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Abstract

This paper discusses initial value problems for second order neutral impulsive integro-differential
equations with advanced argument. By using the fixed point theorem of either Leray-Schaude or
Banach, two existence results are obtained. By comparison, each of them has his own strong and
weak points. If appropriate changes are made to some conditions for two results, the same results
can be got. Two examples to illustrate our main results are given, which are compared with the
existence results for impulsive differential equations from existing literature.
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1 Introduction

Impulsive differential equations are now recognized as an excellent source of models to simulate
processes and phenomena observed in control theory, physics, chemistry, population dynamics,
biotechnology, industrial robotic, optimal control, etc. About initial value problems for impulsive
differential equations, many authors have obtained very good existence results (for example, see
[1-7]). Now consider the following equation

(u(8(t)))” = f(t, ut), u'(t), Ku(t), Hu(t)), t € J = [0,a], t # &,
Au(tk) - IOk(u( k)) Au ( k‘) I (ul(tk))7 k= 1, y Ps (11)
u(0) = uo, w'(0) =

where 0 = to < t; < - < t, < tpy1 = a, ¢ € C*(J,R), ¢ is monotone increasing with
t< o) <alted),s0) =0 6a) =a ¢) > 0with ¢~' € C*(J,R), and let ¢(&) =
k(b= 1,---,p), J* = J\{t1, -, t,}, ] = J\{&, - ,&}, [+ J xR* — R is continuous
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everywhere except at {£x} x R4 f(gk 7:c x ,yhyz) and f(gk ,x x' yl,yz) exist, (&, @, 2", y1,92) =
f&rym, o' y1,12), and Ku(t fo s)ds, Hu(t fo s)ds, k(t,s) € C(D,RT),
h(t,s) € C(J x J,R"), D = {(t s) E R 0 <s< t < a}, kg = max{k(t s): (t,s) € D}, ho =
max{h(t,s) : (t,s) € J x J}, further and Iok, [1e € C(R,R), Au(ty) = u(tl) — u(te), Au'(tx) =
u'(t}) —u'(tx). Denote by PC(X,Y), where X C R,Y C R, the set of all functions u : X — Y which
are piecewise continuous in X with points of discontinuity of the first kind at the points ¢, € X, i.e.,
there exist the limits w(t) < co and u(ty) = u(tx) < occ.

2 Preliminaries

According to the properties of ¢, there exist positive constants m and ms such that m; < ¢/(t) <
my forallt € J.

Let By = {ulu,u’ € PC(J,R)}NC?*(J*,R). Evidently, E, is a real Banach space with norm
lu(®)ll o = max{[lu®)|pc, W' (t)llpc}, where [lu(t)|pc = sup,c; [u(t)], [u'(t)]|lpc = sup,¢, [u'(t)]-
Further, let E = {u(é(¢))|u(t) € Eo}. We can check that E is also a real Banach space with
norm [lu(é(t))[| = max{[[u(¢(t))llpc, [(u(@(t)) [pc-}, where [[u(¢(t)]pe = supe, [u(d(t))] =

) e, () - = sup | L90EDsup S = sup o/ ()] - mz = mallu O

.S
tes dt
Define operator B : u(t) — u(¢(t)), where u(t) € Ep and u(¢(t)) € E. It is evident that B is
topological linear isomorphic, which implies that E is a real Banach space.
AV =00 _ () (0 < 7 < a) e (1) = 1, we getma > 1, next [[(u(6(1))) - =
ma|lu’ ()| pc > |[u' ()] pc, SO

Since

lu@®llzo < [lu(e@)]- (2.1)

Lemma 2.1. u(t) € Ey is a solution of (1.1) if and only if u(t) € Eo is a solution of the following
integral equation

u(6(0)) = o+ it + [ (= 5)(s,u(s). 0 (5) Ku(s), Hu(s))ds+ -
Do<e, <t ok (u(te)) + (t = &) T (W ()], t € J.

Proof. (i) Necessity
Foré&, <t <&ks1 (k=0,1,---,p), by (1.1), we get

&1
u(ti) —u(0) = u(é(&1)) —u((0)) = /0 (u(e(s)))'ds,

13
u(ts) — u(t) = u((€2)) — u((E)) = / (u(d(s))) ds,
&1

&k
ult) — ulti_) = u(d(E)) — u(S(EF_1)) = /E (u(6(s)))'ds,

w(B(8)) — u(t]) = u(d(t) — u(d(&)) = / (u(é(s)))'ds.

&k
Adding these together, we obtain

o(0) = u(0) + [ (wols))ds + Yo eh) — (20
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u(9(t)) = uo +/O (u((s)'ds + D Tow(u(t)), t € J. (23)

0<gp <t
Similarly, we obtain
t
(u(6(t)))" = up +/ (w(d(s)))"ds + Y Ti(u'(tx)), t € J. (2.4)
0 0<&p <t
Substituting (2.4) into (2.3), it is easy to get (2.2).
(i) Sufficiency
According to (2.2), it is clear that
w(0) = uo, Au(tr) = Ior(u(te))- (2.5)

Differentiating both sides of (2.2), we have

(u(9(t)) = ug —I—/O f(s,u(s),u'(s), Ku(s), Hu(s))ds + Z L (u/(t)), t € J. (2.6)

0<gp <t

Similarly, we also have
(u(e(t)" = f(t, u(t),u'(t), Ku(t), Hu(t)), t € J. 2.7)
By(2.6), it is evident that
u'(0) = ug, Au'(t) = I (u'(tr)). (2.8)
From (2.5),(2.7) and (2.8), we get that () is a solution of (1.1).
O

Lemma 2.2. (Leray-Schauder [6]) Let the operator A : X — X be completely continuous, where X
is a real Banach space. If the set G = {||z|||z € X,z = MAz,0 < X < 1} is bounded, then the
operator A has at least one fixed point in the closed ball T = {z|z € X, ||z|| < R}, where R = sup G.

Lemma 2.3. (Compactness criterion [7]) H C PC(J,R) is a relatively compact set if and only if
H C PC(J,R) is uniformly bounded and equicontinuous on every J, (k = 0,--- ,p), where Jo =
[to, t1], Jk = (tk, tk_‘_ﬂ (Iﬂ = 1, e ,p).

3 Main Result

Let us introduce the following conditions for later use:
(H1) There exist nonnegative constants b,c,d; (i =1,2), by, cr (k=1,---,p),
and g < L(J, R+) such that |f(t, x2,Y2, 212, 222) — f(t, T1,Y1, 211, 221)|

2
< g9(t) (Ollz2 — @1llpe + cllyz — yillpe + X dillziz — zallpc), t € J,
i=1

ok (w2(tk)) — Lok(w1(tk))| < br|w2(te) — z1(tk)], Tox(0) =0, k=1,---,p,
[Tk (y2(te)) — Tie(ya (te))] < crly2(te) — v (te)], 11e(0) =0, k=1,---,p,
where z1, 22 € Fo, yi(t) = g;(t), gjz(t) (Z = 1,2) € Eo, z1i = KZ14, 20, = HZ2;, Z1i, Z2i

(i=1,2) € Eo, ap = / g(t)dt.
0
(H2) There exist positive constant M such that | f(¢, u(t), w' (t), Ku(t), Hu(t))] < M(1 + |Ju(t)| &, )-
P

p
(H3) I = max{li,la} < 1, where l1 = a®>M + > (by + ack), lo = %(aM—i—ch).
k=1 ! k=1
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P
(H4) » = max{ri,r2} < 1, where r1 = aao (b +c+ adiko + adgho) + > (bk + ack),
k=1

P
Ty = % [ao (b + ¢+ adiko + adzho) +ZC’“]'

k=1

Theorem 3.1. If conditions (H1),(H2) and (H3) are satisfied, then (1.1) has at least one solution in the
closed ball B = {u(¢(t))|u(¢(t)) € E, [[u(¢(t))]| < R}, where R = sup G, G = {[u(é(1)) | | u(o(t)) €
E, u(¢(t)) = Mu(d(t), 0 < X < 1}.

Proof. (i) For any u(¢(t)) € E define the operator A by

Au(é(t)) = uo + upt + /0 (t — s)f(s,u(s),u (s), Ku(s), Hu(s))ds+
>0 Hok(u(tr)) + (t = &) T (u'(tr)], t € J.

0<E <t

(3.1)

It is easy to see that Au(¢(t)) € Eo. According to the properties of ¢, for any v(t) € Eo, we have
v(t) = v(p H(B(t))) = vo t(H(t)). Let u = vep~ . Next, it is clear that v(t) = u(¢(t)) € E. It follows
that A maps E into E. Thus Au(¢(t)) € E with

(Au(o(t))) = ugy + /t F(s,u(s), v (s), Ku(s), Hu(s))ds + Z I (v (t)), t € J. (3.2)
0 0<&p <t
A is a completely continuous operator will be verified by the following tree steps.
Step1. A is continuous.
Letany u, (é(t) (n=1,2,---), u(¢(t)) € E with [un((t)) — u($(1))]| — 0 as n — co.
By (3.1) and (H1), we have
|Aun ((t)) — Au(o(t))] < /O (t = 5)g(s) [bllun(s) — u(s)llpc+
cllun(s) — ' (s)|lpe + dil| Kun(s) — Ku(s)|lpo + da|[Hun(s) — Hu(s)||pc]ds+
> [owlun(te) — ulte)| + (t — &e)er|un (te) — ' ()]
0<Ep <t .
< (b+ ¢+ adiko + adaho) ||lun (t) — u(t)]| &, / (t —s)g(s)ds+
0
lun(t) —w(®)llzy 22 [bx + (t —&k)ekl,
0<Ep <t
|Aun (6(t) — Au((t))| < [aao(b+c+adiko+adaho) + Y (bx+ack)] ||un(t) = u(t)|| s, t € J. (3.3)
k=1
Then from (3.3) and (2.1), we have
| Aun (8(t)) — Au(d(t)]| pe < [aao(b+ ¢+ adiko + adaho) + > _ (bx + ack)] [|un(t) — u(t)]| s,
k=1

| Aun (8()) — Au(p(t)) || pe < [aao (b+c+adiko+adaho) + Y (br+ack)]|[un(¢(t) —u(d(t))]|. (3.4)
k=1
Thus
[[Aun(¢(t)) — Au(o(t))|lpc — 0 @s n — oo. (3.5)

Similarly, from (3.2) and (2.1), we get

d[Aun(9(t)) — Au(¢(t))]| do _ " / /
FR0) 7 = [(Aua(6(t)) = Au(e(1))| = |(Aun(6(1)))" — (Au(e(1))]

< fao (b+ ¢+ aduko + adaho) + 3 ] [un (6(0) — (6D
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d[Aun(¢(2)(;(t—) Au(o(t)) < m% [ao (b + ¢ + adiko + adaho) + S ek [[un(6()) — u(d(t)|, t € J,

| (Aun (6(8)) = Au(@(0))) [P < 2 [ao (b+c+adiko+adzho) + 3 ex] [un(#(1) ~w((1))]| (3.6)
k=1
Thus
[(Aun(6(t)) — Au(é(1))) |pc= — 0 @s n — oo. (3.7)

By (3.5) and (3.7), it is easy to see that ||Au,(¢(t)) — Au(o(t))]] — 0 as n — oo, that is to say, A is
continuous.

Step 2. A maps any bounded subset of F into one bounded subset of E.

Let T be any bounded subset of E. Then there exist h > 0 such that ||u(¢(t))|| < h for all

u(o(t)) € J.
By (8.1),(H1),(H2) and (2.1), we have

IAU(¢(t))|S\UOI+IUBIt+/(t*S)M(1+Ilu(S)\IEo)dS+ D rlulte)] + (¢ — &)erlu ()]
0 0<E <t
SIuol+alué|+2\4(1+Hu(t)HEo)/0 ads + [[u(t)llzy Y (bx + ack)

0<Ep <t

< fuol + alup| + ML+ (@)D | ads + [u(6®)] (b + acs)
0 k=1

< |uo| + alup| + a*M (1 +h) +h > (by +ack), t € J,

D
k=1

lo)
p
[Au((t)) | pe < fuol + alug| + a®M (1 +h) + kY (b + ack). (3.8)
k=1
Similarly, from(3.2),(H1),(H2) and (2.1), we get

RO 90— |auto ) < sl + b1+ 1) Y et

de(t) dt P
dAu(e®) | _ 1 ¢, -
SO
r
| (Au(@®)) Il < T2 [luo] +aM(L+h) + 0D e]. (3.9)
k=1
According to (3.8) and (3.9), we obtain
P P
[ Au((t))]| < max {|u0| +aluh| +a*M(L+h) +h > (b + aci), Z—j [lugl +aM 1+ +1 " el }
k=1 k=1

Therefore A(T) is uniformly bounded.
Step 3. A(T) is equicontinuous on every J, (k=0,---,p),where Jo = [0,&1], Jx = (&k, Eu+1] (K =
17 e 7p)

For any Au(¢(t)) € A(T) and any € > 0, take § = [Jug| + aM (1 + h) + h f: ck]_ls. Then if
k=1
t1, t2 € Ji and |t1 — t2] < 0 with t1 < t, from (3.1),(H1),(H2) and (2.1), we have
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k

[Au(g(t2)) — Au(¢(t1))] < |ug|(t2 — t1) +/t (= )M+ llu(s) |2, )ds + Z(t2 — tu)eslu (t:))]
< [luol + aM (1 + Jlu(t)] ) + u(®)l £ 2; ci] (t2 — 1)

< o]+ aM L+ (6 O)) + (@) 3 aulitz = ta] < [l +aM (14 k) +b 3= et = ta] <=

Thus, A(T) is equicontinuous on every Ji, (k=0,---,p).
As a consequence of Step 1-3, A is completely continuous.
(i) For any ||u(¢(t))]| € G, similar with getting (3.8) and (3.9), we have respectively

[Au(e(t))llpc < |uol + alug| +a®M + [a®M + é (bi + ack)] lu((t)]]

1
= |uo| + alug| + a® M + Li[Ju(e(1))],
P
(Au(@e) - < 2|+ abd) + 722 @M + D ) Ju(@(O)] = 722 (] +aM) + Lau(d(e))].
k=1
Then [u(¢(t)]l = AAu(e®)]| < |Au(o(t)|| < L + Uu(o(t))]], where L = max {|uo| + aluy| +
@M, ™2 (Jus| + M)} Itfollows that [u(o(1))] < % i.e., G is bounded.

From (i) and (i), now all conditions of Lemma 2.2 are satisfied and therefore the proof is complete.
O

Theorem 3.2. If conditions (H1) (Io1(0) = 0, I1x(0) = 0 are not needed) and (H4) are satisfied, then
(1.1) has a unique solution.

The proof of Theorem 3.2 is similar to that of Theorem 3.1, and is omitted here.
Remark 3.1. By comparing Theorem 3.1-3.2, each of them has his own strong and weak points. The
condition (H3) of Theorem 3.1 is more easily satisfied than the condition (H4) of Theorem 3.2. The
condition (H2) of Theorem 3.1 is also satisfied easily, but Theorem 3.2 hasn’t the condition. The result
of Theorem 3.1 determines that (1.1) has at least one solution in the closed ball B.
Remark 3.2. If the corresponding formulas of (1.1),(H1),(H3) and (H4) are respectively changed
into Au(tk) = Iok(u(tk),u’(tk)), Au'(tk) = I1k(u(tk),u’(tk)) of (1.1), |Iok($2(tk)) = Iok(xl(tk))‘ S

bik|za(te) =21 (tr) b2k [y2 (te) —y1 (tr) |, [Tk (y2(te)) =Tk (y1 (tx))| < Clk|»’02(tk)p—$1(tk)|+02k|y2(tk)—

p
yi(ty)] of (H1), i = a®M + 3 [(bux + box) + alcir + cox)], lo = %’(QM + > (eix + cax)) of (H3),
k=1

k=1

p
r1 = aao (b + ¢ + adiko + adzho) + Y- [(bik + bak) + alcik + cax)], T2 = % [a0(b+ c + adiko +
k=1

p
adaho) + Z(Clk + car)] of (H4), then there are also the same results as Theorem 3.1-3.2.
k=1

4 Examples
Example 4.1. Consider the equation

(u(t + %t(l —1))" = é [11 sin(u(t) + ') — 2u'(t) + 6/0 (ts)u(s)ds+

1
3/0 (t52)u(s)ds], teJ=[0,1,t#& = %, (4.1)
Au(t)) = 11—2u(t1), Av/(t1) = %u/(h), t = g,
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Firstly, it is easy to verify that ¢(t) =t + %t(l —t), k(t,s) = ts, ko = 1, h(t,s) = ts*, ho = 1
all satisfy the requisitions of (1.1). From ¢'(¢) = g —t, we get m1 = 1/2, ma = 3/2. Next, since
ft,zy, z1,22) = 67156 [11sin(z + €') — 2y + 621 + 322], and [sin(z2(t) + ') — sin(z1(t) + €')| =
[(z2(t) +€") — (x1(t) +e')|-| cos(Z(t) +-e)| < |z2(t) —x1(t)] (Z(t) is located between z1(t) and z2(t)),
we have

| f(t w2, Y2, 212, 222) — f(, 21, Y1, 211, 221)
t . .
< 6 [11\ sin(z2 + et) —sin(z1 + et)| + 2|ly2 — y1| + 6]z12 — z11| + 3|z22 — 221|]
1 1 1 1
< t[Z)ps — e — il _ il _
< t[ |z2 — z1| + 33\212 |+ 11\212 zi1| + 22|Zzz Zqu
< t[éHl’z —z1|lpc + 5”3}2 —yillpc + ﬁHZm — zu||lpc + ﬁ”zzz — 221||PC]7 teJ,

wherebf1 C*id*id*i afla—/ltdtfl From[(w)*ixf()*
T T T Ty T T Ty o) = ot Il =

L we have

12y’

|z2(t1) — z1(t1)l, L01(0) = 0,

11 (y2(t1)) — L (ya (t1))] < 5 ly2(t1) — va ()], 111(0) =0,

ol g -

where by = c¢; = % Further, we have

L ute) ' (0), Ku(t), Hu(®) t 1
%[11|sin(u(t)—|—et)\+2|u/(t)|+6/0 k(t,s)|u(s)|ds+3/0 h(t, 5)[u(s)ds]

IN

1 1
< gl + 2lu® iz + 6llu)lzo + 3llu®)lz,] = ¢ (1 +llu®)lz),
1 . . ) 1 mea 3
where M = 5 Finally, since 1 = a*M + (b1 + ac1) = 3 lo = m—(aM +ca) = Ve get
1

| = max{ll,lz} = % < 1.

Thus (4.1) satisfies all conditions of Theorem 3.1. It follows that (4.1) has at least one solution in
the closed ball B.

Example 4.2. Consider the equation

(u(t+ %t(l = t)))” = 1:?8 [12\/1 + u2(t) — 6arctan(u’(t) + ') + 3/0t(ts)u(s)ds+

3/1(t52)u(s)ds}, te =101 _ 1

yt#F & = > (4.2)
Au(t) = 1i8u(t1) +1, Adl(t1) = %Su’(tl) 42, b=
u(0) = o, 4/(0) = uf,

)

oo | ot

Firstly, it is easy to verify that ¢(t) = ¢ + %t(l —t), k(t,s) =ts, ko = 1, h(t,s) = ts*>, ho = 1
all satisfy the requisitions of (1.1). From ¢'(t) = g —t, we get m1 = 1/2, me = 3/2. Next, since
flt,z,y,21,22) = ﬁ [124/1 + 22 — 6 arctan(y + ') + 3(21 + 22)], and |\/1 + 23(t) — /1 + 23(¢)| =

|2(t) = 21(8))] - I% < |wa(t) — 21 (t)], |arctan(ya(t) + €) — arctan(y (t) + e')| = |(y2(t) +
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e — (y(t) + €| - % < |ya(t) — v1(2)| (Z(t) is located between z; (t) and z2(t), 7(t) is
L+ (g(t) +et)
located between y1 (¢) and y2(t)), we have

‘f(t7x27y272125222) - f(t’xlay172117221)‘
2
< B [12‘«/1 + 23 —y/1+ 22 ‘ + 6| arctan(ys + €') — arctan(y; + e')| + SZ |zi2 — zﬂ\]
108 i=1

St[%|$2*$1|+%|y2 y1|+ Z|212 211]

1
gt[§\|x2 21llpc + 75 Hyz willeo + 5 §j||z12 zallee], t€ 7
1 1 L 1 1
where b = =~ :—dfd:— =1 = tdt = —. From I = — 1, I =
ere 9,6 18 1 2 36 a , Ao /O 5 (0] 01( ) 18$+ 11()

1
— 2, we hav
18y+ e have

1 1
(o1 (z2(t1)) = Jor(z1(t))] < gglea(ts) = za(t)l, [a(ga(tr)) = Lin(y2(02))] < 2 ly2(ts) = pa(t)l,
where by = ¢1 = % Finally, since r = aao(b + ¢ + adiko + adzho) -+ (bl + LLC1) =
%[ao(b + ¢+ adiko + ad2ho) + ci1] = %, we get r = max{ri,r2} = % <1.
1
Thus (4.2) satisfies all conditions of Theorem 3.2. It follows that (4.2) has a unique solution.

—,re =

9

5 Conclusion

We have derived some existence results for second order neutral impulsive integro-differential
equations with advanced argument. Firstly, u(t) € Ey is a solution of (1.1) if and only if u(¢) € Eo
is a solution of the integral equation. Although the methods used are conventional, the impulsive
integro-differential equations are different from the past, with that are higher-order and advanced. The
difficulty of solving the problem have increased a lot, with the equations are from the first order and
advanced to the higher order and advanced. Because Theorem 3.1-3.2 have their own advantages
and disadvantages, we can choose according to the conditions given. Finally, two examples are
given to illustrate the effectiveness and superiority of our main results, which are compared with the
examples for impulsive differential equations from existing literature.

Acknowledgment

The authors are very grateful to the referee for useful remarks and interesting comments. This
research is supported by the NNSF of China (no. 61703154).

References

[1]Guobing Ye, Yulin Zhao, Huang Li. Existence results for third-order impulsive neutral
differential equations with deviating arguments. Advances in Difference Equations, Volume 2014,
doi:10.1186/1687-1847-2014-38.

107


Administrator
Highlight

Administrator
Highlight


[2]Xingqiu Zhang. (2009). Existence of positive solution for second-order nonlinear impulsive singular
differential equations of mixed type in Banach spaces. Nonlinear Analysis:Theory & Application,
70(4), 1620-1628.

[8]JHua Su, Lishan Liu, Xiaoyan Zhang. (2007). The solutions of initial value problems for nonlinear
second-order impulsive integro-differential equations of mixed type in Banach spaces. Nonlinear
Analysis:Theory & Application, 66(5), 1025-1036.

[4]Abdelghani Ouahab. (2006). Local and global exitence and uniqueness results for impulsive
functional differential equations with multiple delay. Journal of Mathematical Analysis and
Applications, 323, 456-472.

[5]Fei Guo, Lishan Liu, Yonghong Wu. Global solutions of initial value problems for nonlinear second-
order impulsive integro-differential equations, Nonlinear Analysis:Theory & Application, 61(8),
1363-1382.

[6]Dajun Guo. (2002). Nonlinear functional analysis, Shangdong Science & Technology Press, Jinan,
2002.

[71Xilin Fu, Baoqing Yan, Yansheng Liu. (2005). Theory of impulsive differential system, Science
Press, Beijing, 2005.

108



