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Abstract

The gene regulatory network (GRN) is essential to life, as it governs all levels of
gene products that enable cell survival and numerous cellular functions. Wagner’s
GRN model, which has mathematical roots origin from the Ising model and neural
networks, is a powerful computation tool that helps integrate network thinking
into biology, and motivated a new research theme focusing on the evolution of
genetic networks. However, except the formal mathematical foundation described
in [1], few papers have focused on providing further mathematical analysis of the
model. Moreover, network characteristics of Wagner's GRN model when varying
key parameters are unclear. Therefore, in this paper, | present a convergence
analysis of Wagner's GRN model by using the Markov chain theory. | show
mathematically that if we consider the evolution process as an optimisation
process, then the probability of finding the optimal configuration (a certain target
phenotype) converges to probability one. In addition, | investigate network
characteristics such as stability, robustness and path length in initial populations.
| find that generally small networks with a sparse connectivity have a higher initial
stability. The robustness is also observed to be higher in initial stable networks
with a low network connectivity. These results are partly explained by the pattern,
as shown in this paper, that small networks with a sparse connectivity generally
have a shorter path length and, therefore, they are not only able to quickly reach
equilibrium phenotypic states but also more likely to resist genetic perturbations.
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1 Introduction

Understanding the history of life is to uncover mechanisms underlying the evolution of innovation
at different life scales, ranging from molecular to cellular to tissue and organ levels [2]. One of the
most important forms of innovation can be attained through regulation, which refers to a process that
controls a gene product at a particular time and place [3]. In particular, the transcriptional regulation,
which is mediated by the binding of proteins to specific DNA sequences or cis-regulatory elements,
is essential to life as it governs all levels of gene outcomes that enable cell survival and numerous
cellular functions [4]. However, the evolution of transcriptional regulation is extremely difficult to study
experimentally as summarised in [2].

In the past decades, researchers have made tremendous efforts in modelling regulatory networks
using computational approaches. Kauffman introduced the basic boolean networks to study the
behaviour of large, randomly constructed nets [5, 6]. Shmulevich et al. further developed the probabilistic
boolean networks to include global dynamics and cope with uncertainty [7]. Petri nets initially proposed
by [8] are used to study large metabolic networks. Friedman et al. introduced Bayesian networks as
a probabilistic framework for discovering interactions between genes based on multiple expression
measurements [9]. Differential equations are used to study network dynamics by explicitly modelling
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2 Wagner’s Artificial GRN Model

In Wagner’s GRN model,the genotype is presented as a network which contains interactions among
transcriptional genes [14, 15, 18, 43, 46, 12]. Formally, for each individual in a finite population
of size M, an N x N matrix W can be considered as an artificial gene network that contains the
regulatory interactions among N genes. Each element w;; (i, = 1,2,---,N) represents the
regulatory effect on the expression of gene i of the product of gene j. The connectivity parameter
¢ determines the proportion of non-zero elements in the network W. Through gene interactions
the regulatory effect acts on each gene’s expression pattern. This can be denoted by a state
vector S(t) = (s1(t),s2(¢),--- ,sn(t)) where s;(t) represents the expression pattern of gene : at
time ¢. Each value of the expression state s;(t) can be varied continuously between —1 (complete
repression) and +1 (complete activation). For a given gene regulatory network W, the dynamics of S
for each gene i can be modelled by the following equation

(t+1) <Zw”5] >7 (2.1)

where f(z) is a sigmoidal function, which is normally defined as in [15, 18]: f(z) = 2/(1 + ¢ **) —
1, where a is the activation constant determining the rate of change from complete repression to
complete activation.

A novel feature of Wagner's GRN model is that it introduces the selection for phenotypic stability
[12], which is defined as the progression from an arbitrary initial expression state to an equilibrium
expression state (reaching a fixed pattern) by iterating Equation (2.1) a fixed number of times, devT.
If a given network W can achieve stability over this developmental time period, it is termed stable,
otherwise it is labelled unstable. An equilibrium expression state can be reached when the following
equation is met:

= Z ) <10 (2.2)

GtT

where D(s,8) = SN | (si — s'i)2/4N measures the difference between the gene expression pattern

s and s, and s is the average of the gene expression levels over the time interval [t—7,t—7+1,-- - , ],
where 7 is a time-constant characteristic for the developmental process under consideration. An
example of Wagner’'s GRN can be found in Figure 1.

For networks that achieve developmental stability (reaching an equilibrium state, sgq), then the
fitness can be calculated as [15]:

D(skq,s
F(spq) = exp (—7( EQJ OPT)) ) (2.3)
where o is the selection pressure that we imposed on the population during evolution. sopr is usually
set to be the initial state, i.e., s(0). D(seq, sopt) is the phenotypic distance between the equilibrium
state and the optimal state.

In typical evolution of Wagner's GRN model, an individual is chosen at random to reproduce either
by cloning itself, if asexually, or by recombining two parent networks, if sexually, and then subject to
mutation. Next, the offspring network is subject to the selection of stability — if the offspring network
cannot achieve developmental stability, then it will be wiped out from the population immediately.
For the stable offspring network, the survival probability is based on its fitness calculated by using
Equation (2.3). This process is repeated until the same size of offspring population as in initial
population is formed.
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Figure 1: An example of Wagner’s gene regulatory network. This example is
re-used from [12]. (A) Network representation of regulatory interactions among
five genes. Open and filled circles represent genes that are completely activation
(+1) or repression (—1), respectively. The initial gene expression pattern is s(0) =
(—1,41,—1,4+1,41). This example network is stable as it can reach an equilibrium
pattern, which is spgq = (—1,—1,+1,+1,+1) by iterating Equation (2.1) using the
sigmoidal mapping function with ¢ = 100. (B) Interaction matrix (W) represents the
network in (A). Each element in row ¢ and column j, i.e., w;; (i,7 = 1,2,---,5),
represents the regulatory effect on the expression of gene i of the product of gene
7.

3 Convergence Analysis

In Wagner's GRN model, the evolution process has three operators: mutation, recombination and
selection. Therefore, the evolution process to find a target phenotype can be regarded as an optimisation
process where the goal is to minimise D(sgq, sop) such that individuals’ phenotypic state is close
to the optimal phenotypic state. Suppose that the initial population have M individual networks and
the search space is N dimensions.

The phenotypes of individual networks at the g*" generation can be represented as S(g) =
[S1,82,+ .85, - ,snm], Where s; = (s1,s2,...,sn) is @ individual’s phenotype at equilibrium in N
dimensional solution space. Suppose S = R" be the solution space, S™ be the population space.
Without loss of generality, suppose that the optimisation goal of the evolution process described in
Wagner's GRN model is to find the target phenotype, formally defined as: Given f: S — Rfind S* € S
such that f(S*) < f(S). Here, the objective function can be defined as D(sgq, sopT).

The basic operators in Wagner's GRN model are described as follows.

Definition 1. Mutation Operator: Mutation operator, Ty : SM _; S, operates on non-zero entries in
individual’s genotype with mutation rate 1. and can change individual’s phenotype s; into s’;, and can
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be given as
s';  if mutate,
Xj = .
s; otherwise.

Then, its probability distribution is

N nooox; =8
Pirue) =xy={ ", Y%
Definition 2. Recombination Operator: Recombination operator, Tr : S™ — S, operates on all
individual networks by segregating rows in genotypes of two randomly selected parental networks
and the resulting offspring network can have a new phenotype s” ;, and can be given as
"

Yi =83

Then, its probability distribution is

P{Tr(sj,%xj) =y} =1

Definition 3. Selection Operator: Selection operator, Ts : S™ — S, operates on the candidate
solution by preserving the phenotype with better fitness value, and can be given as

si(g+1) = { yi ff(y;) < f(s;),

S; otherwise.

Then, its probability distribution is

P{Ts(sj,yj) =yi} = { (1) § fgﬁérvgvigé_sj)7 (3.1)

Definition 4. Optimisation Process: Based on the operators defined in Definitions 1-3, the optimisation
process can be defined as

S(g+1)={sj(g+1)=TsoTroTn(S(g);j=1,2,---,M}.

Definition 5. Optimal Value and Optimal Population Set: Define F(S) = min{f(s;);j =1,2,--- ,M}
as the optimal value of the population S = [s1,s2,-- ,sn]. Define M* = {S|F(S) = min{f(s);s €
S}} as the optimal population set.

Theorem 6. In the optimisation process, evolutionary direction of the population is decreasing monotonically,
thatis, F(S(g + 1)) < F(S(g))-

Proof. According to Equation (3.1), the selection operator can be considered as a greedy strategy
in which the phenotype with the best fithess can always be preserved in the next generation. In the
optimisation process, the optimal value for the objective function therefore is decreasing monotonically.

O

Lemma 7. In the optimisation process, the population sequence {S(g); g € N} is a Markov chain.

Proof. According to Definition 4, the optimisation process can be represented as the following iteration
of population:

S(g+1) =T(S(9)) = Ts o Tr o T (S(9)),
where Ts, Tr, and T; do not depend upon which states the chain was in before the current state g,
that is, S(g + 1) only depends on S(g). Thus, {S(g); g € N*} is proved as a Markov chain. O

Here, | only consider the selection for the target phenotype, i.e., sopt, as the main selection
operator.
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Lemma 8. In the optimisation process, the Markov chain, {S(g); g € N*}, is a time-homogeneous
irreducible aperiodic Markov chain.

Proof. According to Lemma 7, the transition probability of the population Markov chain is expressed
as

P{T(S(9), =59+ 1)} = P{Tu(s;(9) =} x
P{Tr(s;(9),%;) =y;} x P{Ts(s;(9),yi) =vyi}-
ForV X(g) € S™, 3%, and y;, it holds that:
P{Tum(s;(9)) = x;} >0,
P{Tr(s;(g =y;}=1>0,
P{Ts(s;(9),y;) =yi} > 0.

Therefore, P{T'(S(g)) = x,(g + 1)} > 0, and S(g + 1) only depends on S(g). Thus, the transition
probability is given as

) Xj

P{T(S(9)) = x(g + 1)} = [[P{T(S(0) = s(g+ 1), }-

Therefore, P{T'(S(g)) = (¢9+1)} > 0, and S(g + 1) only depends on S(g). Hence, the Markov chain,
{S(g); g € N}, is a time-homogeneous irreducible aperiodic Markov chain. O

Here, the transition probability of the Markov chain is rewritten as
P{S,R} =P{S(g+1)=R|S(9) =S}. (3.2)

According to Lemma 8 and Equation (3.2), the population transition probability can be given as

M . Jio € M*
P{S(g+1)=R|S(g) = S} = { O PITS@) =R} 4 Ry, =s,, (3.3)
0 otherwise.

Theorem 9. Let {S(g); g € N*} be the population Markov chain of the optimisation process. Let
Mg be a subset of the optimal population set, i.e., Mg = {R = (r1,r2,--- ,rm); v; € M*}. Then,
{S(g); g € N} converges to M with probability one, i.e.,

lim P{S(g) =R|S(0) =So} =1.

g—>00

Proof. Suppose r* is the unique optimum value for the given objective function. Then, according to
Equation (3.2) and Equation (3.3), P{S, R} has the following properties:

1) If S, R € Mg, then P{S,R} > 0 and P{R,S} > 0. Therefore, the two states S and R are
interconnected, i.e., S < R.

2)If S € My and R ¢ Mg, then P{S,R} = 0. Therefore, the two states S and R are not
interconnected, i.e., S +» R.

Hence, M; is a positive aperiodic irreducible closed set. For arbitrary initial state, we can obtain
that

lim P {S(g) = R|S(0) = So} :{ m(R) Re M

g—ro0 0 R ¢ M;
S(g) enters into Mg as g — oo, and satisfies one limiting probability distribution, =(R). Therefore,
limgy—, 0o P{S(g) € M{|S(0) = So} = 1. O
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Figure 2: Stability of randomly-generated networks. For each network size
(N = 5, 10, 15, 20, 30 and 40) with each connectivity given from a range of
values in continuous interval ([0.2, 1], step size 0.02), the initial stability (proportion
of randomly-generated gene networks that are stable) was tested based on an
initial 10,000 randomly-generated gene regulatory networks. The system level
parameters are set to be a = 100, devT' = 100 and 7 = 10. Shaded areas represent
95% confidence intervals based on 100 independent runs.

4 Network Properties

To gain an impression of properties of initial gene regulatory networks, in this section, | have investigated
the stability, robustness and path length.

4.1 Stability

| first tested the probability of stability in randomly-generated networks. As illustrated in Figure 2,
smaller networks are more likely to be stable. Moreover, the relative frequency of stability in networks
with low levels of connectivity is higher than that of networks with high levels of connectivity. This
is in general accordance with previous work (typically done at connectivity ¢ = 0.75, e.g. [18])
which indicates that larger networks with complex topology tend to be unstable. A similar pattern
is also observed in networks with different values of activation constant a (see Appendix Figure A1).
Generally, when a is small (a = 1), networks have a higher initial stability. Note that pattern is much
more profound for networks with smaller sizes (N = 5, 10 and 15).

4.2 Robustness

Next, | explored the robustness of initial stable networks. That is, | investigated the probability that
stable networks remain stable after a single round of mutation. Given that the initial stable networks
were collected from the original randomly-generated ones, it would seem reasonable to predict that
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Figure 3: Robustness of initial stable networks. For each network size (N =
5, 10, 15, 20, 30 and 40) with each connectivity given from a range of values in
continuous interval ([0.2,1], step size 0.02), the robustness (proportion of stable
networks after exposure to a single round of mutation) was tested based on an
initial 10,000 randomly-generated stable gene regulatory networks. The system
level parameters are set to be a = 100, devT = 100 and 7 = 10. Shaded areas
represent 95% confidence intervals based on 100 independent runs.

the small stable networks are more likely to break after one mutation round since they contain fewer
pathways and a single mutation, therefore, has a greater proportional effect. However, the results
in Figure 3 show the opposite — the stability of small networks is still high (cf. Figure 2). The
mutation operation is effectively an alternative way of generating new networks, thus, the mutated
networks have the same properties as the initial ones. A similar pattern is also observed in networks
with different values of activation constant a (see Appendix Figure A2). Generally, when a is small,
networks have a higher initial robustness.

4.3 Path Length

In the third sets of experiments, | measured the path length of initial stable networks. Here the
path length refers to the amount of time steps, as used in Equation (2.2), that the network takes
from an initial state s(0) to get to the equilibrium state seq. From Figure 4, we can clear see that
larger networks need more time to reach the equilibrium state. Moreover, networks with low levels of
connectivity are able to stabilise faster than that of networks with high levels of connectivity, especially
for networks with sizes of N = 15, 20 and 30. A similar pattern is also observed in networks with
different values of activation constant a (see Appendix Figure A3). Generally, when a is small (a = 1),
networks need much more time to get to the equilibrium state, especially for networks with size of
N =5 in comparison with the results when a is large (cf. Figure 4). However, the path length slightly
decreases for networks with size of N = 10, 15 and 20 when a = 1.

Here, the time is defined as the minimum steps required for networks reaching the equilibrium
state.
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Figure 4: Path length of initial stable networks. For each network size (NV =
5, 10, 15, 20, 30 and 40) with each connectivity given from a range of values in
continuous interval ([0.2, 1], step size 0.02), the path length (minimum time steps
for reaching the equilibrium state) was tested based on an initial 10,000 randomly-
generated stable gene regulatory networks. The system level parameters are set
to be a = 100, devT = 100 and 7 = 10. Shaded areas represent 95% confidence
intervals based on 100 independent runs.

5 Discussion

Networks of regulatory transcription factors are essential to form developmental patterns in practically
all organisms [55, 56, 24]. The process of development that reduces effects of genetic or environmental
perturbations is due to the nonlinearity of genotype-phenotype mapping enhances the robustness of
the system, whilst constraining phenotypic diversity, and consequently inhibits certain evolutionary
pathways [57, 48]. Although many previous studies have shown that the process of development
is critical for the study of evolution, the underlying mechanism, in particular, how the developmental
process affects evolutionary dynamics that can drive evolutionary innovations, is still poorly understood.

Mutations in Wagner’s GRN model or other similar models in natural systems are shown to be an
important source of innovation. Previous studies have forced on separating two sources of mutations:
genetic and non-genetic [17, 28, 22, 11, 25, 36, 48]. On the one hand, the genetic mutations refer to
perturbations occur at the genotypes, usually have a weaker effect in altering gene’s phenotypic state
or causing instability of the network since the complex interactions among genes can buffer against
mutations occurred at the genotype level. The non-genetic mutations, on the other hand, refer to
perturbations caused by internal noise or environmental factors, and may sometimes have a strong
effect in causing oscillatory dynamics to the developmental stability, especially changes occurring in
gene initial expression patterns. Although previous studies have investigated many different types of
mutations, how those mutations systemically affect phenotypic stability remains obscure.

In spite of mutation, recombination is also believed to be critical to affecting the underlying
evolutionary dynamics in the context of genetic networks. The recombination modelled in Wagner’s
GRN model in a manner of free recombination of swapping rows between two parental genotypes.

In Wagner’s GRN model, genetic mutations are assumed to be epistatic mutations that alter the
gene’s regulation strength to other genes, but not mutations occur at the coding sequence at the
lowest level.
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This operation follows the biological assumption that recombination happens more often between
genes and tight linkage among regulatory elements within a promoter [1, 14]. Previous work has
focused on benefits and low costs of recombination to reconcile the traditional antagonistic view that
recombination is more likely to damage well-adapted lineages due to massively shifting patterns of
gene regulation [18, 19, 29, 33, 34, 42, 46]. Although MacCarthy and Bergman and Lohaus et al.
previously introduced a modifier of recombination into the model, different recombination modes have
not yet been studied thoroughly [19, 33], given that the variety of mating systems and strategies in
nature [58, 59].

In the seminal paper of [1], for the first time, the mathematical foundation of his GRN model was
formally described. In addition to the seminal paper where Wagner showed that given an initial state
s(0), the developmental process converges ultimately to a stable equilibrium state sgq, in this paper,
| have further mathematically shown that the evolution process modelled in Wagner's GRN model
can be regarded as an optimisation process that converges to the target configuration with probability
one. Besides the convergence analysis, a few other studies have employed theories for calculating
periodic orbit to study the systematic behaviour of developmental process [41, 48]. However, it is
still not clear that how mutation and recombination operators modelled in the system change periodic
orbit and ultimately affect the underlying evolutionary dynamics.

Previous work has shown that sparse networks are more stable than dense networks [41],
here | also have observed a similar pattern varying network sizes and activation constants (see
Figure 2). Furthermore, | have shown that randomly-generated stable sparse networks also have
a higher robustness against mutations than dense networks (see Figure 3), though sparse networks
may evolve to be more sensitive to mutations than networks that are more densely connected under
selection of stability [14, 15]. However, Leclerc showed that if costs of complexity have been considered,
then robust networks are more likely to be sparsely connected [26] . This may help explain that
sparse networks tend to be favoured by evolution in natural systems [60]. As Wagner and Siegal and
Bergman suggested, the path length, time for reaching phenotypic equilibrium, may partially account
for the underlying mechanism of stability and robustness [14, 15]. This is because if the phenotypic
stabilising process takes more time, then the network is more likely to accumulate deleterious mutations
or perturbed by internal noise or environmental factors. Here, | have provided some evidence to
support this likelihood by showing that sparse networks tend to have a shorter path length to reach
the equilibrium (see Figure 4). Note that different activation constant, a, which indicates the sensitivity
of regulatory response to output phenotypes, can quantitatively affect initial stability, robustness and
path length (see more supporting information in Appendix).

It should be emphasised that parameters used in Wagner's GRN model, such as population
size, number of genes, network connectivity, and activation constant, will not typically change the
qualitative results of general properties or patterns emerged from the evolved system [14, 15, 18]. In
particular, previous studies have suggested that many biological networks have a scale-free topology,
that is, its degree distribution of nodes follows a power law [61, 62]. However, previous research
has shown that the degree distribution itself does not have a major effect on functional properties
associated with nodes [14, 18, 24, 41]. Therefore, although in this paper networks were randomly
generated and the parameter space had not been thoroughly explored, it is expected that the patterns
or properties | have observed generally could be applied to scale-free networks and results presented
in this paper are representative.

Finally, the main caveats of Wagner's GRN model are summarised by [1, 14] as below, which
also apply to the general model assumptions made in the papers that have employed such a model:

(1) Itis assumed that each gene expression pattern is regulated exclusively on the transcriptional
level.

(2) Itis assumed that each gene of the network produces only one species of an active transcriptional
regulator.

(3) It is assumed that enhancer elements act independently from enhancer elements for other
regulators of the same gene.
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Figure A1: Stability of randomly-generated networks varying activation
constant. For each network size (N = 5, 10, 15, 20, 30 and 40) with each
connectivity given from a range of values in continuous interval ([0.2, 1], step size
0.02), the initial stability (proportion of randomly-generated gene networks that are
stable) was tested based on an initial 10,000 randomly-generated gene regulatory
networks. The system level parameters are set to be a = 1 in (A) ora = 5 in
(B), devT = 100 and 7 = 10. Note that Shaded areas represent 95% confidence
intervals based on 100 independent runs.
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Figure A2: Robustness of initial stable networks varying activation constant.
For each network size (N = 5, 10, 15, 20, 30 and 40) with each connectivity
given from a range of values in continuous interval ([0.2,1], step size 0.02), the
initial robustness (proportion of stable networks after exposure to a single round of
mutation) was tested based on an initial 10,000 randomly-generated stable gene
regulatory networks. The system level parameters are set to be a = 1 in (A) or
a = 5in (B), devT = 100 and 7 = 10. Note that Shaded areas represent 95%
confidence intervals based on 100 independent runs.
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Figure A3: Robustness of initial stable networks varying activation constant.
For each network size (N = 5, 10, 15, 20, 30 and 40) with each connectivity given
from a range of values in continuous interval ([0.2, 1], step size 0.02), the path length
(minimum time steps for reaching the equilibrium state) was tested based on an
initial 10,000 randomly-generated stable gene regulatory networks. The system
level parameters are set to be a = 1 in (A) or a = 5 in (B), devT = 100 and
7 = 10. Note that Shaded areas represent 95% confidence intervals based on 100
independent runs.
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