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Abstract

In this work, fifth-order Boundary-Value Problems (BVPs) in Ordinary Differential Equation are
solved numerically using Boundary Value Method. Continuous linear multistep methods are
developed with continuous coefficients. This constitutes appropriate methods termed the main
and additional methods, which are applied sequentially in blocks to approximate the solution. The
method is shown to be flexible in handling linear and nonlinear fifth order BVPs. The convergence
of the method is discussed. Several numerical examples are shown to illustrate the superiority of
the method developed as the approximate solutions derived from the method are compared to the
exact solutions of the problem, and other methods from existing literature.
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1 Introduction

In this paper, the numerical solution for the fifth-order boundary value problems of the type:

vy = flxy, "y "), a<z<b (1.1)
y(a) = o, y/(a’) = 0a, y”(a) = Q2, y(b) = /807 y/(b) = /Bl

is considered, where «;, B;, (i =0,1,2, j =0,1) are finite real arbitrary constants while f(z) is a
continuous function defined on the interval z € [a, b].

Higher order boundary value problems occur in sciences, for example, in the modeling of induction
motors in current electricity. Other applications of this type of boundary value problems arise in
the mathematical modeling of the viscoelastic flows and other branches of mathematical, physical
and engineering sciences. Several numerical methods for solution of (1.1) exist in the literature,
and some are specially designed to solve fifth order ordinary differential equations. Fyfe (1971)
developed quintic polynomial spline functions for the solution of special type of fifth-order boundary-
value problems. Caglar et al (1999) developed numerical solution of fifth-order boundary-value
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problems with sixth-degree B-spline functions, as did Muhammad (2006) who presented a class
of methods based on non-polynomial sextic spline functions for the solution of a special fifth-order
boundary-value problems. Finite difference solutions were provided by Khan (1994). Juan (2009);
Zhao (2009) presented approximate analytical solutions of fifth-order boundary value problems by the
variational iteration method. Xueqin and Minggen (2010) provided an algorithm to solve general linear
fifth-order boundary-value problems in the reproducing kernel space W¢a, b]. In this paper, solution
to fifth order boundary value problems of the type (1.1) using boundary value methods is proposed.
The boundary value method has been extensively studied by several researchers and have only used
the BVMs to solve initial value problems. see Paolo (1997),Lidia et al (2012),Marzulli and Trigiante
(1995), Brugnano and Trigiante (1996).

2 Derivation of The Method

In this section, a 5-step boundary value method for the solution of fifth-order boundary value problems
with appropriate conditions on the interval from z,, to x5 is developed. It is initially assumed that
the solution on the interval [z, z»+5] is locally approximated by polynomial of the form,

y(x) =) _aja’ (2.1)
j=0
which also yield
11
yW(@)=> "G -G - 1)@ —3)( — Daa’° (2.2)

j=5
where a; are unknown coefficients to be determined. Interpolating (2.1) at the points x4, ¢ =
0(1)4 and collocating (2.2) at the points z,+i, i = 0(1)5 gives the following interpolation/collocation
equations;
ao + @125 + axwy + azwh + -+ anx,' —yn =0
ao + a1Tnt1 + azxiH + a3$i+1 +--+ auxiﬁl —Ynt1 =0
ao + a1Tnt2 + a2$i+2 + asxi+2 +--+ aux}#g —Yny2 =10
ao + a1Tn43 + a2$i+3 + a3$i+3 + e+ a11$7111+3 —Ynt3 =0
ap + a1Tn+4a + agxi+4 + a3x2+4 + -+ a11x,111+4 — Ynta =0
120a5 + 720a6, + 2520aras + 6720asx) + - - - + 55440a1125 — fo =0
120as + 720a6Tn 41 + 2520a7xp 41 + 6720asws 4y + - - - + 554401129 11 — frp1 = 0
120a5 + 720a6Tn 12 + 2520a7x0 45 4+ 6720asxs 4o 4 - - - + 554401125 15 — frie = 0
120a5 + 720a6Tn 43 4 2520a7x0 45 4+ 6720asxs 45 4 - - - + 554401125 15 — friz = 0
120as + 720a6%n+4 + 2520a7xs 4 + 6720asxs 4 + - - - + 5544001125 4 — faya =0
120as + 720a6%n+5 + 2520arx; 5 + 6720asxs 5 + - - - + 5544001125 15 — fats = 0
(2.3)

which translates into the matrix equation Az = b, where;
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A T T T T
1 zppa 37?1+1 $%+1 mi-‘rl Tyt HU?L-H cee xil-u ao
ai
A= 1 Znya $31+4 $i+4 $i+4 $i+4 $g+4 cee 35311+4 R a2 b=
0 0 0 0 0 120 720xy . 5544028 b= b=
0 O 0 0 0 120 720xn4+1 - 5544O:cﬁ+1 a10
: aii
0 0 0 0 0 120 720wn45 - 5544025 5

Let the basis function space be given as Using the Gaussian elimination method, we obtained the
values of the a;’s, j = 0(1)11. Then substituting all the a;’s into (2.1), and after some simplifications,
we obtain the continuous linear multistep method of the form

Y(z) = Z () Ynti + ht Z Bi(@) frti (2.4)

=0

where o and § are continuous function of z, yn i = y(zn + ih), fur: = ¥y (. + ih). Note that
Frti = F@ntir Yntir Ui - - yfjﬁz, i=0,...,5. The continuous coefficients o (x), B: (), expressed
as functions of ¢ obtained are given below;

a0 = 55 (6t + 1187 + 6t° +t*), g = L(—8t — 14t* — 7> —t*), ap = L(12t + 19t* + 8¢ + t*)

as = ( 24t — 26t% — 9t —t1), a4 = i(24 + 50t + 35t% 4+ 10t* + t*)

Bo = 7257600 (720t + 948t> — 820t® — 1405t* + 504¢° + 120¢7 — 45¢° — 20¢° — 2¢'°)

B = 1451520 (14256t + 26460t> + 16104¢° + 4387t* — 672t° — 144¢™ + 63t° 4 24¢° + 2¢'°)

B2 = 725760 (81648t + 1530841* 4 84532t% 4 12329t" 4 1008t° + 168t7 — 99¢° — 28t7 — 2t'7)

Bs = === (57168t + 133764t + 109168t + 34417¢* — 2016¢° — 48¢" + 153t + 32¢7 + 2¢'7)

Ba = Tis1sa5 (—2160t + 4068t> + 20700 + 24215¢* + 12096t + 2184t° — 360t" — 225¢° — 36t° — 2¢'°)

Bs = =3zrga0 (2160t 4 1932t — 3400t> — 4265t* + 2016t° + 1200t" + 315¢t° + 40t° + 2t'°)

C:\»—t

T — Tn+4

where t = . Evaluating Y () and the derivatives Y ") (), u = 1(1)4 in (2.4) at the point

xn+s and after some algebraic simplification, the following discrete 5-step LMM are obtained as the
main method;

Yn+5 = —Yn + 5yn+1 - 10yn+2 + 10yn+3 - 5yn+4 + ihﬁ (fn+l + 11fn+2 + 11fn+3 + fn+4)

(2.5)
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Yn
Yn+1

Yn+4
fn

fn+1

fnts

hy';7.+5 _ 251gn . “yg“ + 39y;,+2 o 1o7gén+s + 77y175+4 _ 1&580 (3fn — 894 fns1 — 9679 frio — 10819 fps5 — 1624 fria — 3o
hyu, s = 30un _ Wonii | Bngs  SWnis | Tnsd b (161 f, — 37795 fri1 — 412860 frrz — 535040 f,43 — 14580:
Ryl s = 3 — Uy,pr + 18yntz — 13ynts + 2ot 4 B2 (170 f, + 5239 fus1 + 75876 fryo + 108166 f3 + 63434 f 4

WAy S = Yo — Ayt + 6Yntz — AYnta + Ynsd + s (853 fn — 2879 fri1 + 44902 f 42 + 35318 fria + 84149 f g + 1908
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Evaluating Y ) (), u = 1(1)4 of (2.4) at the point z;, i = 0(1)4 and after some algebraic simplification,

the following discrete 5-step LMM are obtained as the additional method;

hyg — 20 4 4yy —3yp + W3 — w4 10080 (3fo 4+ T49f1 + 1194 f2 + 54f3 + 191 — 3f5)

hy} _w Sy 32w + wu + s (3fo — 1201 — 361 fo — 213 — 61 + f5)

hyb :q—g—%+2“2—%—10080 (fo 544f17250f2744f3+f4)

hy’ =Y g UL 3oy Sy mho‘ 5 (36f1 + 341 f2 + 135f3 — 9fs + f5)

hyh = 4y1 + 3y2 - 4y3 + 25y4 + s (f0 +99f1 + 1134 f2 + T94f35 — 15f1 + 3f5)

hPyy = 3w _ 26;/1 19 14y3 + Mya o hoes (2661 fo + 109055 1 + 130790 f2 + 86105 + 1045f4 — 161f5)

Ry =14 _Smogow + L ﬁ‘—g - 302209 (161 fo — 9855 f1 — 15580 f2 + 520 f3 — 525f4 + 79f5)

R . i o 5y2 + 4& —u g 302400 (79fo — 1685 f1 — 5102 + 24503 — 385f4 + 51f5)

RPyy =Ly % - 5y3 + “”4 — ks (21f0 + 665 f1 + 14000 f> + 11040 f3 — 635f1 + 79f5)

RPyy =1 _ w19 26y3 + Bys 4 oy (79fo + 11025 f1 + 127570 f2 + 111470 f3 + 1695 f4 + 161 f5)

RPyg' = =30 49y — 12ys + 7y3 - 3y4 + s (4155 fo + 57134 f1 + 38866 f2 + 6576 f3 — 1061 f4 + 170 f5)

Riyl" = =30 4 5y — Gyo + 3ys — L — glieg (170fo — 1395 f1 — 13004 f2 — 686 f3 — 246 f4 + 41f5)

RPyy = M Ly oy Mg (41 fo 1676 f1 — 11850 f2 — 1676 f3 + 41 f4)

RPyy' =% — 3y +6ys — 5y3 + 34 4 60480 (1301 f1 4 12184 f5 + 2010 f3 — 416 f4 + 41f5)

KAy’ =30 — Ty, + 12y, — Yys + % — s (A1fo — 4026 f1 — 42266 fo — 54584 f3 — 5175 f4 + 170f5)

B = yo — dys + Gys — dys + ya 6045 = (19097 fo + 81629 f1 + T598f> + 17182f5 — 5399 f4 + 853 fs)

Wiy =y — dy1 + 6ys — dys + ya + gl (853fo — 21695 f1 — 41114 f> + 30623 — 1867 f1 + 281 f5)

RS = yo — dy1 + 6y2 — dys + ya — 004580 (281 fo — 5059 f1 — 1810 + 7774 f3 — 1367 f1 + 1815)

Wiy = yo — dy1 + 6yz — dys +ya + 60480 (181 fo + 1153 f1 4 35494 f> + 259103 — 2539 f4 + 281f5)

Wiy = yo — dy1 + 6ys — dys + ya — gits (281 fo — 43871 — 24658 fo — 68834 f3 — 24215 f4 + 853 f5)
Remark 2.1. All the formulae in (2.5) - (2.6) for n = 0(5)IN — 5 considered together form the BVM

which gives a system of 5N equations, with additional five boundary conditions leads to a system of
5N + 5 equations in 5N + 5 unknowns {y;} for j = 0(1)N.

3 Analysis of the method

Method in (2.4) is associated with LMM of the form:

4 5
x) = Z QG Ynti + h° Z Bi fr+i (3.1)
i=0 i=0

Thus, the linear differential operator L[y(x); h] is defined by

Lly(x); h] = h'y" (z + ih) — (Z ay(x +ih) — h° Zﬁiy(v)(x + zh)) 1=0(1)4 (3.2)

=0

Expanding (3.2) in Taylor series, we obtain

Lly(x); h] = Coy(x) + Cihy'(z) + C2h’y" () + - - + Cphy™ (z) + O(RPHY) (3.3)
The LMM (3.1) is of order p if Cp =

Ci=Cy=---= p+4:0,ande+57£()inwhich

Lly(x); h] = Cprsh? oy (2) + O(RPHY) (3.4)

In this case, Cp+5 is the error constant, see ?.

41 79 2321 13 1 >T

— T— P — —
Crts = Tkt Tk, Tuts, Toka Toks) = (221760’ 362880 907200’ 1152° 6048
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19 1 37 T

Cp+5 = (Tht1, Tht2s Tntds Tnia T/+5)T: -
P robl T2y fnct s fnctds Tn 2661127 71280’ 1330560’ 44352 570240

C - (7_// 7_// 7_// 7_// 7_// )T _ 37 _ 17 89 T
L n b fnt 2y fntd) Tntds Tnts 226800° 201600’ 907200’ 1814400 3780

c N/ T A (| S 23 229 337 \"
PS5 = At Tt 2y Tnd3) Tndy Tnds 453600° 453600’ 129600’ 907200° 113400

W) () (i) () (v 361 181 67 341 277 \ 7
CP+5:(()(>()()())T:<_ )

Tnt 1 Tnt 2> Tnt3r Tt d) Tnt 5 1209607 120960° 40320 120960° 24192

We thus establish the convergence of the BVMs in the following theorem:

Theorem 3.1. (Jator and Manathunga ?) LetY, Y, and E be as defined above. LetY be an
approximation of the solution vector Y for the system formed by combining the methods (2.5) and
(2.6) and e; = [y(x:) —yil, he} = |hy' (2:)— hyil, %€} = [h%y" (x:) — h2y!'|, hoel = B3y (x:) — h*y!"|
and h*e™ = |nty™ (z;) — h*y'"| be as defined above fori = 1,..., N where the exact solution
Y(z) € C"[a,b]. Define ||E||« = ||Y — Y|, then the BVMs is a sixth-order convergent method.
That is || E||eo = O(RY).

Proof. We write (2.5) together with (2.6) in the exact form
AY —h°BF(Y)+C + L(h) =0 (3.5)
where A is an 5N x 5N matrix defined by
All A12 A13 A14 A15
A21 A22 A23 A24 A25
A= | Az Az Az Az Aszs
A41 A42 A43 A44 A45
A51 A52 A53 A54 A55

with A;; an N x N matrices given as

[ 4 3 —4/3  1/4 0o 0 0 0 0 0 0 0 0
26/3 —19/2 14/3 -11/12 0 0 0 0 O 0 0 0 0
—9 12 7 3/2 o 0 0 0 0 0 0 0 0
4 -6 4 -1 0o 0 0 0 0 0 0 0 0
5  —10 10 -5 0o 0 0 0 0 O 0 0 0
A= 0 5 ~10 10 -5 0 0 0 0 0 0 0 0
0 0 5 -0 10 -5 0 0 0 0 0 0 0
0 0 0 5 -0 10 -5 0 0 0 0 0
0 0 0 0 o 0 0 - 0 5 —10 10 -5 0
L 0 0 0 0 o 0 0 -~ 0 0 5 —10 10 -5 |
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A21

A31 =

A41

5/6
2/3
~1/2
4/3
61/6
0
0
0
0
0

5/3
—4/3
~1/3
14/3
41/3

0
0
0

0

0

-5
-1
-3
7
11
0

As

3/2
0
3/2
-3
—39/2
61/6
0
0
0
0

~1/2
5/2
~1/2
~19/2
—49/2
41/3
0
0
0
0

6
0
—6
—12
—-18
11
0
0

C OO R AR

e

0
0
0
0
0
0
0
/

12

0

0

-18 13 —7/2

= ==l el el en i en R en i an)

/2  -1/12 0 0 0
-2/3 —1/12 0 0 0
-5/6 —1/4 0 0 0

4 25/12 0 0 0
107/6  77/12 0 0 0
—-39/2 107/6 77/12 0 0
61/6 —39/2 107/6 77/12 0

0 61/6 —39/2 107/6 77/12

0 0 0 0

0 0 0 0
-1/3  1/12 0 0
—4/3  1/12 0 0
-5/3 —11/12 0 0

26/3 —35/12 0 0
59/3  71/12 0 0
—49/2  59/3  71/12 0
41/3  —49/2  59/3  T1/12

0 41/3  —49/2 59/3 71

0 0 0

0 0 0

-3 1/2 0 0 0 0
1 -1/2 0 0 0 0
-5 —3/2 0 0 0 0
9 —5/2 0 0 0 0
13 —-7/2 0 0 0 0
-18 13  -7/2 0 0 0
11 -18 13 -7/2 0 0
o 11 -18 13 -7/2 0
0 0 0 0 11
0 0 0 0 0
-6 4 -1 0 0 0 0
-6 4 -1 0 0 0 0
-6 4 -1 0 0 0 0
-6 4 -1 0 0 0 0
-6 4 -1 0 0 0 0

4 -6 4 -1 0 0 0
0 4 -6 4 -1 0 0
0 0 4 -6 4 -1 0
0 0 0 0 0 4
0 0 0 0 0 0

(e N el en o M e M e I e M @)

<

o

41/3  —49/2  59/3  T71/12

OO OO OO OO

11

(e N el en o M e B e B B an)

0

OO OO OO OO

61/6 —39/2 107/6 77/12
61/6

0

OO O OO o oo

[en R en i en o B e B e e M @)

41/3

-18

=2 =l lien e e i)

OO OO OO OO

13

[en B e B en o B e B en I e Bl an)

OO O OO o OO
OO O OO o oo

0

—39/2 107/6 77/12 |
0 0 ]
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0
—49/2  59/3  71/12 |
0
0
0
0
0
0
0
0
0
=7/2 ]
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Az = Asz = Ays = Ass = I, where I'is an N x N identity matrices and A;; = 0fori =1,2,3,4,5;
j=2,3,4,5,i#j.
Similarly, B is a 5N x 5N matrix defined by

with B;; an N x N matrices given as

Bi1 Bi2 Bis
B21 B2z Bas
Bs1 B3z Bss
B4y Bs2 Bas
Bs1  Bs2 Bss

- 107 199 3 19 —1 0
1440 16 560 10, 3360
M %% 241 L0988 39 0
60480 30240 1440 60480 43200
4081 19433 137 ~1061 0
1320 30240 260 60430 6043
—81620  =3799  —8591  —1061 -85 0
60480 30240 30240  G0480  G0480
w o om oy ooy 90
Bu = 0 21 2 27 27 O
0 0 1 11 11 1
0 i it i
0 0 0 51 51 51
0 0 0 0 0
L O 0 0 0 0
- -1  —361 —1 ~1 1 0
84 10080 480 1680 10080
11 25 i1 21 0 0
252 1 252 T
SN ' . L G | 0
280 10080 224 1120 10080
11 9 307 -1 1 0
1120 20 5040 672 3360
149 9679 10819 29 1 0
1680 10080 10080 1 3360
Boi— | 'O 45 YR 108 %38 1
21 = 1680 10080 10080 180 3360
0 0 14 9679 10819 29
168 10080 10080 180
0 0 0 4 9679 10819
1680 10080 10080
0 0 0 0 0 0
. O 0 0 0 0 0
- 73 779 —13 1 —79 0
224 15120 7560 576 302400
233 217 11 17 0
60480 10080 864 8640 100800
—~19 =5 - 1 ~79 0
8640 108 60480 100800
YO0 0 P 00 o
192 3024 240 201 132
sk PR30 A 3616Y & 0
60480 720 945 60480 100800
Bay = 0 7559 983 1672 29161 887
60480 720 4 60480 100800
0 0 7559 8 1672 20161
60480 720 4 60480
0 0 0 7559 843 1672
60480 720 945
0 0 0 0 0 0
. O 0 0 0 0 0

By
Bas
B3y
By
Bsa

Proococococoo

o O

OO O oo

0

OO OO OO oo

887

1
ég¥%P

60480

0
0

OO O OO o oo

e

OO OO OO OO

o

OO OO oo

0
887

100800

(e B en B en o B e B en I e B an)

I~

OO O OO o oo

OO OO oo oo

oo

SO OO OO OO

OO O OO o oo

9679
10080
145
1680

OO O OO o oo

7559
60480

OO OO oo oo

[T
o~ il

[en B en B en I o B e B en I e B an)

N

OO OO OO OO

10080

[esBen B en o B e el e Bl an )

983
2
%%éb
60480

B~ o -

OO O OO o oo

o .

OO O OO o oo

1
3360

29
1

80

OO OO OO OO

29161
4.
q%%g
945

OO OO OO OO

o

3360 4

887
1
ég¥%?
60480

OO OO OO OO

0
887
10080C
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- 31 3251 49 41 —41 E
1334 1530 4330 10080 60480 0 0 0 0 0 0 0 0 0
R BB % % o 0 o 0 o0 o o o o 0
60480 7560 2016 1890 60430 0 0 0 0 0 0 0 0 0
1 sM8 - pgas - 1o ! 0 0 0 0 0 0 0 0 0
vt sioss 48§ 69430
60480 8948 ABY B ? 2(7)7 0 0 0 0 0 0 0 0
Bu = 0 60480 504 30240 0 1032 0 0 0 0 0 0 0 0
0 5838 323 54083 4 277 0 O O 0 0 0 O
60480 894 ¥HY S 1842 277
0 0 0 60480 5040 30240 4320 4032 0 0 0 0 0 0
5239 6323 54083 4531 277
0 0 0 0 0 0 0 60480 BO49 0B SRS 4047 2(7)7
L 0 0 0 0 0 0 0 0 60480 5040 30240 4320 4032
- —4339  —20557 1531 —1867 281
W ChP s ww w9 o o o 0 o o o o ;
60480 6048 30240 60480 60480 0 0 0 0 0 0 0 0 0
1153 17747 2591 —25. 8 0 O 0 0 O 0 0 O O
60480 30240 30240 12096 60480 0 0 0 0 0 0 0 0 0
22879 32481 17659 84149 19097 0 0 0 0 0 0 0 0 0
60480 30240 3924 6048 69480
B — O —2879 48 765 14 19097 O 0 0 O 0 0 O O
” S0 R IR0 WY QS e00r
0 0 60480 30240 30240 60480 G4y 0 0 0 0 0 0 0
0 0 0 29879 22481 17659 84149 19097 0 0 0 0 0 0
60480 30240 30240 60480 60480
—2879 22481 17659 84149 19097
0 0 0 0 0 0 0 0 60480 30240 30240 60480 60430 0
0 0 0 0 0 0 0 0 0 29879 22481 17659 84149 19097
L 60480 30240 30240 60480 60480
where B;; is an N x zero matrix fori =1,2,3,4,5; j = 2, 3,4, 5.
_(_ 3.7 _25y0 15 fo 32,1 35y0 p5—887fq _ 33,/ _ Byg p,5277fo _ p4,(4) 5 —19097 fo
C= ( hyo, =555 17 3565, —h W0 S5 P Toos00 0 —h W0 s =755 Y Taas —h Yo Yo, b —gaase
0 _ v p5_fo w0 _wvo vo p5_fo  25%0 p5 —fo 0 0. Hvo p5 790 __wo
Yo, YU =5, 33660 120 127 4 0 'Y Tooso0 12 336?7 veeo Y 719 0 1Y 3024000 T 127
_p5 LTh p5 1950 T85ya 15 =23f0 0.—3v0 _p5itho _wo p5 4if0 wo 3wo _p5 4lfo
100800 '* 3024007 12 *'Y 43200 27" 1T T2 6048 2 'Y 604807 27 2 604807,
5y0 7,5 17fo 5 853 fo 5 —281f 5181 f¢ 5 —281f 5 853 fo
55 17 6518505 -+ 5 0,90, 7 G556 5 Y05 b Z5as0”» Y05 b Goas0 » Y0, 7 o560 Yo, P 6o 0 0 - - "0)
where L(h) is the truncation error of the formulas (2.5) and (2.6). defined as
’ i 2 n 2 n 3 _m 3 4 L 4 3 T
L(h) = (71...,7n, bl . b, B2y R, P RPN A ()
and
/ / 2 1 2 1 3 m 3 m 4 (iv 4 (iv T
Y = (y(z1), ..., y(an), by (21), .. by (an), k7Y (1), . 12y (), B2y (1), B2y (o), Ay (@), . By (2)

F(Y) = (fuoooo o bt b B2 B B R BT
The approximate form of the system is given as

where Y is the approximate solution of the vector Y Define the vector E as

E=Y -Y = (e1,...,en,hel, ..

AY —h°BF(Y)+C =0

/ 2 1 2
.,heN,h 61,...,]1 EN,

17

3
h€17..

3
.,h’e

Wonte™ L Rte()

(3.6)

T
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where

? = (y17 b '7uN7 hyi7 A ‘7hy§\77h2y1/7 MR | h2y;<’7h3y:ll//’ R h3y;<7/7h4y§11))7 A h4y1(\7}1)))T

Subtracting (3.5) from (3.6) and applying the mean value theorem, we obtain the error system as

(A—BJy)E = L(h) (3.7)
where J; is the Jacobian matrix
J11 J15
Jf =
Js1 Js5
of ... 9f1
oy1 YN

whose entries J;; are N x N matrices given as Ji1 = : : :

Oy1 yN
of. ... 8h
oy oy
Jij41 = : : forj =1,2,3,4;
ofn ... OGN
ay§-7) By%)
wl(k‘l) afl(if.l)
Bygj) Byg\JI)
Jijr1=h' : : ;forj=0,...,4.andfori =2,...,5.
0
Bygj) Oy(N])

Let M = —BJ; be a matrix of dimension 5N so that (3.7) becomes
(A+ M)E = L(h) (3.8)

and for sufficiently small h, A + M is a monotone matrix and thus nonsingular (seedain and Aziz

(1983)). Hence
(A+M)™' =D=(dij) >>0

SoMdi; =07,
E — DL(h), (3.9)
12| =|IDL(h)|| = O(h°)O(h™)

= O(h%)

which shows that the method is 6th order convergent, that is, with a global error of order O(h%). O

3.1 Computational aspects

Implementation
The method (2.5) and (2.6) can be expressed in block form as

AoV, = A\V, 1 +h°B1F, 1 +h°BoF,, p=1,....,', n=0,5,...,N—5 (3.10)

where
VH = (y17 ceey Ynts, hyi7 sy hy;z+57 thYa DR} h2y1‘1+5a h3y/1”7 LRI hBy;L,:r57 h4y§2v>a RN h4y£1,l-t)5)T
Vy—l = (y07 ey Yn—4a, hy67 RN hy'iz74, h296/, sty th'/r:th h3y6//7 BRI h3y;7f/747 h4y(()lj0)7 feey h4y£:'3)4)T
Fuet = (foreoos fmas hfSs o R as RS8P S BRSO L é”),...,hff,iﬂ)T
iv)

4 (2 4 T
F/‘:(f17"',fn+57hf{7"'7hf’:b+57h2 {l7'~'7h2 ’V/LI+57h'3 {//7"'7h3f7/7,/;57h 1(“))7"'7h’ fn+5)
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The positive integer I' = & is the number of blocks.

The Boundary Value Methods has been implemented using the system Mathematica, enhanced by
the feature NSolve[] for linear problems while nonlinear problems were solved by Newton’s method
enhanced by the feature FindRoot[], as summarized in the algorithm below. We begin by noting that
the solution of the problem (??) is sought in the subinterval 7y = {a = z0 < 21 < ... < xn = b},
where h = 2% is a constant step-size of the partition of 7, NV is a positive integer and n the grid
index.

We emphasize the methods (2.5) together with (2.6) lead to a single matrix of finite difference
equations, which is solved to provide all the solutions of (1.1) on the entire interval [a, b].
Step 1: Use the block of (3.10) for n = 1, n = 0 to obtain V; on the rectangle [yo,ys] X [a,b],
similarly, for u = 2, n = 5 so that V; is obtained on the rectangle [ys, y10] X [a, b], and on the rectangle

[y10,y15] X [a,b], ..., [yn—5,yn] X [a,b] for p = 3,...T, n = 10,15,..., N — 5, we thus obtain Vs,...,
Vr.
Step 2: Solve the unified block given by the system Vi [JV2J...J Vr, obtained in step 1.
Step 3:The solution of (1.1) is approximated by the solutions in step2 asy = [y(x1), y(z2), ..., y(zn)]",
n=12,...,N.

Algorithm.

Data: a, b (integration interval), N (number of steps)

Input: Impute boundary conditions from the problem.

Input: Adjust conditions so as to determine other unknown conditions
Output: sol, discrete approximate solution of BVMs (2.5)-(2.6)

1 Forn=0,5,..., N —5in (2.5), Combine (2.5) and (2.6), For pn = 1,2,...,T};
2 Generate V1,Va,...,Vr, for each n and p;

3 SetSystemV,UV2U...UVr;

4 Solve NSolve[System, data] if linear, otherwise go to 5;
5 Solve FindRoot[System, data],;

6 Letsol =y(z,). forn=1,2,...,N;

7 if n = N then

8 | goto11

9 else

10 | goto4;

11 end

12 End

4 Numerical Examples

In this section, some numerical examples are used to illustrate the accuracy and efficiency of the
method. It is found that the maximum absolute error (Err) of the approximate solution on the partitions

an={a=zo<x1 <22 < - <2xTN =Db}

is given as Err = Maz||ly(zn) — ynl||, With constant step-size h = (b — a)/N. N is the number of
partitions or subintervals of [z, Zrn5].
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Example 1. Consider the nonlinear fifth order boundary value problem

= 2¢°

y® (@) +yW () + e 7>y? = 2" + 1,
Yy (0)=1, y(1)=e,

y(0) =1, y(1)=e,

The exact solution is given by y(z) = e”.

In this example, we have compared the BVM with Reproducing Kernel Space Method (RKSM) in
Ghazala and Hamood (2013), the Embedded Perturbed Chebyshev Integral Collocation Method
(EPCICM) and Embedded Perturbed Bernstein Integral Collocation Method (EPBICM) both in Taiwo
et al. (2015). It can be clearly seen that the BVM is superior in terms of the maximum errors obtained
for this problem.

Table 1: Error for Problem 1, h = 0.1

Methods Maximum Absolute error
BVM 1.306 x10~
RKSM 1.0178x107°7

EPCICM 1.121x1079

EPBICM 3.049x107%

Example 2. Consider the nonlinear fifth order boundary value problem

0<z<1,
y(1) =y'(1) =e.

with theoretical solution y(z) = e”.

Table 2 shows the absolute errors obtained by using the Boundary Value Method (BVM), Variational
Iteration Method (VIM) in Noor and Mohyud-Din (2007b), Homotopy Perturbation Method (HPM)
in Noor and Mohyud-Din (2007a), Variation of Parameters (VOP) in Noor and Mohyud-Din (2008)
and the Adomians Decomposition Method (ADM) in Mohyud-Din (2007). Is evident that The BVM
performs favourably well as compared to the other methods.

Table 2: Error of methods for Example 2, h = 0.1

x BVM VIM HPM VOP ADM
0.1 2.66 x1071® 1.0x107% 1.0x107%° 1.3x107** 1.0x107%
0.2 9.99 x107'® 2.0x107% 2.0x107% 1.0x10~'' 2.0x107%
0.3 2.39 x107* 1.0x107% 1.0x107% 3.2x107!'1 1.0x10798
0.4 419 x107* 2.0x107% 2.0x107% 7.0x10~!'1 2.0x10798
0.5 579 x107* 3.1x107% 3.1x107% 1.2x10710 3.1x10798
0.6 6.51 x107'* 3.7x107%® 3.7x107% 1.9x10710 3.7x10798
0.7 5.86 x107* 4.1x107% 41x107% 2.8x10710 4.1x10798
0.8 3.86 x107'* 3.1x107%® 3.1x107%® 3.7x10710 3.1x10798
0.9 1.24 x1074 1.4x107% 14x1079 4.7x10710 1.4x107%
1.0 0.00 0.00000 0.00000 5.6x107'°  0.00000
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Example 3. Consider the following fifth-order boundary value problem Juan (2009)

(5) —5y __ 48
Yy +24e™ = s
y(0)=0, y(1) =In2,
y'(0) =1, y'(1)=0.5,

y"(0) = -1
Its exact solution is y(z) = In (1 + z).

Table 3 presents the maximum absolute error obtained using the BVM, methods in Ghazala and
Hamood (2013) and EI-Gamel (2007). The errors obtained show that the BVM is superior.

Table 3: Error of methods for Problem 3

Method Maximum Error
BVM (h = 0.05) 1.1 x10~1°
RKSM (n=10) 9.2 x107%

Method in El-Gamel (2007) 5.0 x107%°

Example 4. Consider the following fifth-order boundary value problem Pandey (2017)

y©® (z) — 4y (z) =
y(O)—O y'(0) =
y"(0) =2, y(l)—exp( )sin (1),
y'(1) = exp (1)(sin(1) + cos(1))

Its exact solution is y(z) = exp (z) sin(z).

Table 4: Maximum Absolute Error for Problem 4

N BVM Method in Pandey (2017)
16 4.90719x10 * 6.2513351x 10~

32  3.83693x107 12 1.6224384 %1074

64 1.37772x10~ " 4.4584274x10~°
128 2.77446x10~'° 1.1444092x107°

In Table 4, at different values of N as above, it shows the maximum absolute errors obtained, in
comparison with the BVM and the method of Pandey (2017). This shows the superiority of the BVM
in terms of the errors obtained.

Example 5. Consider the following fifth-order boundary value problem Pandey (2017)

& 'z 2
Yy (z) - L = Fe 0<e<l,
y(0) =In(5), y'(0) =%,
Y'(0) = 2, y(1) = In(6)sin (1)
y'(1) =35

Its exact solution is y(z) = In(z + 5).

111



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

Table 5: Maximum Absolute Error for Problem 5

N BVM Method in Pandey (2017)
16  3.37508x10~'* 1.9752979x10~ %

32 5.58664x1071° 4.3869019%107°

64 1.78328x10717 1.1444092x107°
128 6.60452x10~1° 2.5033951x10~¢

Similarly, in Table 5, at different values of N, shows the maximum errors obtained, in comparison
with the BVM and the method of Pandey (2017). Again, this shows the superiority of the BVM in
terms of the errors obtained.

Example 6. Consider the following fifth-order boundary value problem Juan (2009)

y®(z) = y(z) — 15 —10ze®
1)

y(0) =0, y(1)=1,
y'(0)=1, 3 (1) = —e,
y"(0) = 0.

Its exact solution is y(z) = z(1 — z)e”.

Table 6: Absolute Error for Problem 6. A = 0.001

Methods Maximum error
BVM 1.84x10~ %
GJPGM 6.35x10°17

Sextic spline method 4.84x10°7
Cubic B-spline method 1.14%107°

The BVM for small h was compared to the Nonsymmetric Generalized Jacobi PetrovGalerkin
method GJPGM in Doha et al (2015), Sextic spline method in ? and Cubic B-spline method in Jain
and Aziz (1983). It is obvious that the BVM performed better in this problem.

5 Conclusion

We have derived continuous block finite difference methods which has be implemented as the boundary
value method (BVM) to solve 4y = f(z,y,9,v",...,y") subject to appropriate boundary conditions.
This was carried out without first reducing the ODE to an equivalent first order system. The beauty of
this method is that it is self starting as it does not require any starting value as do by other methods.
The implementation is less time costly. The numerical experiments performed shows the efficiency,
accuracy and advantages of the method over existing ones in the literature as regards the problems
considered.
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