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Abstract

We consider the following quasilinear attraction-repulsion chemotaxis system of parabolic-elliptic-elliptic
type with logistic source
ug =V - (D(u)Vu) — V- (xS(w)Vv) + V- (§F(u)Vw) + f(u), =€ Q,t>0,
0=Av+au— puv, xeQt>0,
0=Aw+~yu — dw, xet>0,
under homegeneous Neumann boundary conditions in a bounded domain 2 C R™(n > 2) with smooth
boundary, where D(u) > cp(u + 1)™~! with m > 1 and ¢p > 0, f(u) < a — bu” with n > 1. We show
two cases that the system admits a unique global bounded classical solution depending on 0 < S(u) <
Cs(u+1)7,0 < F(u) < Cp(u+ 1)Y by Gagliardo-Nirenberg inequality. For specific D(u), S(u), F(u) with
logistic source for > 1 and n = 2, we establish the finite time blow-up conditions for solutions that the finite

time blow-up occurs at xy € Q whenever [, uo(z)dz > Xasir{’y with xoo — &y > 0, under [, ug(z)|z — zo|*dx
sufficiently small.

Keywords: Chemotaxis, Attraction-repulsion, Boundedness, Blow-up, Logistic source

1. INTRODUCTION

We consider the quasilinear attraction-repulsion chemotaxis system of parabolic-elliptic-
elliptic type with logistic source

(4= V- (DW)Vu) — V- (xS@)V0) + V - (€F(u)Vw) + f(u), &€ Qt>0,
0= Av+ au — P, reQt>0,
0 =Aw + yu — dw, xeOt>0, (1.1)
%:%:g_g:o, x € 00Q,t >0,
u(z,0) = up(x), x € (),

\

where Q C R"(n > 2) is a bounded domain with smooth boundary and % denotes the
derivative with respect to the outer normal of 9, x > 0 and £ > 0 are parameters referred
to as chemosensitivity, «,3,v and § are positive parameters , u(x,t),v(z,t) and w(z,t)
denote the cell density, the concentration of the chemoattractant and the concentration of
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the chemorepellent, respectively. We assume that D(u), S(u), F/(u) satisfy

D(u), S(u), F(u) € C*([0,)), (1.2)
and there exist some constants ¢p > 0 and m > 1 such that
D(u) > cp(u+ 1)1 (1.3)
The function f :[0,00) — R is smooth and it satisfies f(0) >0, a >0, b>0and n > 1,
flu) <a—bu". (1.4)

Chemotaxis describes the oriented movement of cells along the concentration gradient of
a chemical signal produced by cells. The prototype of the chemotaxis model known as the
Keller-Segel model was first proposed by Keller and Segel [12] in 1970. In its general form,
the (attractive) Keller-Segel model is given by

{ u =V - (D(u)Vu) = V- (xS@)Vv) + f(u), e Qt>0,

(1.5)
TUy = Av+u — v, xr e t>0.

In general, the chemicals diffuse much faster than cells because the chemical molecules
are much smaller than the cells. Hence, the chemotaxis system (1.5) can be approximated
by setting 7 = 0. The global solution with 7 = 0 and 7 = 1 have been investigated in the
past four decades (1.5) by using some important estimates. When D(u) = 1, S(u) = u and
f(u) =0,if n =1, (1.5) admits a unique global solution; if n = 2, there is a critical mass
phenomenon; if n > 3, finite-time blow-up occurs in [8, 9] by usinig Lyapunov Function. For
general cases of D(u), S(u) and f(u) = 0, many studies have considered the boundedness of
the global solutions [5, 7, 23, 22]and many others have also addressed the finite time blow-up
[1, 4] by using some important estimates. When 7 = 0,5(u) = u, f(u) satisfies (1.4) and
D(u) fulfills (1.3), Wang et al.[18] showed that (1.5) admits a unique bounded global classical
solution by Gagliardo-Nirenberg inequality. For (1.5) with more general cases of D(u), S(u)
and f(u), we can refer to [2, 15].

In many biological processes, the interaction between cells and combinations of attrac-
tive and repulsive signal chemicals can produce various interesting biological patterns, the
following attraction-repulsion chemotaxis model is produced in [3, 6].

u =V - (Dw)Vu) = V- (xS(u)Vv) + V- (§F(w)Vw) + f(u), =€ Q,t>0,
T, = Av + au — Pu, x € t>0, (1.6)
Tw; = Aw + yu — dw, xr e t>0.

Fewer results are available for system (1.6) than (1.5), because there exists a useful Lyapunov
function for (1.5) and (1.6) does not admit such a function.When D(u) = 1, S(u) = F(u) = u
and f(u) =0, (1.6) with 7 = 1 admits a unique global bounded solution [13, 10] by Gagliardo-
Nirenberg inequality and some important estimates. When D(u) =1 and S(u) = F(u) = u
, f(u) satisfies (1.4), (1.6) with 7 = 0, Jin and Wang [11] studied the boundness and blow-up
in a bounded domain Q C R? with § = $,

xoo— &y >0 and / ug(x)dx > S

Q (xa —&y) (17)
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Tao and Wang [18] showed that the finite time blow-up for nonradial solutions, Zhang and
Li [25] showed that (1.6) admits a unique global bounded solution and they proved the large-
time behavior of a solution. For (1.6) with 7 = 0 for more general cases of D(u), S(u) and
F(u) = u, f(u) satisfies (1.4), Wang [13] admits a unique global bounded solution and they
proved the large-time behavior of a solution for a specific logistic source.

To the best of our knowledge, no rigorous result is available for more general case of (1.6)
with 7 = 0. Thus the main aim of the present study is to explore on the global and blow-up
solvability of system (1.1).

The remainder of this paper is organized as follows. In Section 2, we show the local
existence and uniqueness of the solutions to system (1.1) and we give the mass estimates.
In Section 3, two different cases of a priori estimation are applied to establish the desired
estimates for (1.1). It need to be pointed out the distinction of these two cases lie in the
mechanism which we take sufficient advantage of in the process of establishing the estimates
of (1.1). In Case 1 ( see Theorem 1), we mainly rely on the logistic dampening, while in
Case 2 ( see Theorem 2), the nonlinear diffusion plays the critical role. Finally, Theorem 1
and 2 are proved based on the estimates of (1.1). In Section 4, we obtain a sharp result on
the blow-up for solutions to (1.1).

Theorem 1.1. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and
1 > 2. Assume that
g=n—1g=<1
and
0<S(u) <Csu+1)?, 0<F(u) <Cp(u+1)7, (1.8)

then there exists a unique triple (u,v,w) of nonnegative functions which are bounded and
solve (1.1) in the classical sense.

Theorem 1.2. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and
n>1,
0<Su) <Cs(u+1), 0< F(u) < Cp(u+1)?

for max{q, g} < %%—m— 1, then there exists a unique triple (u, v, w) of nonnegative functions,
which are bounded and solve (1.1) in the classical sense.

Theorem 1.3. Let
D(u)=1,5u) = F(u) =u, f(u) <a—>0bu" forn>1 (1.9)

in (1.1), (1.7) hold with [, uo(z)|z — xo|*dx small enough for an z; € Q. Then the solution
of (1.1) blows up in finite time.

2. PRELIMINARIES

The local existence and uniqueness of the system (1.1) can be derived from the reasoning
of Lemma 2.1 in [14], so we only state the result and omit its proof here.

Lemma 2.1. Suppose that (1.2)-(1.4) are valid. Then there exists a maximal existence
time Tq, € (0, 400) and a unique triple (u,v,w) of functions which solve (1.1) in the classical
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sense. Also these functions have the following regularity properties:
u € C%Q % [0, Traz)) N C?H(Q % [0, Trnae)),
CAS CO<§ x 10, Thaz)) N 02’1<§ X 10, Thnaz)) (N L2((0, Thnaa); Wl’l(Q))v (2.1)
w € COQ X [0, Trar)) N C*H(Q X [0, Trnaw)) N LF((0, Tnae); WH(K2))
with [ > n and
u>0,v>0,w>0in QX (0, Tha)-
In addition, if T,,,,, < 400, then
tim sup([fu( )= () + [ 1) Lunoegoy + [0 D)l urm@y = oc. 2:2)

max

Lemma 2.2. Let the assumption in Lemma 2.1 hold. Then there exists a constant C' > 0
such that

/ u(z,t)dr < C, t € (0, Trmaz)s (2.3)
Q
/ oz, )de < C, € (0, Toms), (2.4)
Q
/ w(x,t)de < C, t € (0, Thaz)- (2.5)

Lemma 2.3. (Gagliardo-Nirenberg inequality). Let r € (0, ) and ¢ € WH2(Q) () L™(Q).
Then there exists a constant Cgy > 0 such that

[l @) < Can (IVO @0l + 1l e) (2.6)
where \* € (0,1) satisfies

A=
1

| [=13
|

IS
+ [oIs
33

3. A PRIORI ESTIMATES

In order to prove Theorem 1, we have a priori estimates for [, (u + 1)’dz in the following
lemma.

Lemma 3.1. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and
n > 2. S(u) and F'(u) satisfy (1.8) with ¢ <7 —1,¢g < 1. Then for any p > 7, there exists a
constant C' > 0 independent of ¢ such that the solution (u,v,w) of system (1.1) satisfies

/(u + 1)P)dx < C, t € (0, Trnaz)- (3.1)
Proof. Let
S(u) = / (€ +1)72S(0)dc, Flu) = / (€ + 12 F(Q)dC. (3.2)



Substituting (1.8) into (3.2), we obtain that

< =2 < pHq—1 .
S(u)_Cs/O(C+1) &6 < Comut 1P (3.3)
and

F(u)_CF/O(C+1) dC_CFp—+g_1(u+1) (3.4)

After multiplying both sides of the first equation in (1.1) by (u + 1)?~! and integrating by
parts over (), we obtain that

1d
—— [ (u+1)Pdx + /(p — 1)D(u)(u + 1)P2|Vul|*dx
pdt Jo Q

- / x(p — 1)+ 1)P2S(u) V- Vode — / £(p— 1)(u+ 1) F(u) V- Vo
+ /Q(u + )P f(u)d. (3.5)

Adding (3.2) and (3.5) together,

1d
pdt Jo

zx(p—l)/gvg(\u/)-VvaM—f(p—1)/QVZ?(\17)-de:v%—/g(u%—l)p_lf(u)da

(u+ 1)Pdx + /Q(p — 1) D(u)(u + 1)P72|Vu|*dx

=—x(p-1) / %Avdm +&(p—1) / %Awd:p + /(u + 1P f(u)da. (3.6)
Q Q Q
From the second and the third equations of (1.1), we obtain that
—Av < au, Aw < dw. (3.7)

Inserting (3.7) into (3.6) yields

1d » p—2 2
it Q(u—l—l) dx+/ﬂ(p—1)D(u)(u+1) \Vul*dx
<ax(p-1) /Q %udm +&(p—1) /Q ﬁ%wdw + /Q(u + 1P f(u)da. (3.8)

By (3.3) and (3.4), we obtain that

1d (u+ 1)Pdx + /(p —1)D(u)(u + 1)P2|Vul|*dx

pdt Jo Q

<c / (u+ 1) udz + Cy / (u+ 1) Lwdz + / (w4 1) fw)de,  (3.9)
Q Q Q

sax(p—1 3(p—1 .
where C; = %(’il) and Cy = C’;iT(fl) are positive constants.

By ¢ < n — 1 and Young’s inequality, there exists a positive constant C'3 such that

21=mp
/ (u+ 1PV 4+ C. (3.10)
Q

C /(u + 1)PHtydr <
Q
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By n > 2,9 <1 and Young’s inequality, there exist positive constants C; (i = 4,5,6) such
that

C’g/(u+1)p+g_1wdz
0

< 04/(u+ DPwdx + Cs,
Q

21=np
< 5 /(u+ 1)p+1da:—|—06/wp+1dx+05,
Q Q

217
< G b/(u+1)p+77_1dx+06/wp+1dx+05. (3.11)
Q Q

Substituting (3.10), (3.11) into (3.9), we obtain that

;(Z (u+ 1)Pdx + /(p —1)D(u)(u + 1)P"2|Vu|*dx
Q
21—y
< 3 /(u + 1)PH1 1 dy 4 06/ wPHde + /(u + )P f (u)dz + C (3.12)
Q Q Q

with positive constants Cg and C-.

Now, we estimate the integral fQ wPTdz according to a procedure similar to that employed
by [19]. In the following, we provide a brief outline for the sake of completeness. Since § > 0
and w solves

—Aw + dw = vyu, = € §Q,
{ ‘3—’;’ =0, z € 09,
we can apply the LP estimates to deduce that
[w(-, )llwzr@) < Csllul ey, t € (0, Tnas) (3.13)

with some appropriate positive constant Cs. By (2.5) and the Gagliardo-Nirenberg inequal-
ity, there exist two constants Cy > 0 and C'y > 0 such that

/ p+1dl' < 09||D2w||(p+1)8|| || p+1 (1 €) + Cg”wH p+1
Q

< C’loHuH —1— Cho, t € (0, Thaz), (3.14)
where ¢ = 11+ P Since p > 2, it is easy to check that e € (0,1) and (p + 1)e < p. Hence,
we use Young’s 1nequahty for 1 > 2 to obtain that

Cs / wPdx

Q
S Cl()”“”ip(g) + Cl()

211
S / Up+1d.f17 + 011
6 Jo

21=mp
S 6 /(u + 1)p+n—1d£€ + 011. (315)
Q




Combining (3.12) with (3.15) yields

Lo [+ [ - DD@+ 17 Vada
Q Q
b2l
<22 [yt s [ e vr fde + Co
Q Q

(3.16)

Since f(u) satisfies (1.4) with n > 2 and Young’s inequality and (u + 1)7 < 277} (u" 4 1) for

st (u+1)" — 1, (3.16) can be further written as

n > 2 implies u" >

1d (u—l—l)pd:c—l—/(p—l)D(u)(u+1)p2]Vu|2da:
pdt Jq Q

2=y
<— /%u+U“”Hm+a/%u+wpWx—b/uuﬁylwux+0m
Q Q Q

21=1p 21=np

< /(u + 1)Pt1 =y + /(u + 1)Pt1 g
2 Ja Q

+ b/(u +1)P~ e — b2 / (u+ 1P dy + Cy3
Q Q
21712p
<
- 3
21=np

Q

S_

/(U -+ 1)P+77—1dx + 014.
Q
Using Young’s inequality again, we obtain that

1 1=np
- / (u+1)Pdz < /(u + )PPty 4+ O,
P Ja Q

Thus, combining (3.17) and (3.18), we conclude that

d
% (U + ].)pdl' + /(U + 1)pdflf S 0167 t e (O7Tmax)7
Q Q

from Gronwall’s inequality, we obtain that

/(u + 1)Pdr < 2max {/(uo + 1)Pdz, C’lﬁ} , t€ (0, Tha),
0 Q

which implies the desired uniform estimates.

In order to obtain Theorem 2, we have the following lemma.

21=p
/(u + )Pty 4 G /(u + 1)1ty — p21 / (u -+ 1)PT"  dy + C13
Q Q

(3.17)

(3.18)

(3.19)

Lemma 3.2. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and

n>1 Letn>2 m>1,0>1and

n(p+m—1) . 1 n e B
o — 2 [1 9(p+2q7m71)] o — —(p+2 ) (1 — %)
1 — 2 —
n | n(ptm-—1) ’ n , n(p+m—1) ’
R 1— 5+ ==
n(p+2q—m—1) 1 — 1
(P+2¢g—m—1)ay 2 9(p+2q—m—1)

61: =
_ n n(p+m—1) ?
p+m—1 1_§+pT

(3.20)



2009 n( —92_—91)

B = -
_ n n(p+m—1)
p+m-—1 1_§_|_pT

satisfy g < % +m — 1.
Then there exist p sufficiently large such that

(Z) o € (O, 1), (ZZ) Qg € (0, 1), (ZZZ) b1+ Bs € (O, 1) (321)
Similarly,

n(pt2g—m=-1) |1 _ 1
2 p(p+29—m—1)

1 — n + n(p—‘,—;n—l)

2
n(l—“—_l)
Ba = -
=
n n(p+m—1)~’
1_54_1"T

By =

I

ifg<%—|—m—1,then
Bs+ Ba € (0,1).

Proof. For
p>max{g,2+m—2q}, (3.22)
we have that 1 — m > 0. If n =2, it is easy to derive (i) and (ii). If n > 2, let
n(p+m—1)
—— = -1
0 € n2 nptm=1) . (3.23)
2 — metmol7 (n—2)(p+2¢—m—1)
Then it is easy to verify 6 # () for choosing p sufficiently large. Since (3.23) also implies
__nlp+tm-1) <1_27
20(p+2q—m —1) 2

which together with the definition of ¢y in (3.20) implies (i) in (3.21). By a computation,
we deduce that (3.23) is equivalent to

n—2 20
~1 L
which implies
n 0—1 n on
-z S )(l- )<l syt —1 24
we can infer (ii) in (3.21) by (3.24). In addition, if ¢ < £ +m — 1, we can verify that
+2 LI SV N R S (3.25)
prsg=m 0 2 20 S TPTTTS ‘
Then we have that (3.25) is equivalent to
n(p+2¢—m-—1) 1 6—1 n on
1- -2 ) <1-2470 1
> 0pr2g—m-1] " 0w )<l gtatm=l

(3.26)
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which implies (iii) in (3.21). O

Lemma 3.3. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and
n>1, max{q,g} <+ +m—1,

0<S(u) <Cs(u+1)?, 0< F(u) <Cp(u+1)9. (3.27)

Then for any p > max {g, 1+m—2¢,14+m — Qg} as well as sufficiently large, there exists

a constant C' > 0 independent of ¢ such that the solution (u,v,w) of system (1.1) satisfies
(3.1).

Proof. We test the first equation in (1.1) by (u + 1)P~! and have

Lo [ e eolp=1) [ (w10 Vs
<x(p-1) / S(u)(u+ 1)P*Vu - Vodz — E(p — 1) / F(u)(u+1)P*Vu - Vwdx

Q Q

7y — b Ly |
—i—a/g(u%—l) x /Q(u—l—l) u'dx (3.28)

for all t € (0, Trpas). Since (uw+1)7 < 277 (u? + 1) for n > 1 implies u? > 55 (u+ 1)7 — 1,
(3.28) can be further written as

1 d b
- p _ p+m—3 2 7 p+n—1
di Q(u-l— 1)Pdz + cp(p 1)/9(u—|— 1) \Vu|*dz + S Q(u—l— 1) dx
<x(p—1) / S(w)(u+ 1)V - Vodz — £(p— 1) / F(u)(u+ 1)V - Vwde
Q Q
+(a+b) / (u+ 1) da (3.29)
Q

for all t € (0, T4z). By virtue of the Young’s inequality and (1.8), we obtain that

x(p—1) / S(u)(u+ 1)P*Vu - Vodz < xCy(p — 1) /(u + 1)PT2| V| - |Volde
Q Q
< CD(p_ 1) /(u+ 1)p+m_3|VU|2dl’
4 Q
X’Cip—1)
Cp

+ / (u + 1)PH2m=1 7y 2 dz.  (3.30)
Q

Similarly, we have that

—&p—1) / F(u)(u+1)P2Vu - Vwdx
Q
<E&Cr(p—1) /(u+ P72Vl - |Vw|da
Q

—1
< CD(p4 )/(u+1)p+m—3|vu’2dx
Q

2092 (0
+ ECrlp—1) /(u 4 1)PH29-m=1 gy |2 dx. (3.31)
Q

CD
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Since

(a+0b) /Q(u +1)P7dr < 2—b77/Q(u + 1)1 + Cs, t € (0, Trnaz), Cs > 0,
we have the following result by (3.29), (3.30) and (3.31)

2 P
(’LL+ )pd +CDp—_1/|V —|-1)+ ’2d$+—/ u—l— p+77 1d.1‘

dt (p+
2 2 . 202 _
< XEPOZD [y prmntvopar + SCELZD [ pren s+,
CpD Q 9] Q
By using the Holder inequality, we can find C7, Cg > 0 such that
p m—1 bp
1)P + 2 X 1)ptn—1
g (u+)d+ _1 /\V 2 \dx+2n/9(u—|—) dx

1

<Oy (/(u+1) (p+2g—m—1) da:) (/ Wik=: 1dw)
Q

+ Cs (/ (u+ 1)“(”+29—m—1)dx) ' </ |Vw|f”1dx) SNIYeH (3.32)
Q Q

with @ > 1 and p > 1 for all ¢t € (0,T},,42). More precisely, (3.21) in Lemma 3.2 enable us to
apply (2.6) to derive

2(p+2q—m—1)

1
S 0 +m—1 1
( / (u + 1)+ ”drc) (R s

pFm=1_ (Q)

P+m

1—aq pt+
(R [T o FPE

P+
scg(uvml) b+ 1)

B
< Cho {/ V(u+1)"5 2+ 1} (3.33)
Q

with aq, f; defined in Lemma 3.2 and positive constants Cy, Cyo for all ¢ € (0, Trnaz)-

Since B > 0, v solves
—Av+ fv=au, x € ),
{ % =0, x € 09,
we can apply the LP estimates to deduce that
(- Dllwer@) < Cuallu ) |[e@) for all t € (0, Tinaz)- (3.34)
By (3.34), we obtain that

6—1
T
</ |Vv|9261d:z;) =[Vu|* 2% < COlu+1]? 5% . (3.35)
Q Lo=1(Q) Lo-1(Q)
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Moreover,

Ju+ 1% 2
LT-1(Q)
ptmol Hﬁ

= [l(u+1) P
LG 6=T) (0

4

ptm= o ptm—1 ptm—1
<012 (”v U—f—l) (u+1) ||1p+7231—1(Q)+||<u+1) 2 Lp-',—y%z—l(ﬂ))

L B2
< 013{/ IV (u+ 1) 2 + 1}
Q

with ag, By defined in Lemma 3.2 and positive constants Cia, Cy3 for all t € (0, T},42 ), which
along with (3.35) gives

</ = 1d93) v <013{/|Vu+1)

We substitute (3.33) and (3. 36) into (3 32),

B2
~2dx + 1} : (3.36)

bp
2 2y + — (u + 1)1y

2cpp(p /
p — 1
p (u+)d +(p+ ) IV (u+1)" o1

I B1+52
§014{/ V(u+1)" 2 |2+1}
Q

+ Cs ( / (u+1)“(p+29—m—l>dx) ( / W= 1dx> ’ +06, (3.37)
Q

similarly, if g < % + m — 1, by using the same argument as in Lemma 3.2, we can also find
b3 < 1,6, <1and 3+ B4 < 1, where

nlpt2g—m-1) |1 _ 1 _ p-l
2 [1 u(p+29—m—1)} <1 2p >
) /84 =

n ’VL( +7TL—1) n (+m 1)7
1— 54 == 1 -3+ =5

then by Young’s inequality, (3 37) can be written as

2c
- Q(u+1)pdm+ op(p /\v +
. B3+pBa
2 |2+1} + C47.

. B1+B2 ,
§015{/ |V(u+1)p+2 |2—|—1} +C’16{/ V(u+1) -
Q Q
(3.38)

Due to 51 + 2 < 1, B3+ 4 < 1, applying the Young’s inequality to (3.38) and by an ODE
comparison argument, we obtain that

/ (Wt 1)Pde <C, £ € (0, Toms).
Q

By =

(u+ 1)PT 1 dx

O
Proof of Theorems 1.1 and 1.2. By recalling the L” estimates of w in (3.13), we can use
Lemma 3.1 and Lemma 3.3 to find a positive constant C such that

sup  |lw(-,t)||war@) < Ci.
0<t<Tmax
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Then, by selecting a sufficiently large p from the Sobolev embedding theorem, we can find a
positive constant Cs such that

sup  |[[Vw(:, t)|| (@) < Co. (3.39)
0<t<Tmaz
Similarly, from (3.34), there exists a positive constant Cj such
sup  [|Vu(:,t)|| o) < Cs. (3.40)
0<t<Tmax

By using Lemma A.1 in [20], we can conclude that u is uniformly bounded in Q X (0, Tynaz)-
Thus, we can find a positive constant Cy such that

lu(-,t)||pe < Cy for all t € (0, Thaz), (3.41)
which together with Lemma 2.1, we obtain (u, v, w) is a global bounded classical solution to
system (1.1). O

4. BLOW-UP OF SOLUTIONS

Denote B := {x € R?| |z| < R} and B; :== {z € R?| |z| < r;} with R;,r; > 0,i =1,2,3,4.
The next two lemmas are the well-known conclusions on elliptic equations and the Green
function (refer to [16]).

Lemma 4.1. Let u solves
_Au = f7 T e B7
u=0, r € 0B,
with f € LP(B),1 < p < oco. Then

uw) = [ Gl o)y for a € B,
where G(x,y) is the Green function with the following properties:
(1) G(z,y) = N(z —y) + K(x,y), where N(z —y) = —%log |z —y| and K € C*(B x B),
(17) G(x,y) = G(y,z) for x,y € B,
(1ii) |V.G(z,y)| < C/lx —y| in B x B for some C > 0.

Lemma 4.2. Let u € C?(Q) satisfies
_AU+CU:f7 I’EB,
Qu—0, x € 9B,
with f € C°(Q), ¢ > 0. Then there exist C,, C, > 0 such that

ullze@) < Coll fllr@), 1 <p < oo,
[Vl o) < Coll fllzi), 1< g <2

We construct ¢ € C*([0,00)) N W2((0,00)) with ry > r; > 0 by
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T27 Z.fOSTSTh

o(r) =19 arr?+agr +az, if ri <r<r, (4.1)
r17T2, if >
2
with a; = ———, ay = 2172 gnd g = — 12,
r2—"1 r2—"r1 r2—"1

® € [0,00) is defined as ®(z) = ¢(|z|) € C'(R?) N W?*°(R?), which will play a key role

in the proof for the finite time blow-up of nonradial solutions.

Lemma 4.3. The function ®(z) satisfies

2z, if |z] <,
Vo) = 3 (= e, if r < el < ra
0, if |z] >y

and
VO ()] < 2B
Ad(z) =4 for |z| <y,
AD(z) <2 for |z| > .

~— —

Proof. We can see [[16], lemma 2.1] for details.

Moreover,
1
Vo(x) —Ve(y) - VN(z —y) = = (z,y) € By X By, (4.5)
2
VO(x) = V)| - VN(z —y) < —2 10 (a,y) € B2 x R?, (4.6)
m(ry — 1)

Let (u,v,w) be the solution of (1.1) ensured by Lemma 2.1. We should show T},,,, < co. It
suffices to find a T' > 0 such that the ®-weighted integral of u(z,t) tends to zero as t — T.
Inspired by [16, 24] this will be realized via the following Lemma.
Lemma 4.4. Let
D(u)=1,5(u) = F(u) =u, f(u) <a—>bu" forn>1 (4.7)
forn =21in (1.1) , g € Q and 0 < r; < 1o < dist(xg, 02), where dist(zg, 02) denotes

the distance between xy and 0€2. Then there exist C},Cs > 0 only depending on 7, ry and
dist(xg, 02) such that for ¢ € (0, Thnaz),

a ), u(x, t)®(x — xp)dz,

< 4/Qu0(x)dx - %;5” </ﬂ uo(:r;)dx)2 e (/Q uo(:c)dx> </Qu(:z:,t)<b(:c - xo)dx)

+ Gy (/Q uo(w)dm) : (/Q (e, ) (x — xo)dx); | (4.8)

where ®(z) = ¢(|z|) with ¢ defined by (4.1).
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Proof. Without loss of generality, assume that xq is the origin. Multiply the first equation
of (1.1) by ®(x) and integrate over §). Due to the Neumann boundary condition of (1.1),
92 = 0 with ry < dist(xg, Q) by Lemma 4.3, [, uo(z)dz = [;,u(z,t)dz and the estimates
(4.3) and (4.4), we obtain that

% Qu(x,t)®($)dx = /th(x)(Au —xV - (uVv) + £V - (uVw) + f(u))dz

< 4/Quo(x)dx+x/ﬂu(x,t)v<b(x)-Vv(x,t)dx
¢ /Q (e, VD) - Vao(e, £)dz + / () f(u)dz. (4.9)

Q
By the procedure in the proof of Lemma3.1 [16] and Proposition 3.1 [24], we have that

a /. u(z, t)®(z)dz

< 4/Qu0(a;)da; -X % (/ (:B)d:n)2 +Cy (/Q u0($)dx) (/Q u(x,t)@(x)dx)
yer < /Q uo(:v)dx)g ( /Q u(x,t)cp(gc)d:c)é s (4.10)

From (4.7) and Jensen’s inequality , we obtain that

Js :z/ﬂ@(x)f(u)dx < a/g@(x)dx—b/ﬂ@(x)u"dw

1
< a/ O(z)dr — b (/ @(x)udx) dx (4.11)
Q Q
Since 1 > 1, by using Young’s inequality, we obtain that
1
—b </ @(m)udm) dx < Cy — bn/ O (z)udz, (4.12)
Q Q

by the definition of ®(z), we obtain a [, ®(x)dx is bounded. Thus, by (4.11) (4.12), we
conclude that

J3 < C5/u0(x)dx/cl>(x)udw. (4.13)

Combining (4.9)-(4.13) yields (4.8). ' ' O
Proof of Theorem 1.3. Denote

Mg(t) == /Qu(a:,t)cb(x — xo)dx (4.14)

and

B(s) :4/Qu0(x)dx— %;57 </Qu0(x)d:c)2+6’1 (/Quo(a:)dx> s+ Gy (/Quo(x)dx)gs |

By Lemma 4.4, we obtain that

%Mé( 1) < B(Ma(t)), t € (0, Tyas). (4.15)

[NIES



15
By the definition of ®(z) in (4.1) and (4.14), we have that
Mg (0) = / uy®(x — xzo)dr < / uo|z — x0|*dz.
0 Q

Together with the condition (1.7), it is easy to check that for s > 0, F(0) < 0 and E'(s) > 0.
If [ uo(x)|x — x| is small enough, then
E(Mg(0)) < 0. (4.16)

If the solution (u,v,w) exists for all t > 0, then £ (Mg(s)) is bounded.
From (4.15), it is obtained that

Ma(t) < Ma(0) + / tE(Mq;(s))ds
< My (0) + E(Mop(s"))t

for s’ € (0,¢). This concludes that there exists 7' € (0, 0o) such that Mg (0)+E(Me(s'))t <0
This is a contradiction to the nonnegativity of Mg (t). The proof is complete. O
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