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Abstract: In this paper, we consider the following fully parabolic two-competing-species

chemotaxis model

ure = Aug — xV - (u1Vor) + prur (1 —ug — equg), x €Q, t >0,
ugt = Aug — EV - (uaVua) + pous(l — eguy —us), € Q, t >0,
vt = Avy +ul — v1, e, t>0,
Vo = Avg + us — Vs, zeQ, t>0

under homogeneous Neumann boundary conditions, where  C R™ (n > 3) is a convex bounded
domain with smooth boundary. Relying on a comparison principle, we show that the problem
possesses a unique global bounded solution if u; and us are large enough.
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1 Introduction

In this paper, we consider the following two-competing-species chemotaxis model with two different

chemicals
u = Augp — xV - (u1Vor) + piur (1 — ug — equg), zeN, t>0,
Ugp = Aug — EV - (UQV'UQ) + MQUQ(l — e2U1 — 'LLQ), reQ, t>0,
v = Avy + up — v, reQ, t>0,
(1.1)
vor = Avg + Uy — v, reQ, t>0,
8U1 8uQ 801 802
—_—_— — = — = — = Q
Ov Ov Ov Ov 0, z €00, t>0,
ui(z,0) = uip(x), ua(z,0) = uge(x), vi(z,0) = vig(x), va(z,0) = voo(z), = € Q,
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where Q@ C R" (n > 3) is a convex bounded domain with smooth boundary 09, a% denotes the
differentiation with respect to the outward normal derivative on 0. uy(z,t) and ua(x,t) denote the
densities of two competitive populations, whereas v;(x,t) and vy(z,t) represent the concentration of
the chemicals produced by u; and ug, respectively. The chemotactic sensitivities x, &, the growth
rates of population u1, o and the competitive coeflicients e, ex are all positive constants. The initial

data w9, ugg, v10, V2o are given functions satisfying

U9 € Co(ﬁ) with w19 > 0 in €,
ug € CO(Q) with g > 0 in Q,

Q) for some ¢ > n, with vig > 0 in €,

(
V9o € Wl’q(ﬁ) for some g > n, with vy > 0 in 2.

For model (1.1), namely, multi-species and multi-stimuli chemotaxis model, only few results were
studied. In the two-dimensional case, Black in [1] proved the corresponding Neumann problem pos-
sesses a unique global bounded solution for all positive parameters, it is also obtained that whenever
n>1,if e, eg € (0,1) any global bounded solution converges to the unique positive spatially homoge-

neous equilibrium in the large time for sufficiently large £ and £2, and if e; > 1 > es > 0 the solution

X &2
ui(t) = 0, ua(t) — 1, vi(t) — 1 and va(t) — 0 uniformly with respect to z € Q as t — oo for large
enough % In the high-dimensional case, relying on the maximal Sobolev regularity and semigroup
technique, Zheng et al. in [2] proved that the system has a unique globally bounded classical solution
and there exists 3 > 0 such that % < 6y and % < 6y. However, to the best of our knowledge, in the

high-dimensional convex domain, there are few papers concerned with the global existence of solution

of (1.1).

Motivated on these studies, in this paper, we shall investigate the global existence and boundedness

of solution to system (??) in a high-dimensional convex bounded domain.

The organization of the remaining part of the paper is as follows. Section 2 gives our main result
in this paper. Section 3 is devoted to prove the global existence and boundedness of the classical

solution of (??). The last section is a brief conclusion.

2 Main result

Our main result in this paper is stated as follow.

Theorem 1. Let Q2 C R™ (n > 3) be a convex bounded domain with smooth boundary. Let x, &, pui, po, €1



and es be some positive constants. Suppose that x, &, pi, po satisfy

and &>

X g : % (2.1)

Then for any choice of (u10, u20, V10, v20) fulfilling (7?), problem (??) possesses a unique global classical

solution (uq,usg,v1,v2) which is uniformly bounded in € x (0, 00).
Remark 1. We emphasize that Theorem 1 also holds for the spatial dimension n < 2.

Remark 2. As compared with the previous conditions Theorem 1.2 of [2], our conditions add the
assumption that € is a convex region, but they are more natural, more symmetric, and only relate to

the spatial dimension n.

3 Proof of Theorem 1

To begin with, let us state a result on local existence and uniqueness of classical solutions.

Lemma 1. Let Q@ C R" (n > 1) is a bounded domain with smooth boundary. Let x, &, pi, p2,
e1 and ey be positive constants and let ¢ > max{2,n}. Then, for each nonnegative u1g € C°(€),
ugo € CV(Q), vip € WH(Q) and vag € WH9(Q), there exists Tax € (0,00] and a uniquely determined

triple (u1,us,v1,v2) of functions

up € CO(Q x [0, Tinax)) N C*1(Q x (0, Thnax)),
uz € C%(Q X [0, Tinax)) N C%H(Q x (0, Trnax) ).
v1 € C°(Q % [0, Tinax)) N CZH(Q x (0, Trmax)) N Ly ([0, Trnax); WH(2)),
vg € C°(Q % [0, Tinax)) N CZH(Q x (0, Trnax)) N Liee ([0, Trnax); WH(2)),

which solves (?7) classically in @ X (0, Tmax), and if Tmax < 00, then

tim sup(fun (-, )|z + u2( Ol o) + lo1C llwrae) + lo2(, B)llwrae) = oo

Proof. This can be derived by standard arguments involving Banach’s fixed point theorem and the

parabolic regularity theory [3, Lemma 1.1]. O

Next we consider global bounded solution of (1.1) in a convex domain under suitable large as-

sumption on the quotients % and % The proof is based on comparison argument similar to [3-5].

Lemma 2. Let Q@ C R" (n > 3) be a bounded conver domain. Then, under the same assumptions in

Theorem 1, the solution of (1.1) satisfies
lur (-5 )l oo () + lua(, 1) Lo < € for all ¢ € (0, Tinax) (3.1)
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with some constant C > 0.

Proof. We consider the auxiliary function

1 1 1 1
J(z,t) = ;ul(x,t) + EuQ(x,t) + §|Vv1(a:,t)\2 + §|Vv2(x,t)|2

for all z € Q and ¢ € (0, Tyax). Using (1.1) and the pointwise identity Vv - VAv = 1A|Vo|?> — |D?v|?,
a straightforward calculation show the equation for J:

2 2
Jy— AT +2J =—uq1 + EUZ — u1Avy — ugAvg — |.D2’L}1|2 — |D2’U2|2
X

(3.2)

—f—&ul—&u%—ull 1u2+& Ha2e2 @ug

Uy — ——U Uz —
X X X § § §
in Q x (0, Tax). From Young’s inequality and the inequality |Av|? < n|D?v|?, we can estimate

A 2
—ulAvl < | 2}1‘

+ %uf < |D*v|* + %U% in 2% (0, Tnax)

and

A
—UQAUQ S | UQ‘

+ Z 2 < ’DQQ} ’2 + u2 in Qx (O,Tmax)'

4
Combining this with (3.2), (2.1) and Young’s inequality, we infer that

(Ml n, o

1 M2
J—AT+2] < —(———)ul+ -2+ pw)ur — (— — —)uz +
! e @ = (- s

2+m)® | (2+p)
T (A —mx)x  (dpe — né)é

Relying on the obvious property of functions fulfilling a homogenous Neumann boundary condition

in Q x (0, Thax)-

on convex domains ) we note that 0WU| < 0 on 99 by [6, Lemma 3.2]. Then

y . l% laUQ la‘vvl‘Q +18’V1)2’2 <0
o x Ov {81/ 2 Ov 2 ov

for all x € 92 and t € (0, Tyax)- Let y(t) € C1([0,00)) denote the solution of

/ 2+ m)? (2 + p2)?
y(t)+yt) = for all t e (0,00),
©+3t) (4pa —nx)x  (4pe — n&)¢ (8, 0)
y(O) = (1,
where ¢ := *HUlOHLoo @ + 5HuQOHLoo @ + szvloHLoo(Q %||vv20||2m(ﬂ). Then, explicitly solving

this initial-value problem, we conclude that

2+ m)? (2 + p2)?
(4pr —nx)x  (dpg — né)

On the other hand, by the comparison principle, we have

as t — oo.

y(t) —

J(x,t) <y(t) forall z€Q and ¢ € (0, Tmax),



and this clearly proves the lemma. O
We are in the position to prove Theorem 1.
Proof of Theorem 1. Because v; solves the following parabolic equation

vip =Av; +u; —v;, x€Q t>0,i=1,2,

Ov;
9%, redN, t>0,i=1,2,
ov

vi(x,0) = vip(x), reN, i=1,2,

by (3.1) and the standard parabolic regularity theory [7, Lemma 4.1] or [8, Lemma 1], we see that
lvi(-, t)|lwiee < C  forall ¢t € (0,Tmax), @=1,2.

This together with Lemma 2 proves Theorem 1 by Lemma 1. U

4 Conclusion

In this paper, we investigate a two-competing-species chemotaxis model with two different chem-
icals. We establish the existence of a unique global bounded classical solution of the problem (1.1)

under the assumption that both % > 7 and % > 1.
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