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ABSTRACT

In this paper, a new form of fuzzy sets is defined, in which algebraic operations and some of their
properties are different from algebraic operations on ordinary fuzzy sets. The definition provided

enables us to examine the properties of fuzzy sets that are not possible using ordinary fuzzy sets.
Keywords: Fuzzy Sets, Fuzzy-2 Sets, Algebraic Operations, Ordinary Fuzzy Sets
1- INTRODUCTION

The aim of defining the fuzzy sets is to approximate the behavior and response of machine systems to
the patterns that human beings treat based on them. Although intelligent systems may work
powerfully, they follow the human pattern again. Zadeh's paper on fuzzy sets [1] was the beginning of
a new approach in the science and engineering of systems and computers. Zadeh introduced the
concept of fuzzy algorithms in 1968 [2] and posed the concept of using linguistic variables in memory
and control systems in 1973 [3]. Fuzzy theory developed and practical applications appeared in the
1970s. The big event in this decade was the creation of fuzzy controllers for real systems. In 1975,
Mamdani and Asilian identified the initial framework for a fuzzy controller and applied the fuzzy
controller to a steam engine [4]. Subsequently, many applications of fuzzy sets and fuzzy logic have
been used in industry and in different branches of science. Applications such as fuzzy techniques in
data processing [5], the use of fuzzy entropy in the data classification [6], the use of fuzzy
thresholding in image processing [9], the design of various fuzzy controllers [8-10], and hundreds of

other applications represent the importance of the theory of fuzzy sets.

In the fuzzy theory, each object with a grade of membership can belong to a certain set. The more
acceptable the membership of this object to the set, the grade of membership will be also higher [1].
Now consider a circle whose color is gray, so that its black and white proportions are equal to 50%.
Thus the circle is 50% black and 50% white. Now if black and white colors are drawn to one side, e.g.
black color to the north of the circle and white color to the south of the circle to completely black the
north of the circle and completely white the south of the circle, the circle will be 50% black and 50%
white in this case as well. Obviously, one cannot determine a part of the circle in a way that to be

completely black or completely white in the first case, but it is possible in the second case.
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Consider a piece of land that is owned by two people equally. The ownership of each of these people
will be 50%. This is the fuzzy definition. Now, if we want to determine the share of each person in
terms of location, this will not be easily possible. Now, suppose that the land is bounded in such a
way that half of the land is owned by each person so that its location is completely clear; specifying
the contribution of each individual in terms of location is something quite simple and doable in this
case. Considering that there are many examples of such examples in our daily lives, introduction of a
new type of fuzzy sets seems essential. In this paper, we introduce a new form of fuzzy sets that differ
from ordinary fuzzy sets in terms of definition, but many algebraic properties of fuzzy sets are still

maintained.
2- FUZZY SETS

Boundary of the set in the fuzzy set is not known precisely and has a state of ambiguity.

Definition 1: A fuzzy set A in set X is a function from X to [0,1] that its value in X € X ,ie. A(x), is

grade of membership of x in A. The fuzzy set A is represented as follows:
A={(x,4(x))4:X —>[0,1]}

Note 1: According to the above definition, set X is also a fuzzy set (Vx € X , X (x ) =1).

The main operations of fuzzy sets are defined as follows:

AcB < A(x) <B(kx), VxeX (Containment)
(AU B)(x)= Max {A(x) , B(x)} (Union)
(A NB)(x) =Min{A(x) , B(x)} (Intersection)

Z(x) =1- A(x) (Complement)

Some properties of fuzzy sets are as follows:

AcA (Reflexive)
AcB,BcA=A4=B (Antisymmetric)
AcB,BcC=4cC (Transitive)
A=A (Involution)

(Failure of Complement)
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AUA=4 , ANA=4 (Idempotent)
AUB=BUA , ANB=BN4 (Commutative)

(4 UB):Zﬂg , (4 ﬂB):ZUE (De Morgan)

AUX =X , ANX =4 |
AU =4 , ANDT=T (Identity)
AUBUC)=UB)UC } (Associative)
ANBNC)=A NB)NC

AUBNC)=AUB)NAUC)
ANBUC)=A4NB)YUMANC)

} (Distributive)

3-INTRODUCTION OF A NEW FORM OF FUZZY SETS

Given the issues raised, if we want to select a part of a single object (single existence) that differs
from its other parts, it is natural that such a thing is not possible (completely gray circle), unless the
object can be considered as a set of sets (a circle with a black northern half and a white southern
half). Hence, introduction of the new fuzzy sets (in other words, fuzzy-2 sets) with above-mentioned

properties should be a set of sets. With these interpretations, consider the following definitions:

Definition 2: Suppose that X is a set of mutually distinct and non-empty sets, P(x ),x eX is the

set of all subsets of x and x is a function, we consider that:

Az{xA|xAgx 3 xeX}

pi{yly eP(x):Vx eX | >[Q1

u(p)=0

ux)=1; xeX

Va,feP(x) ; ac = ua)<u(p)
Va,peP(x) ; uaUp)=u@)+u(B)-uanp)

According to the above definitions, we represent and define the fuzzy-2 subset of the set X as follows:

A={(x,. ulx D, e 4]

In this case, i is the membership function.
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4- MAIN OPERATIONS ON FUZZY-2 SETS

~ ~

Definition 3: Suppose that A and B are fuzzy-2 sets with the assumptions of definition (2), then we

will show and define the union, intersection, and complement as follows:

A UB ={(y,u( )|y =x,Uxyix, ed,x, B)

A NB={@.uo )|y =x, Nxy5x, cA,x, B)

~

A |={ g pe x4 e 4]

Note 2: It should be noted X , =X —x , ; x, Cx €X

Example 1: Suppose that sets X, A , B , and function x are as follows:

X :{(n,n +1]|n eN}

2 2
A=:x] x:j:(n 1,2n +n+4],neN,n>10

n 2n

2 2
—4 —
B =3x, x§:(2n € z L 3],neN,n>10
2n n

(@ f) = f-a
A = | € 4]

B

(et el < B

In this case, A and B are fuzzy-2 subsets of set X.

Example 2: Suppose that sets X, A , and B are sets of example (1), in this case:



AUB ={(",u(r")

y"=x} ng}

94
ANB ={"u(y "y " =x] ﬂxg}
95 Example 3: Suppose that sets A~ and B~are sets of example (1), in this case:
" n*+l 2n* +n+4 e N2
% xy=( , 1= ux))=
n 2n 2n
. 2nt+n—-4 nt+n-3 ay n—2
97 x5 =( , 1= uxg)=——
2n n 2n

n?+1 n+n-3 n-—4

=( ,

n

98¢ xUx} 1= uxj Uxy)=

2n’+n—4 2n*+n+4

99 xNxp=( : 1= p(x i Nxy)=—
2n 2n
100 Example 4: The membership values of x*in Example (1) are as follows:
11
20
101 u(x;)=—=0.55
4720
102 u(x}))= 9 045
20
20 20N _ 4 o
103 u(xy Uxg )—g—0.8
1
104 uxNx3)= §=O.2
105 5- SOME PROPERTIES OF FUZZY-2 SETS
106  Theorem 1: Suppose thatA, B and C are fuzzy-2 sets with the assumptions of definition (2), in
107 which case the following laws are established:

I
AN

108  a) (ANJ



109 b);'#ULZl‘:;'# ,%ﬂﬁ:ﬁﬂ
10 o AUB=BUH , HnB=BNHA

1 o MUB)=HNE . dnE)=HUlB

112 e

13 AAUX =X , ANx =4 s WUo=4 , ANo=0
e g AUBUE)=HUB))UE , INBENE)=H NB)NE
115 nAUBNE=HUBNHUE) , inBUE)=HNBEUHNE)

116 Proof:

117

Q

I~

A

~

118 Z{(zaﬂ(i)‘)% EA}Z{(XAHU(XA)‘)CA EA}=A

VR
N—

119

=3

4 U

. A ={, w0y =x, Ux gix e} ={(x o ux )| x, €4} = 4
A NA={0 1O =x, Nx 55, €4} ={(x o palx ) |x, €A} =4
121 (o
HUB ={(.u()|y =x,Uxyix, €d,x; eB

122

}
={(v. 1)y =x,; Ux ix, edx, eB}=BUMA
4nB ={, )|y =x, Nxyx,ed,x, eB}

}:

BNk

(. u( )|y =x5 Nx ;5x, €A, x, B

123 o
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HUB)={(r, 4|y =x, Uxysx  ed,x, B}

(4O =, Nxyix, edx, eBl=HNB

HNBY={(r. )y =x, Nxyix, €d.x, B}

=[Oy =x, U pix e dox, B} =HUB

HUX ={(.u))y =x ,Ux =x3x, ed,x eX | =X
ANx ={

HUD={(v )|y =x, Uxy=x 515, cdx, D)=
AND={.u()|y =x, Nxy=Bix , ed,x, D} =0

L u)|y =x,Nx =x,5x , €4,x eX}zL@f
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AUBUE) ={(y.u(r)]y =x, U@y Uxc)ix, ed.x, €B.x. eC)
={(y. )|y =(x,Ux)Uxcix, €d,x, €B.x. eC}
-4 UB)UE

ANBNE) ={(y.u( )]y =x, Ny Nxc)x, €d.x, €B.x.eC)
={(y. )|y =(x,Nxz)Nxcix, €d,x, €B,x. eC}
-HdnBHne

h:

AHUBNE) ={(y.u()|y =x, U@, Nxc)x, €d,x, €B.x. C}
={(y. )|y =(x,Ux,)N(x, Uxc)ix  €d,xy €B.x. eC|
-4 UB)NHUE)

ANBUE) ={(y.u()|y =x, Ny Uxc)ix, edxy eB.x.eC)
={(, Ny =, Nx U, Nxe)sx, €d,x 5 €B,x. eC|
-ANBYUHNE )

~

Theorem 2: Suppose that Ais a fuzzy-2 set with the assumptions of definition (2), in this case:

p(x ) =1- p(x ;)
Proof:
1= pu(x) = p(x , Ux )
= A, )+ p(d,) - p(d, NA4,)
= u(A,)+ u(4,)
= u(d,)=1-p(4,)
Note 3: It should be noted that the major difference between type-2 fuzzy sets with ordinary fuzzy sets

is in the type of membership of its elements (Definition 2) that the difference in the basic operations of

union and intersection is obvious (Example 4).



143
144
145
146
147
148
149
150

151
152

153

154

155

156
157

158
159

160
161

162
163
164

165
166

167
168
169

170
171

172
173
174

175

6- CONCLUSION

In this paper, a new form of fuzzy sets (fuzzy-2 sets) is defined, so that the definition of union and
intersection in it is different from the definition of union and intersection in ordinary fuzzy sets.
However, many algebraic properties of the fuzzy sets are maintained. The fuzzy-2 sets raised in some
practical problems has more adaptability than the ordinary fuzzy sets. It is suggested that other

properties of the type-2 fuzzy sets to be examined and evaluated in the future studies.
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