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Abstract

In this paper, a new kind of closed sets called generalized semi open-closed sets (briefly gso-closed
sets) are introduced in topological spaces. A subset A of a topological space X is called a gso-
closed set if A is both a g-closed set and a semi-open set in X. The properties of the gso-closed
sets are investigated and they are compared with the existing relevant generalized closed sets. The
generalized semi-open continuous function between topological spaces are also defined and their
properties are investigated.
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1 Introduction

The concept of closed sets in topological spaces have many important properties such as closed
subset of a compact space is compact; closed subset of a normal space is normal; closed subset
of a complete uniform space is complete, etc. The generalized closed sets, simply g-closed sets,
which are weaker form of the closed sets were introduced and studied by N.Levine [1] in a topological
space in 1970. He defined a set A to be a g-closed set in a topological space if its closure is contained
in every open super set of A. Since then many mathematicians introduce and investigate different
kind of generalized closed sets in topological spaces. Some recent works on generalized closed
sets can be found in [2], [3], [4], [5] and [6]. Continuous functions are one of the core concepts
of topological spaces defined in terms of open sets as well as closed sets. With the introduction of
different kind of generalized closed sets, there are many different kind of continuous functions defined
in the literature. In this paper, we introduce a new kind of closed set called the generalized semi open-
closed set (briefly gso-closed set) in topological spaces. A subset A of a topological space (X, 7) is
called a gso-closed set if A is both a g-closed set and a semi-open set in the (X, 7). We study its
properties and compare this with the existing relevant generalized closed sets. In the second part of
this paper, we define the generalized semi-open continuous functions between topological spaces as
an application of these gso-closed sets and investigate their properties.
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1.1 Generalized Closed Sets

Throughout this paper, we represent X, Y and Z as the topological spaces (X, 1), (Y,o) and (Z, v)
respectively, on which no separation axioms are assumed unless otherwise stated. For a subset of A
of X, cl(A) denotes the closure of A and int(A) denotes the interior of A, respectively.
In a topological space, we recall the definitions for some of the relevant open and closed sets.
Definition 1.1. A subset A of a topological space X is called a
(i) semi-open [7]if A C cl(int(A)).
(i) regular open [8] if A = int(cl(A)).
(i) regular closed [8] if A = cl(int(A)).
(iv) pre-closed [9] if cl(int(A)) C A.
A semi-closed set is the complement of a semi-open set.
We now recall the definitions of some of the relevant generalized closed sets in a topological
space.
Definition 1.2. A subset A of a topological space X is called a

(i) generalized closed set (briefly g-closed set) [1] if cI/(A) C U whenever A C U and U is open
in X. The complement of a g-closed set is called a g-open setin X.

(i) generalized semi closed (briefly gs-closed) [10] if scl(A) C U whenever A C U and U is open
in X, where scl(A) is the intersection of all semi-closed sets of X containing A.

(i) weakly generalized closed (briefly wg-closed) [11] if cl(int(A)) C U whenever A C U and U
is open in X.

(iv) regular weakly generalized closed (briefly rwg-closed) [11] if cl(int(A)) C U whenever A C U
and U is regular open in X.

1.2 Generalized Continuous Functions

Continuity of functions between topological spaces is one of the core concepts of topological spaces
which is defined in terms of open sets as well as closed sets. Here we recall some kind of generalized
continuous function defined by the relevant generalized closed sets.

Definition 1.3. Let X and Y be two topological spaces. A function f : X — Y is called a

(i) g-continuous [12]if f~(V) is a g-closed set of X for every closed set V of Y.

(ii) gs-continuous [13]if f~!(V) is a gs-closed set of X for every closed set V of Y.
(iii) wg-continuous [11] if £~ (V) is a wg-closed set of X for every closed set V of Y.
(iv) rwg-continuous [12]if f~1(V) is a rwg-closed set of X for every closed set V of Y.

2 Results and Discussion

Definition 2.1. A subset A of a topological space X is called a generalized semi open-closed set
(briefly gso-closed set) if A is both a g-closed set and a semi-open set in X.

It is clear that every gso-closed set is a g-closed set in a topological space.
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Example 2.1. Consider a linearly ordered topological space, defined in Faber, [14]. A basic
example is the real numbers with the standard order. Or more generally, a preference-ordered
topological space, defined in Alcantud, [15]. Then the sets with the form

{reX:a<z<b}
are gso-closed sets when a < b.

Theorem 2.2. The union of two gso-closed sets in a topological space X is also a gso-closed set in
X.

Proof. Let A and B be two gso-closed sets in a topological space X. Then A and B are both
g-closed sets and semi-open sets in X . Therefore, AU B is both g-closed set and semi-open set
and hence it is a gso-closed set in X. O

The intersection of two gso-closed sets in a topological space X is generally not a gso-closed set in
X. We see this by the following example. Let X = {a, b, c} be with topology 7 = {X, 0, {a}}. Then,
A ={a,b} and B = {a, c} are gso-closed sets. But their intersection, AN B = {a} is nota
gso-closed setin X.

Theorem 2.3. If A and B are both closed and open sets in a topological space X, then AN Bis a
gso-closed setin X.

Proof. Suppose that A and B are both open and closed sets in a topological space X. Then, AN B
is a closed set and so is a g-closed set. Also, AN B is an open set and so is a semi-open set in X.
Hence AN B is a gso-closed set in X. O

Theorem 2.4. If Ais a gso-closed set in a topological space X and B is an open set in X such that
B C A, then B is a gso-closed set in X.

Proof. Suppose that A is a gso-closed set in a topological space X. Then, cl(A) C U whenever
ACU,Uisopenin X and A C cl(int(A)). We now suppose that B C A, B is open in X and
ACU,Uisopenin X. Then, we get cl(B) C U whenever B C U, U isopenin X. Thus, Bis a
g-closed set in X. As cl(B) C cl(int(B)), we also get B C cl(int(B)). Thus, B is a semi-open set in
X. Hence B is a gso-closed set in X. O

Theorem 2.5. If A is both closed and open set in a topological space X, then A is a gso-closed set
in X.

Proof. Suppose that A is both open and closed set in a topological space X. Then, clearly A is a
g-closed set and a semi-open set. Hence A is a gso-closed set in X. O

Theorem 2.6. If a gso-closed set A is a pre-closed set in a topological space X, then A is a regular
closed setin X.

Proof. Suppose that the gso-closed set A is a pre-closed set in a topological space X. Then, we get
A Ccl(int(A)) and cl(int(A)) C A. Thus A = cl(int(A)). Hence A is a regular closed setin X. O

Theorem 2.7. Every gso-closed set in a topological space X is a wg-closed setin X.
Proof. Let A be a gso-closed set in a topological space X. Then, ci(A) C U whenever A C U and U

isopenin X and A C cl(int(A)). Let AC U, Uis openin X. Then, cl(int(A)) C cl(A) C U. Hence
Ais awg-closed setin X. O
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The converse of the above theorem need not be true as seen in the following example. Let
X = {a,b,c,d} be with topology 7 = {X, 0, {a}, {b},{a, b}, {a,b,c}}. Then, the set A = {d} is a
wg-closed set in X but not a gso-closed set in X.

Theorem 2.8. Every gso-closed set in a topological space X is a gs-closed setin X.

Proof. Let A be a gso-closed set in a topological space X. Then, cl(A) C U whenever A C U and U
isopenin X and A C cl(int(A)). Let AC U, U is openin X. Since scl(A) C cl(A), we get
scl(A) C U whenever A C U and U is open setin X. Hence A is a gs-closed set in X. O

The converse of the above theorem need not be true as seen in the following example. Let
X ={a, b, c,d} be with topology 7 = {X, 0, {a}, {b},{a, b}, {a,b,c}}. Then, the set A = {a}isa
gs-closed set in X but not a gso-closed set in X.

Theorem 2.9. Every gso-closed set in a topological space X is a rwg-closed set in X.

Proof. Let A be a gso-closed set in a topological space X. Then, c/(A) C U whenever A C U and U
isopenin X and A C cl(int(A)). Let AC U, Uis openin X. Then, cl(int(A)) C U whenever
A C U and U is regular open in X. Hence A is a rwg-closed set in X. O

Definition 2.2. Let X and Y be two topological spaces. A function f : X — Y is called a generalized
semi open-continuous function (briefly gso-continuous function) if f=* (V') is a gso-closed set of X for
every closed set V of Y.

Example 2.10. Let X = {a,b} be with topology 7 = {X, 0, {a}} and let Y = {a, b, ¢} be with
topology o = {Y,0,{a,b}}. Define f : X — Y by f(a) =a and f(b) = c. Then, fisa
gso-continuous function.

In general, the composition of two gso-continuous functions need not be a gso-continuous function.
This can be seen in the following example. Let X = {a, b} be with topology 7 = {X, 0, {a}} and

Y = {a, b, c} be with topology ¢ = {Y, 0, {a,b}} and Z = {a, b, ¢} be with topology n = {Z, 0, {a, c}}.
Define f: X - Y by f(a) =aand f(b) =c,andg: Y — Z by g(a) = a and g(c) = b. Then, f and g
are gso-continuous functions but the composition g o f is not a gso-continuous function.

Theorem 2.11. Let X and Y be two topological spaces. Let f : X — Y be a gso-continuous function
and g : Y — Z be a continuous function. Then, g o f is a gso-continuous function.

Proof. Suppose that A be a closed setin Z. Then, g~ '(A) is a closed setin Y and so f (g~ (A))
is a gso-closed setin X. That is, (g o f)™'(A) is a gso-closed set in X. Hence go f is a
gso-continuous function. O

Theorem 2.12. Let X and Y be two topological spaces. Let f : X — X be an identity function and
g : X — Y be a gso-continuous function. Then, g o f is a gso-continuous function.

Proof. Suppose that A be a closed set in Y. Then, g~ (A) is a gso-closed set in X and then,
(g7 (A) =g (A) is a gso-closed set in X. That s, (g o f) ' (A) is a gso-closed set in X. Hence
g o fis a gso-continuous function. O

Theorem 2.13. Every gso-continuous function is a g-continuous function.

Proof. Suppose that f : X — Y is a gso-continuous function and let A be a closed setin Y. Then,
f71(A) is a gso-closed set in X. Then by the definition of gso-closed set, f~(A) is a g-closed set in
X. Hence f is a g-continuous function. O
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Theorem 2.14. Every gso-continuous function is a wg-continuous function.

Proof. Suppose that f : X — Y is a gso-continuous function and let A be a closed setin Y. Then,
f~(A) is a gso-closed set in X. Then by Theorem 2.7, ~!(A) is a wg-closed set in X. Hence f is a
wg-continuous function. O

Theorem 2.15. Every gso-continuous function is a gs-continuous function.

Proof. Suppose that f : X — Y is a gso-continuous function and let A be a closed setin Y. Then,
f71(A) is a gso-closed set in X. Then by Theorem 2.8, f~!(A) is a gs-closed set in X. Hence f is a
gs-continuous function. O

Theorem 2.16. Every gso-continuous function is a rwg-continuous function.

Proof. Suppose that f : X — Y is a gso-continuous function and let A be a closed setin Y. Then,
f71(A) is a gso-closed set in X. Then by Theorem 2.9, f~*(A) is a rwg-closed set in X. Hence f is
a rwg-continuous function. O

3 CONCLUSIONS

In this paper, we defined a new kind of generalized closed set, called generalized semi open-closed
sets (briefly gso-closed sets), in a topological space X. A subset A of X is called a gso-closed set if
A is both a g-closed set and a semi-open set in X. This gso-closed set became some of the relevant
generalized closed sets but not conversely. The generalized semi-open continuous function (briefly
gso-continuous function) between two topological spaces are also defined as an application of the
gso-closed set. From these gso-continuous functions some of the relevant generalized continuous
functions were derived.
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