(4 ®L ®4,B ®L ®B,)e0,

Then, by Lemma 2, it is known to any & € F', and there is
(A ®L ® A ,hB ®L ®B,)) e ©. Furthermore, we can get

(4, ®L ® A +h(B ®L ®B,),~h(B, ®L ®B)) €O ,

(A ®L ®A +h(B ®L ®B),~(A ®L ®A4))e®

his,) ¢ preserves the rank-sum-minimal of the tensor product matrix, we get
(#(A ®L ®A +h(B ®L ®B,)),¢(-h(B, ®L ®B ))e0O_,
(#(A, ®L ®A +h(B ®L ®B))),4(—(A ®L ®A4)))eO_.

Further calculations, we can get

R(#(A ®L ®4))

=|R(¢(4, ®L ® A +h(B ®L ®B,))-R(¢(-h(B, ®L ® B)))

=|R(p(A, ®L ®A)+hg(B, ®L ®B,))- R($(h(B, ®L ® B,))) (5)
R(¢(h(B, ®L ® B))

=|R(#(4, ®L ® 4 +h(B,®L ®B,))- R(#(—(4 ®L ® 4)))|

=|[R(#(A ®L ® 4, +h(B, ®L ® B,))- R($(A ®L ®4)) (6)

Next, we will discuss it in three situations.

(i) : Suppose that thereis h e F*, such that

R(¢(A ®L ®A)+h ¢(B ®L ®B,)) > R($h (B ®L ®B,))) |

Then, together with (5), yields that

R(¢(A ®L ® A))=R(§(A ®L ®A)+h¢B ®L ®B,))-R($h,(B, ®L ®B)) .
Therefore
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R($(A ®L ®A)+hpB ®L ®B,))=R(HA ®L ®A))+R(ph(B ®L ®B,))
(p(A, ®L ®A) h¢(B OL ®B,))e @,thls, together with lemma 2, we can obtain

(J(A ®L ®A4),4B ®L ®B))eO.
(i) : Suppose that there is h, € F*, such that

(4 ®L ®A +hd(B ®L ®B,))=R(HA ®L ®A)), byasimilar argument

to (i), and together with (6), we can(qﬁ(A1 L ®A),¢(B ®L ®B))e0O.

(i) : Forany h e F”, m[pothesizini?a

R(#(A ®L ® A)+hg(B ®L ® B,))< R(¢(h(B,®L ® B,))),
($(A ®L ®A +hg(B,®L ® B))< R(@(A OL ®A)).

This together with(5) and (6), it is easy to see that

R(¢(A ®L ®A))=R(¢(h(B ®L ®B)))— ( (A1 QL ®A)+hp(B ®L ®B,))
R(¢(h(B, ®L ®B)) (d(A QL ®A) (0(A ®L @A)+ hp(B, L ®B,))
consequently, R(¢(A ®L ®Ak+h¢(Bl®L ®Bk))=0, ie.,

#(A ®L ®A +hg(B ®L ®B)=0.

By the arbitrariness of h , we can know ¢4 ®L ®A)=0 and

(f(A4 ®L ®A),¢(B ®OL ®B))cO.

By combining the above three situations, we can obtain that ¢ preserves

rank-additivity on tensor products of matrix spaces. Thus, by Theorem 2, we can get

¢ =0, or there exist invertible matrices P,Q e M ®L ® M and a canonical

map 7 on M ®L ®M suchthat
#(X) = Pr(X)Q

forall XeM QL @M . _ r>
n o \!\,

Coap 7
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