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Abstract
Presented here is a numerical integrator, with sixth order of convergence, for solving oscillatory
problems. Dispersion and dissipation errors are taken into account in the course of deriving the
method. As a result, the method possesses dissipation of order infinity and dispersive of order
six. Validity and effectiveness of the method are tested on a number of test problems. Results
obtained show that the new method is better than its equals in the scientific literature. .
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1. Introduction

The problem of interest in this paper is an initial value problem (I\VVP) of the form

y" = f (X, Y), Y(Xo) = Yo y'(xo) = y(')- (1)
The importance of this problem cannot be over emphasized in science and engineering, as it
arises in many areas including quantum mechanics, semi-discretizations of wave equation,
astrophysics, electronics, celestial mechanics, quantum chemistry, molecular dynamics, and so
on. For example, Schrédinger equation and many-body problem are oscillatory problems [26].
To validate models that exist in the form of (1), their solutions are of paramount importance. The
best form of solution of (1) is exact or analytical solution. Research has shown that only a few
differential equations (DEs) can be solved exactly or analytically. Hence, numerical techniques
for obtaining approximate solution of the equations become the best option. A number of
numerical methods for solving (1) have been proposed in the literature
[2-4, 7-13, 15, 16, 18-20]. Some are direct while some are indirect methods. The direct methods
require no transformation of (1) into system of first order equations, while indirect methods do.

The method proposed in this paper has the following general form
Yo =2Y, = Yoo +h2 Db F (X, +ChY,), i =1...m,

i=1 | (2)
Y, =(c +1)y, ¢y, +h*D a, f(x,+¢;hY)).
j=1

Where y, and y, , are approximations for y(x,)and y(x, ,), respectively. The parameters

a;,
]
and ¢=[c,,C,,...,C,]" be m-dimensional vectors, then we can summarize the coefficients of (2) in

a Butcher-like tableau as follows:

by, c are real numbers. Let A=[a;]be anmxmmatrix and b and ¢ given by b=[b, b, ,..., b, T’



cC| A
bT

The method (1) is called hybrid method [10], because it is non linear and not self starting.
Franco [10] derived the coefficients of an explicit class of (2) up to algebraic order six with less
computation cost by using the algebraic order conditions of the method developed in [6]. To
improve its properties for better performance, Ahmad et al. [1] proposed semi-implicit hybrid
methods up to algebraic order five. In the work of Jikantoro et al [26] it is pointed out that there
is a huge advantage of improved accuracy and efficiency as the order of this method increases.
Hence, we propose a semi-implicit hybrid method with higher algebraic order.

The remaining part of the paper is organized as follows: dispersion and dissipation analysis is
presented in Section 2. The proposed method is fully derived in Section 3. Stability property of
the method is analyzed in Section 4. Results of numerical experiment are presented in Section 5.
Section 6 is conclusion.

2. Dispersion and dissipation analysis

To analyze errors due to dispersion and dissipation or phase lag and amplification factor, a
simple homogeneous test equation below is considered.

y'=-1%y,A>=0€eR. (3)
Apply egn. (2) eqgn. (3), we get the following in vector form:

Y=(c+e)y, —cy,, —V°AY, @
Yo = 2yn ~Yna _VszY'

Wherev = Ah, e=[L1,...,1]", vectors b, ¢ and matrix A are given in Section 1. From (4) we get

Y=(VA+I) (c+e)y, —(VCA+T) ey, (5)
which when substituted in second part of eqn. (4) we get
Your =T (V*) Yo + T, (V) Y, 4 =0 (6)
Where
2+iuiv2i 1+ f“viv2i
L) =5 T() = —. (7)

[T(1+va) [T(1+v?a)

i=1 i=1

V, and U, are functions of the coefficients of the method.

It has been shown in [24] that the solution of (6) can be written as

Yo =2|0 || pI" cos(w+ng), (8)
where [1,® are determined by coefficients of the method and p, ¢ are amplification factor and
phase, respectively. The solution of the test problem (3) is given by



y(x,) =25 cos(e+nv), (9)
where ¢ and ¢ are real constants determined by initial conditions and n is the number of terms.
The definition formulated in [24] adopted by [10, 26] follows.

Definition 1. From egns. (8) and (9), the quantity R(v) =v—¢ is referred to dispersion error or
phase lag of the method. The method is said to have dispersion error of order q if
R(v) = O(vq”). Furthermore, the quantity S(v) =1-| p| is referred to dissipation error of the

method. And the method is said to be dissipative of order r ifS(v) =O(v"*). [10] .

From Definition 1, it follows that
T. (v?
R(v) =v—cos™ #(V)Z) ,S(v) =1- T, (vz). (10)

Taking the Taylor expansions of (10) when m =4 yields the order conditions of dispersion and
dissipation errors as follows:

Table 1: Dispersion and Dissipation conditions

Order | Condition
Dispersion
4 1
V,-U, =1U, +1V, -V, +1V2 = —
12
6 1 1 1\/2 1 1\/3 1
20V U =3Vo + gV V=3V, +5 V) = %
8 1
VIV, + %sz _%Vlzvz +3_52V14 + ﬁ\a +%V12 +V, _%V1V2 +%V13 = m
Dissipation
5 V,=0,V,-1V’ =0
VNV, +1V72 -V, =0
9 VV, +1V,2 + 2V, -2V, =0

3. Stability Analysis

Like dispersion and dissipation errors, to analyze stability of (2), the method is applied on the
test egn. (3). Refer to Section 2 for this task. The stability polynomial is obtained by re-writing
eqn. (6) as follows:

2 =T (V) +T,(v*) =0. (19
The solution represented by eqn. (6) is expected to be periodic, provided that its coefficients
satisfy the conditions below:

T,(v?*) zl,‘Tl(vz)‘ <2, forall v €(0,v2),




where (0,v§) refers to periodicity interval of the method. When this happens, the method is

called a zero-dissipative, because S(v) = 0, which means the method has dissipation of order
infinity. ButifS(v) = 0, then the method is absolutely stable, provided the following conditions
are satisfied:

T, (v?)<1 ‘Tl(vz)‘ <1+T,(v?), forall v’ €(0,v?),
and (O,VSZ) is now referred to as absolute stability interval of the method. Detail of this analysis
can be found in [6, 10, 26].

4. Derivation of the method

In this section, the proposed method is derived. To derive the method, algebraic order conditions
of convergent is required.

4.1 Order condition of hybrid method

The algebraic order condition of a numerical method, in general, is a relationship between
coefficients of the method that causes the successive terms in the Taylor series expansion of the
method to varnish, see Coleman [10]. The algebraic order conditions of the proposed method in
this paper have been derived in [10]. They are as follows:

Order 1: Zbi =1,
Order 2: Z:b,ci =0,

Order 3: > bc’ =1, D ba; =é,
Order 4: 3 b’ =0, Zb,c,a.,= Zb. i =0,

Order 5: Zbici“:E,ZbiCizaij = Zb,c,a”cj =—— Zb. ij ik = Zbl i = O

. 1
zbiaijajkck 2%1
Order 6: D bc’=0,> bcla, :?)i,Zbici i¢; =0,> bca;a, = Zb,c,a”cJ =
1 1
zblclaljajk 720 zbla'lj jk k Zbl ij j O zblaljcjalk = 60

> bac;c, =0.
The order conditions have the following simplifying assumption:

Sac -G D

= (R V) (VAW N
Deriving sixth order method requires us to solve the all the equations involved in the order

conditions up to order six, as stated above. Obviously, there are twenty three equations involved
to be solved in thirteen unknown parameters form =4. This is not possible because the number

(12)



of equations exceeds the number of unknowns. Suppose we impose eqn. (12) with A =0, then
the equations reduce to fifteen, which are still more in number than the unknowns. Next, we
impose (12) with A =1, then the equations reduce to thirteen, which are equal in number with the
unknowns. We solve the system of thirteen equations for the thirteen unknowns, where a method
with unique coefficients is obtained. Below is a summary of the method in a Butcher-like

tableau:

Table 2: Coefficients of the proposed method

-110
0|0 0
2 1 [2.,1 u [z 13 1 21
5| T20Vs T —%\/;me T12V5 T 0
2
—/% | 1 [2_1 1yJ? 7 1 2,1
5 | 2% L j2+ L S E+4 —
2 12 12
0oV5 30 30V5 T 50 5 30
7 5 5
0 L =2 >
12 24 24

Note that the equations of dissipation conditions up to order nine are contained in the equations
of algebraic order conditions of the method. Therefore, the method, which is denoted by
ZDSIHMBG (4, 6, =), is zero dissipative, dispersive of order six with dispersion constant

259

—=—_v" + O(v*) and (0, 4.47) as interval of periodicity.
12049477

5. Numerical Results

Numerical results of ZDSIHMG6 (4, 6, =) alongside existing methods when applied to some test
problems are presented in this section.

5.1 Test Problems

Test problems here mean those oscillatory problems whose solutions are known, so that when
the proposed method is applied on them we can compare the approximate solutions with their
exact solution to know how good the method can approximate their solutions.

Problem 1: y"(x) =-64y(x), y(0) =1, y'(0) = -2, y(x) = —sin(8x) + cos(8x), x € [0,4000].

Problem 2:
y"(X) = -v?y(X) +(—1+ V2 )sin(x), y(0) =1, y'(0) =1+V, y(x) = sin(vx) + cos(vx) +sin(x), v = 10,

x €[0,4000].



Problem 3: y"(x) =—-y(x)+X,y(0) =1 y'(0) = 2, y(x) = cos(8x) +sin(x) + X, x € [0,4000].

The following acronyms are used in the paper:
e ZDSIHMO6(4,6,0): Zero-dissipative sixth order four stage semi-implicit hybrid method
derived in this paper.
e EHMG6(5,6,:0): Existing method obtained in Franco [10].
e BRKN5(6)FSAL: Existing code presented in Bettis [3].
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Figure 1: Efficiency curve of ZDSIHM6 (4, 6, <) for problem 1
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Figure 2: Efficiency curve of ZDSIHM6 (4, 6, <) for problem 2
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Figure 3: Efficiency curve of ZDSIHM®6 (4, 6, <) for problem 3

Figures 1--3 give a graphical explanation of the efficiency and accuracy of ZDSIHM6 (4, 6, ©°),
together with some of existing methods, measured by plotting the logarithm of maximum error
against the logarithm of total function call in the interval 0 to 4000 for each of the problems. It
can be seen on the figures that the curve of the proposed method lays below every other curve all
through. The interpretation of this is that the method approximated the solutions of the problems
with lesser error and cost.

6. Conclusion

A numerical integrator of hybrid method class is proposed and presented in this paper. The
method has algebraic order six; it is dispersive and dissipative of orders six and infinity,
respectively. The method is stable. Numerical results reveal that the method is more accurate and
efficient than the existing methods considered in the paper.

References

1. S.Z. Ahmad, F. Ismail, N. Senu, M. Suleiman, Semi implicit hybrid methods with higher
order dispersion for solving oscillatory problems, Abstr. Appl. Anal. 2013 (2013) 1-10.

2. R.A. Al-Khasawneh, F. Ismail, M. Suleiman, Embedded diagonally implicit Runge-

Kutta—Nystrom 4 (3) pair for solving special second-order I\VPs, Appl. Math. Comput.

190 (2007) 1803-1814.

D.G. Bettis, A Runge—Kutta—Nystrom algorithm, Celestial Mech. 8 (1973) 229-233.

J.C. Butcher, Numerical Methods for Ordinary Differential Equations, John Wiley &

Sons, 2008.

5. M.M. Chawla, M.A. Al-Zanaidi, W.M. Boabbas, Extended two-step p-stable methods for
periodic initial-value problems, Neural, Parallel Sci. Comput. 4(1996) 505-521.

6. J.P. Coleman, Order conditions for a class of two-step methods for y” = f (x,y), IMA J.

Numer. Anal. 23 (2003) 197-220.

sw



7. J.R. Dormand, M.E.A. EI-Mikkawy, P.J. Prince, High-order embedded Runge-Kutta—
Nystrém formulae, IMA J. Numer. Anal. 7 (1987) 423-430.

8. J.R. Dormand, P.J. Prince, A family of embedded Runge—Kutta formulae, J. Comput.
Appl. Math. 6 (1980) 19-26.

9. J.M. Franco, A 5 (3) pair of explicit ARKN methods for the numerical integration of
perturbed oscillators, J. Comput. Appl. Math. 161 (2003) 283-293.

10. J.M. Franco, A class of explicit two-step hybrid methods for second-order I\VPs, J.
Comput. Appl. Math. 187 (2006) 41-57.

11. Q. Ming, Y. Yang, Y. Fang, An optimized Runge—Kutta method for the numerical
solution of the radial Schrédinger equation, Math. Probl. Eng. 2012 (2012).

12. M. Mohamed, N. Senu, M. Suleiman, F. Ismail, Fifth order explicit Runge-Kutta
Nystrém methods for oscillatory problems, World Appl. Sci. J. 17 (2012) 16-20.

13. M. Mohamad, N. Senu, M. Suleiman, F. Ismail, An embedded 5(4) explicit Runge-
Kutta—Nystrom with dissipation of higher order, Aip Conf. Proc. 1522 (2013) 362—-369.

14. J. Panowsky, D.L. Richardson, A family of implicit Chebyshev methods for the
numerical integration of second-order differential equations, J. Comput. Appl. Math. 23
(1988) 35-51.

15. D.F. Papadopoulos, T.E. Simos, A modified Runge—Kutta—Nystrém method by using
phase lag properties for the numerical solution of orbital problems, Appl. Math. Inf. Sci.
7 (2013) 433-437.

16. F. Rabiei, F. Ismail, S. Norazak, S. Seddighi, Accelerated Runge—Kutta—Nystrom
method for solving autonomous second-order ordinary differential equations
y" = f(x,y), World Appl. Sci. J. 17 (2012) 1549-1555.

17. H. Ramos, J. Vigo-Aguiar, Variable-stepsize Chebyshev-type methods for the integration
of second-order 1.V.P.’s, J. Comput. Appl. Math. 204 (2007) 102-113.

18. N. Senu, M. Suleiman, F. Ismail, An embedded explicit Runge—Kutta—Nystrém method
for solving oscillatory problems, Phys. Scr. 80 (2009) 015005.

19. N. Senu, M. Suleiman, F. Ismail, M. OTHMAN, Kaedah pasangan 4 (3) Runge—-Kutta—
Kystrom untuk masalah nilai awal berkala, Sains Malaysiana 39 (2010) 639-646.

20. T.E. Simos, Exponentially-fitted Runge—Kutta—Nystrom method for the numerical
solution of initial-value problems with oscillating solutions, Appl. Math. Lett. 15 (2002)
217-225.

21. T.E. Simos, Optimizing a hybrid two-step method for the numerical solution of the
Schrédinger equation and related problems with respect to phase lag, J. Appl. Math.
2012 (2012) 1-17.

22. T.E. Simos, Explicit eighth order methods for the numerical integration of initial-value
problems with periodic or oscillating solutions, Comput. Phys. Commun. 119 (1999) 32—
44,

23. C. Tsitouras, Explicit two-step methods for second-order linear I\VPs, Comput. Math.
Appl. 43 (2002) 943-949.

24. P.J. Van der Houwen, B.P. Sommeijer, Explicit Runge—Kutta—Nystrém methods with
reduced phase errors for computing oscillating solutions, SIAM J. Numer. Anal. 24
(1987) 595-617.

25.J. Vigo-Aguiar, H. Ramos, Dissipative Chebyshev exponential-fitted methods for
numerical solution of second-order differential equations, J. Comput. Appl. Math. 158
(2003) 187-211.



26. Y.D. Jikantoro, F. Ismail, N. Senu, Zero-dissipative semi-implicit hybrid method for
solving oscillatory or periodic problems, Appl. Math. Comput. 252 (2015) 388-396.

27. 1. Fudziah, Z. A. Sufia, D. J. Yusuf, S. Norazak, 2-Point Explicit Block Hybrid Method
with Trigonometrically-Fitting for Solving Oscillatory Problems, Sains Malaysiana, 47
(2018) 2223-2230

28.Y. D. Jikantoro, A. B. Yahaya, A. A. l. Ma’ali, A. Abubakar, Variable Step-size

Two-step Hybrid Method for Solving Special Second Order Initial VValue Problems,
Journal of the Nigerian Association of Mathematical Physics (2019) (Accepted)



