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Abstract

The Gompertz model is one of the earliest most influential mor-
tality models. The model dominated for more than 100 years and
is still one of the most important models in the field of mortality.
Even though the model was designed exclusively for human mortality,
it has found its application in many fields. However, the model has
not solely been applied to maternal mortality. The work, therefore,
fit a modified form of Gompertz model to Ghana’ maternal mortal-
ity data (2016-2018) and the fit looks quite good. We also forecast
with the model and the result shows that Ghana is far from achieving
the Sustainable Development Goal (SDG) objective of reducing ma-
ternal mortality by 68 percent in the next 11 years. That is, the work
shows that there will be an annual reduction of 2.9 percent in mater-
nal mortality rate for the next 11 years. This reduction, however, is
not enough to achieve the Sustainable Development Goal (SDG) ob-
jective of a 6 percent annual reduction. To make the SDG objective a
reality, Ghana needs a further reduction of 3.1 percent annually in its
maternal mortality rate. This calls for intensifying programmes that
improve maternal health and reduces maternal mortality.

Forecasting, Gompertz Model, Maternal Mortality, Sustainable Development
Goal.



1 Introduction

Mortality modelling goes as far as the 17th century when Abraham De Moivre
suggests a linear relationship between survival rate and age. It, however,
took Benjamin Gompertz to make the greatest impact in the 18th century
when he proposed a mortality model that suggests an exponential relation-
ship between mortality and age. His model formed the basis on which other
mortality models were built and dominated for more than 100 years. Even
though the model was originally designed exclusively for human mortality,
it has also been applied in many fields. For example, Hedau and Soni(2016)
used the Gompertz model to determine the growth pattern of mobile sub-
scribers in India. Rzadkowski, Glazewskaet and Sawinska (2015). on the
other hand, applied the Gompertz model in economics and management in
which they investigated the Gompertz model as a diffusion model and predict
the saturation level of a given phenomenon under investigation using only
the early values of time series. Rossi, S.,Deslaurier, A., and H.Morin, H.
(2003) applied the Gompertz model to the study of xylem cell development
in which the Gompertz model was used to calculate cell number increase and
to estimate both the rates and periods of the differentiation phases on a daily
scale during the growing season. Bi-Huei also applied the Gompertz model
to foreign direct investment in Taiwan. And there is much more literature
that have applied the Gompertz model in one way or the other. The model
has however not been applied to maternal mortality modelling and the first
contribution of this paper is to fit a modified version of the Gompertz model
to age-specific maternal mortality data in Ghana.

On the other hand, the World Health Organisation (WHO) defined maternal
mortality as "the death of a woman while pregnant or within 42 days of ter-
mination of pregnancy, irrespective of the duration and site of the pregnancy,
from any cause related to or aggravated by the pregnancy or its management
but not from accidental or incidental causes. According to the same organ-
isation, the global maternal deaths fell from 385 in 1990 to 216 in 2015, an
estimated fall of 44 percent in Maternal Mortality Ratio (MMR). Of these,
the greatest decline over the period was observed in Eastern Asia with an
approximate decline of 72 percent. The decline in maternal mortality rate
over the period was mostly due to the impact of the Millennium Development
Goal(MDG) initiative which called for a 75 percent reduction in the maternal
mortality by 2015. And even though the MDG initiative made a significant
impact in reducing maternal mortality, it was not able to meet its target of



75 percent reduction in maternal mortality. As a result, maternal mortality
is still high in some countries especially those in Sub-Saharan Africa. For ex-
ample, according to MDG report, Ghana currently loses 144 mothers to every
1000 live birth and the story is not very different from other countries in the
sub region. It is against this background that the Sustainable Development
Goal (SDG) initiative was lunch to replace MDGs initiative. On maternal
mortality, the SDGs initiative aims at reducing global maternal mortality to
less than 70 deaths per 100000 live-births by 2030, a 68 percent reduction in
only 11 years. It has been almost four years now since the SDGs initiative
was introduced and this work seeks to forecast maternal mortality based on
the 3 year maternal mortality data available since the SDG was introduced.
This will help organisers of the programme to ascertain whether Ghana is on
course of achieving the 68 percent reduction in maternal mortality by 2030
or something more has to be done in terms of improving maternal health
care in order to achieve the 68 percent target. This work therefore developed
a model that fit the age pattern of maternal mortality over the three year
period and use the model to forecast maternal mortality to 2030.

2 The model

Abraham De Moivre proposed the first mathematical mortality model when
he tried to establish the relationship between man’s survival and his age. His
model suggests a linear relationship between survival rate and age. That is,
the probability of man’s survival decreases linearly as he ages. In terms of
mortality function, his model can be stated as

() = — (2.1)
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where 1(x) refers to the force of mortality at age z, w is the highest attainable
age and x is the current age. In the paper, De Moivre assume the highest
attainable age to be 86. Though he applied his model to various actuarial
calculations, his model was not able to represent human survival accurately
across ages (De Moivre, 1725).

In 1825, a British actuary by the name Benjamin Gompertz introduced
one of the most successful mortality models. His model was widely used and
dominated for more than 100 years. It also served as the basis on which
most other mortality models evolved. Fitting his model to the age profile of



mortality, Gompertz realized that the force of mortality increases with age
as suggested by De Moivre. However, unlike De Moivre, Gompertz’s model
shows an exponential relationship between mortality and age. His model
showed that mortality increases exponentially with age and man’s resistance
to death declines exponentially as he ages. Explaining his model, Gompertz
stated that humans are endowed with a special ability which he called the
power to oppose destruction (death) (Gompertz,1825). According to Gom-
pertz, this power decreases exponentially with age and for each additional
year, a person loses a constant fraction of his/her power to oppose destruction
(death). His model can be stated as

wla) = apt (2.2)

where a positive « represents the overall level of adult mortality and g de-
termines how the risk of death accelerate with increases in age, p is the force
of mortality and x represent age (Gompertz, 1872).

Even though Gompertz’s model was designed exclusively for human mortal-
ity, it has also been used extensively in other fields especially by evolutionary
biologists. In applying his model to human mortality, Gompertz stated that
his model is not able to fit perfectly the entire age range and suggested the
model fit better the 40-60 age category well.

As the aim of the paper is to forecast maternal mortality who are usually
between the ages 15-35, it means the Gompertz model will not fit this age
bracket and there is a need for further modification. After various modifica-
tions designed to accommodate age departures, we finally fit a model of the

form:

_ 3

where x is the age, t is time and «, 3, and ~ are parameters to be estimated.
Also, p(x) represent the force of mortality, the numerator of the first term
represent the Gompterz model while the term in the denominator helps to
level off the high mortality rate at higher ages modeled by the Gompertz
model. The second term helps improve the fit.

Of course if we have data at only few time point as our case (3 years), then
we may not use time series and thus remove the dependence on t with the
model taken the form:

()
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where the parameters and terms have the same meaning as previously de-

fined.

Fitting the Data

After defining a model, we next consider how to fit it. In fitting the
model, we use an approach similar to that used by Assabil and Don(2019, in
review). It is important to note that as the focus of the work is to consider
the possibility of achieving the 68 percent reduction in maternal mortality
under the SDG objective, we only consider maternal mortality data after the
introduction of SDG initiative (2016-2018).
Suppose there are IV, ; individuals in age cohort z in region 7. Then the num-
ber of deaths D, at time ¢, t+ At in age group = can be modeled as a binomial
(since an individual is alive or dead, such a process could be considered as
Bernouli process and thus modeled with Binomial model) with parameters
Ny, p(x, t)At where N, is the number alive at the beginning of this interval.
Given that the number alive is large with a small probability of dying in
this cohort over a short time interval of length At, then the Binomial can be
approximated by Poisson(as the Poisson distribution is just a special case of
the binomial when the number of trials is large and the probability of sucess
in any given one is small) with mean (N, ;, u(x,t)At). The log-likelihood for
a poisson (A = E(D)) random variable D is given as

In(APe™) = DIn(\) — \. (2.5)
Also, the score function for a poisson random variable D is of the form
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Therefore the score function takes the form of a system of equations
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where 6 runs through the parameters «, 3, and v . Maximize the log likeli-
hood, we obtain:

maXZZDm Ny ip(z) At — (N ip(x) At (2.8)
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or substituting for p(z) and assuming At = 1, this becomes
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and since the middle term does not depend on the parameters, it suffices to
maximize

(2.11)

The above maximization is then implemented in MATLAB and we show the
result in the next section.

3 Results

The above model was fitted to the Ghanian female maternal mortality data,
and the result is shown below:

Figure 1, represents our model fit to Ghana’s maternal mortality between
the ages of 15-35. The x-axis measures age while the y-axis measures mor-
tality. The dash black curve is the data plot while the straight black curve
is the model fit. From the plot, it can be seen that the model fit the data
quite well. The curve is almost level between the ages of 15-20 and upward
sloping above the ages of 20 years. That is, maternal mortality is low at early
adulthood and increases as one age. This is to be expected as explained by
Gompertz, that the power to oppose destruction decreases with age even
though in the case of maternal mortality the decreases are not exponential
as suggested by Gompertz.

4 Forecasting with the Model

In other to forecast with our model, we need to introduce time as a variable
which affects the parameters of the model. That is, to assume that time



Figure 1: Model fit to maternal mortality rate in Ghana.

affects all parameters multiplicatively so that the model can be expressed:

p(w,t) = k(t)b(x) (4.1)
where k(t) = 14 0t and b(x) is our model given by u(x) = H"i% +7(z)3.

At time ¢t =0, the value of k(t)b(z) = b(x) (negative) and at time t = 1, the
value is (1+6t)b(x) which is smaller than b(x) if 6 > 0 since b(x) is negative
so the mortality at time 1 is lower and expected lifespans higher.

It must also be noted that the parameter # in this case represents the
rate of change in mortality from time 0 to time 1. To estimate the value of
6, we use maternal mortality data provided by demographic health survey
(Ghana) after the introduction of Sustainable Development Goals. That is,
we use maternal mortality data in Ghana between the years 2016-2018 to
calculate the rate of change and use it together with our model to forecast
over the desired period. Since we have three years of mortality data we
estimate the average rate of change over the three year period as the value
for . And this gave us a 6 value of 0.029 percent and the resulting forecast
over the 11 year period is shown in figure 2.

The forecast shows a decreasing trend with an average reduction of 0.029
or 2.9 percent per year. That is, since the introduction of SDG, Ghana’s ma-
ternal mortality has further reduced by 2.9 percent annum. This reduction



Figure 2: Model fit to maternal mortality rate in Ghana.

however is not enough to achieve the sustainable development goal objec-
tive of reducing maternal mortality by 66 percent over 11 year period, which
translate to a 6 percent annual maternal mortality reduction. With the
current reduction of 2.9 percent per annum, Ghana needs an additional 3.1
percent annual reduction to achieve the sustainable development goal initia-
tive. (that is,6 — 2.9 = 3.1, the desired 6 percent reduction needed to achieve
the SDG, less the current annual reduction of 2.9 percent) This calls for in-
tensifying programmes that improves maternal health and reduces maternal
mortality such as long-term investment in community education and family
planning, empowerment and strengthening of women’s socioeconomic status,
skilled birth attendance, access to skilled care before, during and after they
give birth, providing incentives to health providers to motivate them to do
their job effectively, etc. This will go a long way to help achieve the sustain-
able development goal on reducing the maternal mortality rate.



5 Standard Errors in Estimating Model Pa-
rameters

We now consider estimating the uncertainty associated with model param-
eters. There are various methods of estimating model standard errors and
in this work we choose to estimate the standard errors by using simula-
tion(Assabil and Don,2019, in review). This is a simple procedure that begins
with estimating the number of individuals alive and the number of deaths in
each age cohort: N; and D;. These values have already been estimated from
our model.

From these estimates, we defined the probability of death in this cohort
as p; = % and then generate a random number of deaths D from Binomial
(N, pi). We then re-run the estimation of the parameters with the same pop-
ulation size but with the new generated number of deaths several times till
convergence (in this case we run 100 simulations), with the data N; and D;.
Record the values of these new estimated parameters. This whole process is
repeated many times (100 in our case). Now we obtain the standard errors
of all of these parameter estimates and the covariance matrix. The results

after going through the procedure are shown in Table 1.

Table 1: Standard Error of Model Parameters
o B ¥
values 1.3342 -0.5477 0.1591
Std. Error  0.025 0.017  0.012

From the table, it can be seen that the error associated with model pa-
rameters are quite small indicating that our forecast is quite accurate.

6 Conclusion and Recommendation

In this work, we have developed a modified Gompertz model that fits the age
pattern of maternal mortality in Ghana. We tried the model on maternal
mortality data from Ghana between 2016 to 2018 and the fit looks quite
good. We also incorporate time into the model that allows forecasting and
we forecasted maternal mortality up to 2030. The results show that even
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though maternal mortality in Ghana has decreased over the 3-year period
since the inception of SDG initiative, the rate of decrease is not enough
to achieve the objective of reducing maternal mortality by 68 percent in
2030. To make that objective a reality, the work shows that Ghana needs to
reduce its maternal mortality by a further 3.1 percent annually. This calls
for intensifying programmes that reduce maternal mortality.

References

1]

Andreev, K. (2001). Kannisto-Thatcher database on population and
death counts at older ages. Technical report, Max Planck Institute for
Demographic Research.

Assabil, S., & Mcleish(2018). Mortality modeling using covariates with
Ghana census data. In review.

Beard, R. (1959). Some Aspects of Theories of Mortality, Cause of Death
Analysis, Forecasting and Stochastic Processes. In The Lifespan of An-
imals, 302-311.

Booth, H. (2006). Demographic forecasting: 1980 to 2005 in review.
International Journal of Forecasting. 22(3), 547 — 581.

Booth, H., Hyndman, R. J., Tickle, L., & De Jong, P. (2006). Lee-Carter
mortality forecasting: a multi-country comparison of variants and exten-
sions. Technical report, Monash University, Department of Econometrics
and Business Statistics.

Booth, H., & Tickle, L. (2008). Mortality modelling and forecasting: A
review of methods. Annals of Actuarial Science 3(1-2), 3-43.

Bi-Huei, T., (2015). Applications of Gompertz model in foreign direct
investment of Taiwan’s IC design industry into China. 2015 IEEE Inter-
national Conference on Information and Automation.

Cairns, A., D. Blake, K. Dowd, G. Coughlan, & D. Epstein (2009). A
Quantitative Comparison of Stochastic Mortality Models Using Data
from England & Wales & the United States. North American Actuarial
Journal. 13,1 — —35.



9]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

11

Coale, A. J., & E. E. Kisker (1990). Defects in data on old-age mortality
in the United States: New procedures for calculating schedules and life
tables at the highest ages, Asian and Pacific Population Forum. 4(1),
1—31.

Forfar, D. O., McCutcheon, M. A.; & Wilkie, A. D. (1988). On grad-
uation by mathematical formula. Journal of the Institute of Actuaries.
115,97 — 245.

Gavrilov, L. A.; & Gavrilova, N. S. (1991). The Biology of Life Span. A
Quantitative Approach. Chur, NY: Harwood Academic Publishers.

Girosi, F., & King, G. (2007). Demographic Forecasting. Cambridge:
Cambridge University Press.

Gompertz, B. (1825). ”On the Nature of the Function Expressive of the
Law of Human Mortality, and on a New Mode of Determining the Value

of Life Contingencies”. Philosophical Transactions of the Royal Society.
115: 513-585. doi:10.1098 /rst1.1825.0026.

Heligman, L., & Pollard, J.H. (1980). The age pattern of mortality.
Journal of the Institute of Actuaries. 107,49 — 80.

Hedau, V., & Soni, P.  (2016).Increment  of  Mo-
bile Subscriber in India : Gompertz Curve.
www.rsisinternational.org/journals/ijrias/DigitalLibrary /Vol.1
Issuel/01-04.pdf

Kannisto, V. (1994). Development of Oldest-Old Mortality, 1950-1990-
Evidence from 28 Developed Countries. Odense University Press.

Keilman, N., 1998. How Accurate Are the United Nations World Popu-
lation Projections? Population and Development Review. 24 : 15 — 41.

Lee, R., & Carter, L. (1992). Modelling and Forecasting U.S. Mortality.
Journal of the American Statistical Association. 87,659 — 675.

Rossi, S.,Deslaurier, A., &H.Morin, H. (2003). Application of
the Gompertz equation for the study of xylem cell develop-
ment.Dendrochronologia, Volume 54, 2019, pp. 49-55.



12

[20]

[21]

[22]

23]

[24]

[25]

Rzadkowski, G., Glazewskaet, I. and Sawinska, K. (2015).The Gom-
pertz Function And Its Applications In Management. DE GRUYTER.
Foundations of Management, Vol. 7 (2015), ISSN 2080-7279 DOI:
10.1515/fman-2015-0035

United Nations (2007). The Millennium Development Goals Report
2007, New York.

United Nations UNDP (2007). Ghana Human Development Report
2007, Accra: UNDP, Ghana office.

Tabeau, E.(2001). A Review of Demographic Forecasting Models for
Mortality in: E. Tabeau.

World Health Organization (2005). Annual Report of World Health Or-
ganization. Retrieved from http://www.who.com.

World Health Organization (WHO), UNICEF, UNFPA and The World
Bank (2007). Maternal mortality in 2005: Estimates developed by
WHO, UNICEF, UNFPA and the World Bank. Geneva: World Health
Organization.



Mortality Rate

Model fit to maternal mortality rate in Ghana

5 =103
15}
1 -
y
___,..-"'
D.E L L L 'l L L J
0 5 10 15 20 25 30 35

Age



Mortality Rate

Maternal mortality forecast in Ghana up to 2030

« 1073

11

9 10



	paper 3 mort.pdf
	mort..pdf
	fore.pdf

