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Abstract In this paper, we study the existence of blow-up solution to
nonlinear Schrodinger equations with first-order spatial derivative terms at
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1 Introduction

In the present paper, we consider the nonlinear Schrédinger equation with

first-order spatial derivative terms

on = ia¢xx+/B¢2(5x+7’¢‘2¢x+ig(|¢’2)¢’
¢(0,$) = ¢0<x)

As far as we know, there is little article to study the global solution and

(1.1)

blow-up solution to (1.1) which includes first-order spatial derivative terms
Bp2pe + v|0|?bs, it is studied only when the lack of the first-order spatial
derivative terms . For the case with first-order spatial derivative term, the
existence of global solution is an open question even one dimensional space.

We investigate the existence of blow up solution of (1.1).



Let me called some results on the case without first-order spatial deriva-
tive term. The nonlinear Schrodinger (NLS) equation provides a canonical
description of envelope dynamics of a quasi-monochromatic plane wave prop-
agation processes which are negligible. The dynamics are linear within short
propagation distance and short time, but cumulative nonlinear interactions
lead to an important modulation of the wave amplitude on large spatial and
temporal scales.

In optics, it can also be considered as the extension to nonlinear me-
dia of the paraxial approximation, which used for linear waves propagating
in some random medium. However, by L.P. Kaminow [1], we know that
single-mode optical fibers are not really single-mode, but actually bimodal
according to the presence of birefringence. This birefringence can influence
the way in which an optical evolves during the propagation travel along the
fiber. Indeed, it occurs that the linear birefringence makes a pulse split into
two, and nonlinear birefringent traps them together against splitting. C.R.
Menyuk [2,3] showed that the evolution of two orthogonal pulse envelopes in
birefringent optical fibers, which can be governed by the following coupled

nonlinear Schrodinger system:
(61 + Gua + (|01 + e[v*)¢ = 0, (1.2)
it + Paa + (el + [¥1*)9 =0, (1.3)

where e is a positive constant and depends on the anisotropy of the fibers.

When e = 0, system (1.2)-(1.3) becomes two decoupled nonlinear Schrédinger
equation.

When e = 1, system (1.2)-(1.3) is known as Manakov equations. The
integrability of this system was proved by Manakov in 1974, which we shall
regard it as the Integrable Manakov System(IMS).

Equations (1.2)-(1.3) are important for a number of physical applica-
tions(see [1-7]) when e is positive and all the remaining constants are set
equal to 1. For example, when e = 2(Crosignani et al. 1982) for two-mode
optical fibers; when e = 2/3(Menyuk 1987), for propagation of two modes
in fibers with strong birefringence, and in the general case 2/3 < e < 2

for elliptical eigen-modes. The special value e = 1(IMS) corresponds to at



least two possible physical cases, one is the case of a purely electrostric-
tive nonlinearity, and another is in the elliptical birefringence case, when
the angle between the major and minor axes of the birefringence ellipse is
approximately 35°. And the experimental observation of Manakov soli-
tons in crystals has been reported by Kang et al. (1996). The pulse-pulse
collision between wavelength-division-multiplexed channels of optical fiber
transmission systems are described by (1.2)-(1.3) with e = 2, (Hasewaga
and Kodama 1995; Kodama et al. 1996; Kodama 1997; Mollenauer et al.
1991).

Since the coupled nonlinear Schrédinger (CNLS) equations describe the
propagation of light waves in a nonlinear birefringent optical fiber, up to
now, they have been studied intensively over 30 years to realize the idea of
using optical solitons as information bits in high-speed telecommunication
systems(see [8-19]). Moreover, collision of solitary waves is a common phe-
nomena in science and engineering which have diverse applications in many
areas of physics, including nonlinear optics, plasma physics, and hydrody-

namics.

2 Blow up condition

Assume that the solution ¢ of (1.1) to satisfy ¢, x¢, ¢u, x¢, € L*(R').
The domain of integration for each integration appeared in this paper all
are global space: [ = f(O,l)'

One easy verifies

[olPdx = [ |dol*dz = Eo.

Let
By =602 [ ¢,%dz +v(B+7) [ 6]°dx — 6a [ G(|¢|*)dz — 3a (B
+)Im [ | ¢ ddz

Ey = 30’ [ ¢, de + 137(8 +7) [ |6°dx — 3o [ G(l6l*)dw — ja(5 +
Im [ 8 $adde



=@ [ ¢z + & [|6/0dx + & [ G(1¢*)dx — %L Tm [ |¢|* ¢, dd.
(t) = [ |oP|¢*dz,
= ([ |z[*2Regrpdz)’
(2 [ 2?[~aIm(dse0) + YRe(|0*¢ud) + BRe($°d20)]dx)’
= (2 [ 2 {—aIm[(:0).] + 371612 (162)e + 5161 (|¢[*)s }dz)’
= (2 [ 2 {—aIm[(¢ud)a] + (v + B) (18] ")a }du)
=2 [ 2 {—adm[(¢ud + Subr)a] + 1 (v + B)2IG(167))s }dx
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= —2aIm [ 2*($uatd + Guadt) + (v + B) [ 2?[62(|6[2)i] b

=2alm [ ¢t (2xp+22¢,) —2alm [ 2*¢rpdrdr—2(v+0B) [ z|¢|*(|¢]?)dx

= —2aIm [(20+42ds+a° due)pr—20Im [ 22 Puadrdr—2(y+P) [ x|d[*(|6[*)edw

= —dalm [($ér + 2wdudr) — 2(y + B) [ x|6[*(|¢]?)rdx

y' = —dalm [(¢d; + 2x6u6:) — 28 +7) [ o (|8]*)da

yie = —4adm [ ¢¢dx — 8alm [ xdydpdr — 4(8 + v)Re [ x|6|*dordx
20Im [ $ppda = 2alm [ $liaadz, + |6 s + B6%6s +ig(|6*)d}dz

= 20%Re [ $¢podr+2a [ g(|6°)|[ du+2alm [ (16 $2b+ 5| 6| $¢)da

= —202 [ |¢g|*dz + 20 [ g(|*) |6 dz + 2a(y — B)Im [ |$]*dupda



=2a [ g(|¢1)|¢[dx + 2a(y = B)Im [ |¢*¢xddz — 207 [ ¢, [*da
dalm [ x¢yppdr = 4aImfx(Z;x{ia¢m+’y\¢|2¢x + B3¢ +i9(’¢‘2)¢}dx
= 40’Re [ 2¢p¢pedr + 4aRe [ 2g(|¢*)ppudr + 4aBIm [ xd*P2da
= =202 [ |¢o*dx + 20 [ 29(|6]°) (|0 + 4aBIm [ 2¢*¢2dx
= 202 [ |¢.)*dx — 20 [ G(|p[*)dx + 4aBIm [ x¢?P2dz,
where G'(s) = g(s).
=2(8 + 7)Re [ x|¢|*é¢rdr = ~2(8 + 7)Re [ x|¢|* Giadas + 7|6[*¢x +
B2 s +ig(|¢]*)d)dx

= 20(B+Y)Im [ 26> ppradr — 2(8 + 7)* Re [ x|¢|' pppda

= 20 (B +7)Im [ 2|6 (@a)adz — 2(8 + 7)? [ le|* 14 = dz
= 2a(8 + ) Im [ 2|6 pzs — (B +7)? [ x|¢]*(|6]*)wd

= 20(8 + 1) Im [ 2|¢[*Pduedz — EELE [ 2(|g]%)pda
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Ty = =20 [ 916162 dx — 2a(y — B)Im [ |¢|* buipd + 402 [ |po|*dz +
2a [ G(|¢]*)dz—4aBIm [ x¢?@2dz+L(B+7)? [ |6/ dr+2a(B+y)Im [ 2|¢|* d¢urda
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= —2a [ g(|¢|*)|¢|*dz+2a [ G(|¢|*)dz—4ayIm [ |¢]2¢$q3dx+4a2f || 2d+
LB +7)? [1¢°dx — 4aBIm [ x¢*@2dz — 2a(B + ) Im [ 2(|¢[*)sddrda

By =60 [ ¢ da+B(B+7) [ 16/°de—6a [ G(|6*)dz—3a(B+y)Im [ |¢[* pxdda

Im [ (6P patpde = gy + 785 [ dudat 3 [10l°de— 535 [ G(l6*)d

sy = —20 [ g(|¢*)|o|* dx+2afG|¢r )dw + ‘(‘;f; %ilquﬁdx—
387 [ 19l dw+§3“_1f G(|¢[*)dz+40? [ |¢o|*dr+3(B+7)? [ |¢|°dz—4aBIm [ x¢?¢2dz—

20(8 +7)Im J 2(|6[)2 00 dda

Qytt——zaf 9(1¢1) |8 da+2a(1+52%5) [ G(|6]*)da+4a® (1=2223) [ el da+
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Y = *4afg 6|6 dz+aa(1+425) [ G(|6)dut+80?(1—25) [ |pa|*du+
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When v = 3, yu = —4a [ ¢( o) |p|*da: + 12a [ G( o[} dx + 4E1.

When g = |6,
yo = (o + a(l+ o) + (36 — 28 +2)%)] [ 19z + 802(1 -
) S || *da + 3?;75;) +4(y = B)aBIm [ x¢*¢id.

When y=8=p and g = |¢] Y = 4E1 = 16FEy = 16F.

3 The Conclusion

In this study we consider the case v = 3 and g(|¢]?) = |[*.
Theorem 3.1. If ¢(x,t) € C(0,00; H'(0,1)) is

P = iy + B by + Bl6)2 b + ||,
$(0,z) = ¢o(x).

a solution with period 1. Then



i) when E < 0, ¢ will blow up at finite rime in H';
ii) when E > 0 and ¢g € L% then ¢ is a global solution in H'.
Where the H' appeared in this section stands for \/f(o,l)(|¢|2 + [¢|2)da

E=% [|¢]dz + %f [1¢l%dz + ¢ [|¢|Sdz — LIm [ |¢|*brode.

Proof. i) [|¢o|?dz = [|¢|?dz = [ 22R(pp¢)dx

< 2(f 2?|¢[2da)3 ([ |6s|2d) >

We consider y(t) = [|z]?|¢|?dz > o, according to Section 2, y” < 0
implies that exists is ¢; > 0 such that y(¢) — 0 as ¢ — ;. Thus we have

[6l2 > ([ 16al*da) — 00t = b1,

ii) when E > 0 and ¢g € LS, [ |¢,|>dz, [ |¢|°dz uniformly bounded for
all t > 0.

Example 3.2. Taking ¢g = cos (2nrz + ¢)) + isin (27z + ¢))One easy
verifies

¢ = cos (2mz + (dar? + 1)t +¢)) + isin 27z + (4daw? + 1)t +¢)) is a
global solution to (3.1) and E = 27202 + 8%+ Ja — maf > 0, (o > 0).
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