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Abstract

Aims/ objectives : This paper studies the impact of the generally parabolic law of nonlinearity on the
evolution of the energy of super-sech soliton dynamics.

Study design : generally parabolic law of nonlinearity terms study.

Place and Duration of Study : Department of Physics, Faculty of Sciences and Technology(FAST),
University of Abomey Calavi, Bénin. between Febuary 2018 and January 2019.

Methodology : Variational approach, namely, the Lagrangian Variational Method (LVM) is presented.
The different results are obtained using standard fourth order Runge-Kutta method for integration
of the system of ordinary differential equation systems.

Results : Dynamics of the different parameters (amplitude, center position, pulse width, chirp,
frequency and phase) has been presented with respect to propagating distance.

Conclusion : This study reveals that the generally parabolic law of nonlinearity terms don’t affect
the energy of the system but influence the pulse phase.

Keywords : Lagrangian approach, generaly parabolic law, super-sech soliton, metamaterial.
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1 Introduction

The metamaterial is a new type of microstructured material which has been extensively used and
studied during the recent years. Metamaterials are artificial composite structures with both negative
permittivity and negative permeability. They also have fascinating physical properties and spectacular
uses [Veselago (1968); Pendry (2000); Shalaev (2007); Zharova (2005); Veljkovic (2017, 2015);
Biswas (2017c, 2014a,b); Green (2008); Solymar (2009)]. Metamaterials are an emerging technology
with applications in a range of diverse areas. Metamaterials are artificially engineered materials with
properties not available in natural systems such as negative permeability and permittivity, display
anomalous behaviour, such as negative refraction, superlensing, backward wave propagation and
reverse Doppler shifting. Consequently they are many applications including energy harvesting, object

cloaking, high data rate communications, sensors and detectors, imaging, anti-vibration, noise reduction,
seismic protection and antennae [Steve (2015)]. Metamaterials can either be used to improve the
performance of existing applications. Nowadays, it is possible to use this material as waveguide in
order to optimize the data transmission. This is precisely the framework of the present research. This
research aims to study the dynamics of a soliton pulse, super-sech soliton which is propagated in

a metamaterial, in order to assess the impact of the generally parabolic law of nonlinearity on the
pulse profile along its path in the metamaterial. The dynamics of solitons in optical metamaterials is
governed by the model [Agrawal (1989); Biswas (2014b); Douvagai (2017); Faroutan (2018); Zhou
(20173, 2014b); Veljkovic (2017, 2015)] :
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completely integrable and can not be solved exalily. In literature, diverse numerical and direct methods
have been proposed to construct exact solutions nonlinear partial differential equations modeling the
wave propagation in various media. The partial differential equations are converted into dimensionless
ordinary equations by employing suitable transformations. Among them, there are the collective
variables method, the method of moments, the Lagrangian variational method (LVM), the G/G’-
expansion method, the trial solution method, the extended tanh function method, the Ricatti approach,
the soliton ansatz method, the collocation method, the homotopy analysis method, the Keller box
method, the geometric approach and so on [Biswas (2017c); Cai (2010); Daniel (2018, 2017a,b,
2015); Fujioka (2011); Saha (2013); Zhou (2017a,b, 2014a)]. In this work, we extend the model
used in [Douvagai (2017); Houria (2016)] by considering the effect of higher-order parabolic law
nonlinearity (1.4) and propose to solve it by Lagrangian variational method. The LVM developed by
Anderson [Anderson (1983)] is based on minimization of action. This approach consists in derive a set
of ordinary differential equations of some important quantities of solitary wave. The objective of such a
study would be to exhibit the contribution of these terms on the dynamics of the optical soliton. These
terms appear in the metamaterial context when considered as centrosymmetric materials and high
order polarization vectors are taken into account in the Maxwell equation [Houria (2016)]. The new
equation is therefore given by (1.4) and we called it the general parabolic law nonlinearity Schrédinger
equation.

iq: + agie + Y bilgl*q = iaq: + iX(|q1*q)e + iv(|q|*)eq (1.4)
k=1

+01(lg*q)ee + O2la]* qre + 030”47

In equation (1.4), the unknown or dependent variable ¢ = ¢(z, t) represents the wave profile, while z
and t are the spatial and temporal variables respectively. The first and the second terms are the linear
spatial evolution terms and the group velocity dispersion, while the third term introduces the generaly
parabolic law of nonlinearity, the fourth, fifth and sixth terms represent inter-modal dispersion, self
steepening and the nonlinear dispersion respectively. Finally, the last three terms with 6, fork = 1,2,3
appear in the context of metamaterials [Veljkovic (2017)].

2 Lagrangian Variational Method

The main idea of LVM is based on extending Euler-Lagrange least-action principles to dissipative
systems. LVM is used to express the generalized GNLSE in terms of fondamental parameters (collective
variables). This consists in finding the Lagrangian of GNLSE, then choosing any convenient trial
function f (ansatz) assumed to best approximate the behaviour of the pulse in order to derive the set
of variational equations [Adrian (2008); Biswas (2018, 2017a); Cheng (2009); Edah (2014); Moubissi
(2001); Nakkeeran (2005)]. Let’s write the (1.4) in the form :

14 +(LQtt+Z bk|Q‘2kq:C: (2.1)
k=1
where
¢ =iag +iX(|al*q)e + v (1q|*)eq + 01(|a]*Q)ee + O2la]* qre + O3q° a7 (22)

is considered as a perturbation term. Let’s consider the equation (2.1) without perturbation term
(¢ = 0) and look for the solution ¢ on the form :

q(z,t) = u(z,t) +iv(z, t), (2.3)

101



Physical Science International Journal X(X), XX-XX, 2019

where u and v are real functions. Substituting (2.3) in (2.1), we obtain :

3

Uy + aver + Z bk(u2 + v2)kv =0, (2.4)
— v, + aus + Z bk(u2 + v2)ku =0. (2.5)
k=1
The equations (2.4) and (2.5) can be deduced respectively from Euler-Lagrange equations given by :
0Ly 0 (90Lo 0 (0Lo\ _

v 0z (avz ) ot ( vy ) =0 (2.6)
0Ly 0 [90Lo 0 (0Lo\ _
W*@(auz)*a(a*ut)*“’ @.7)

where the Lagrangian Ly is given by :
L —1uv—v —|—Zbkl 2y )k—g(u2+v2) (2.8)
0 — 2 z 22U 9 + t ) - .

When we express respectively u and v as follows : u = (g + ¢*) ; v = (¢" — ¢), the Lagrangian Lo
can be rewritten as follows :
1 * * ~bi1, ok @ 2
Lo=-(q:9" — q. - = . 2.
0= (a=q )+ o 4l 5 | al (2.9)

k=2

The averaged Lagrangian of equation the without right hand side is defined as :

“+oo
L:/ Lodt. 2.10)
. Then
ool N » byt ok @ 2
Lf/_oo [4(qzq _QZQ)+kZ=2 sp ™ =5 ae [7] dt. (2.11)

3 Super-sech Parameter Dynamics

The ansatz function f that we assume in this paper is the super sech soliton [Veljkovic (2017)] :

— X5
3

, X4
f = Xisech™ |:t ] exp |: ( 5 (t—X2)2+X5(t—X2)+X6>:| ; (3.1)
where X represents the amplitude of the pulse, X the temporal position, X5 the width, X4 the chirp,
X5 the frequency and X the phase. m is the parameter of the super-sech. In this paper, m is set
equal to 2. Substituting ¢ = f in (2.11), we obtain :

-X
L = L1+Zbk ! [t Q]dt, (3.2)
3
where
L, = %Xl 6 2X3x, — %X%XSXG
a X1 22 24 y4 2
—— L (48 + 60X5 X2 — (30 — 57°) X5 X 7). (3.3)
90 X3
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So for n = 6, the average Lagrangian is :

2 2 . 6—71'2 2 3 o 2 2 : 8 4
L = =-XiX3X;X —— X7 X5Xy — = X7 X3X — b1 X7 X
31352+361343136+35113
GX12 2 v2 2\ v4 2
90 X3

512 8 71 10 127
6435b3X1X3 + 125164X1 X3+ 2948

256
2079

bs X 17 X3 (3.4)

ba XS X5

+

X;, (1 =1,2,3,4,5,6) stands for derivative of X, with respect to z. Now, let’'s come back to the full
equation (2.1) where the term of right-hand side ¢ is non zero. When one applies the Euler-Lagrange
equations to (1.4), the variational equations are written as :

oL d oL +oo
_ 498 < dt + cc. 35
90X, (2)  dz0X, () /m Cfxydt+ c.c (3:5)

Substituting the expression of the average Lagrangian given in equation (2.11) and the ansatz function
fin ¢, then performing the integration of the right-hand side of (3.5), we obtain the following set of
variational equations :

2X3X,

X, = —aX X4+ B 6 ((247® — 235)0, + (247> — 157)(02 — 03)) , (3.6)
X2 = 2aXs—2a— % (3 +20) X2 + (661 + 262 — 265) X2X5)
. 4
Xy = 2aX3X47m((73O7+367r2)91+(785+127r2) (62 — 03)) X7 X3X4,
: 672a 1 144by o 1024bs 4  3072b3 g
X, = —2uX; - X X X
: @it 35 —6) X7 (7r2—6)X§( 35 1T g31 1T s
568bs g  1648b5 g 288 o 4 X3 2 42 242
+ X?+ X+ Z2AXTX5) 4+ — =2 (307 — 245) X3 X7 — 360X3 X2 — 3168) 6,
139 71T 425 T o35 0 175X§( s 30 )
4 X 30m® — 245) X5 X; — 360X35 X3 — 864) (62 + 6
+ﬁ7§(( T —245) X5 X4 — 5 X5 — 864) (02 + 03),

I 2(XaXs+2X5)aXs | doXs 4 XiXs (247 X5 — 13X1 Xy — 144X5)
s = — -2

X1 X1 35 2—6
% e (12X ;29 1,X61X4 mOL % (X1X4 — 3X5) AX3
% X1 X5 (247° X1 X4 + 247;22)(_5 ; 157X1 X4 — 144X5) 05 % (X1X4 — 2X5) v X1,
X = %W P D12y B0, AT,
+%bsxio + ﬁ% ((307 — 245) X35 X7 — 840X3 X7 + 928) 60,
1 X3

_% (6A + 24v) X7 X5 + ((307° — 245) X5 X5 — 120X3 X3 + 928) (62 + 03).

350 X7

4 Results and Discussion

The numerical study of the evolution of the different parameters of the super-sech soliton momentum
has been made in order to appreciate the impact of the generally parabolic law nonlinearity terms on
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the dynamics of such an pulse in a metamaterials. The different results are obtained using standard
fourth order Runge-Kutta method for integration of the system of ordinary differential equation systems
[Balac (2013)]. The dynamics of the system have been presented in Figure2 for the following parameter
values : a = 0.1, by = —20, « = —0.25, A = 0.1, v = 0.1, 6; = —0.01, 62 = —0.02, 65 = —0.3,
be = 0.001, b3 = 0.1, by = 0.1, b5 = 2.

The analysis of this curve shows that the amplitude, the pulse width, the chirp and the frequency slip
vary periodically as a function of z. Indeed, it should be noted that the choice of the initial condition
is of paramount importance for such a study. These parameters have been chosen so that the super-
sech soliton propagates itself without attenuation. The variationals equations X1, X», X3 obtained
are identical to those of Veljkovic et al. [Veljkovic (2017)]. This explains the resemblance of the
representative curves of the amplitude, the center position and the pulse width. The terms of high
order added to the equation don't influence the evolution of these parameters (X, X2, X3). On the
other hand the variationals equations : X4, X5, X are functions of the terms of high order introduced
and show dissimilarities. The different terms bx, k& = 1,...6, rather influence the parameters of the
pulse phase. This confirms the absence of these terms in the expression that describes the variation
of the energy (4.3). A comparison of our results to those obtained in literature [Veljkovic (2017); Green
(2008)] gave excellent agreement. As the pulse width propagates, the amplitude X3, the pulse width
X3, the frequency X5 and the chirp X4 vary periodically.

A particular attention has been drawn on the energy of the system. The energy is defined as :

—+oo
L:/ q|? dt. (4.1

—o0

In the case of the super-sech soliton, one has :

2
p= XiXs (4.2)
3
The evolution of the energy is given by :
dE 192 — 3272 —976 + 12872 4
dz [91 (35(—6 +7r2)) + (62— 05) ( 35(—6 4 72) >] X1 XsXa. “43)

FIGURE 1 — Variation of energy

FIGURE 2 — Variation of normalized pulse parameters( X;-soliton amplitude, Xo-
center position of the soliton, X3-pulse width, X4-soliton chirp, X5-soliton frequency,
Xg-soliton phase) with propagation distance
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5 CONCLUSION

This paper presents lagrangian variational approach for super sech soliton dynamics in optical
metamaterials. The optical soliton dynamics is governed by the generalized nonlinear Schrédinger
equation including generally parabolic law of nonlinearity. This equation is solved by lagrangian
approach where a six paramater (amplitude, center position, pulse width, chirp, frequency and phase)
super-sech soliton test function has been used to approximate the exact solution. Numerical simulations
have made it to represent these parameters graphically as a function of the propagation distance.
This study reveals that the generally parabolic law of nonlinearity terms don't affect the energy of the
system, but affect the pulse phase. Finally, the analysis of these results revealed that the choice of the
initial condition is crucial for such a study. A comparison with other results gave excellent agreement.
This work could be proposed in telecommunication to optimize the transmission of information. The
results with those additional laws of nonlinearity will be reported in future.

Références

Adrian, A. and Nail, A. (2008). Comparison of Lagrangian approach and method of moments for
reducing dimensionaly of soliton dynamical systems. Chaos 18, 0331291-0331298.

Anderson, D. (1983). Variational approach to nonlinear pulse propagation in optical fibers. Physics
Review 27, 3135-3145.

Agrawal, G-P. (1989). Nonlinear fiber optics. Academic Press, Boston

Balac et al. (2013) Embedded Runge-Kutta scheme for step-size control in the interaction picture
method. Computational and Physics commun, hal. archives-ouvertes.fr 184, 1211-1219.

Biswas et al. (2018). Conservation laws for perturbed solitons in optical metamaterials. Physics 8,
898-902.

Biswas et al. (2017). Optical soliton perturbation by semi-inverse variational principle. Optik 143, 131-
134.

Biswas et al. (2017) Optical solitons with quadratic-cubic nonlinearity by semi-inverse variational
principle. Optik 139, 16-19.

Biswas et al. (2017) Cubic-quartic optical solitons in kerr and power law media. Optik 144, 357-362.

Biswas et al. (2014) Singular soliton in optical metamaterials by ansatz method and simplest equation
approach. Optik 61, 1550-1555.

Biswas et al. (2014) Bright and dark solitons in optical metamaterials. Optik 125, 3299-3302.

Cai, W. and Shalaev (2010) Optical metamaterials : fundamentals and application. Springer, New
York.

Cheng et al. (2009) Dark soliton solutions to the Schrédinger equation for ultra-short propagation in
metamaterials. Journal nonlinear optics 18, 271-284.

Daniel, Y et al. (2017) Impact of thermal radi tiono electrical MHD flow of nanofluid over nonlinear
stretching sheet with variable tchickness. Alexandri Engineering Journal, 573, 2187-2197.

105



Physical Science International Journal X(X), XX-XX, 2019

Daniel, Y et al. (2017) Entropy analysis in electrical magnetohydrodynamic (MHD) flow of nanofluid
with effects of thermal radiation, viscous dissipation, and chemical radiation. Theoretical and
Applied Mechanics Letters, 74, 235-242.

Daniel, Y et al. (2017) Double stratification effects on unsteady electrical MHD mixed convection
flow of nanofluid with viscous dissipation and joule heating. Journal of Applied Research and
Technology, 155, 464-476.

Daniel, Y et al. (2015) Effects of buoyancy and thermal radiation on MHD flow over a stretching porous
sheet using homotopy analysis method. Alexandria Engineering Journal, 543, 705-712.

Douvagai et al. (2017) Electromagnetic wave solitons in optical metamaterials. Optik 140, 735-742.

Douvagai et al. (2016) Exact traveling wave solutions to the fourth-order dispersive nonlinear
Schrédinger equation with dual-power law nonlinearity. Mathematical Methods Application Science
39, 1135-1143.

Edah et al. (2014) Pulse propagation in a non linear medium. Open phys 13, 151-156.

Faroutan et al. (2018) Solitons in optical metamaterials with anti-cubic law of nonlinearity by ETEM
and IGEM. Journal of the European optical society 14 :16.

Fujioka et al. (2011) Chaotic soliton in the quadratic-cubic nonlinear under nonlinearity management
Schrédinger equation. Chaos 21, 033120.

Green et al. (2008) Dynamics of gaussian optical solitons by collective variables method. Applied
mathematics and information Sciences 2, 259-273.

Houria et al. (2016) Chirped soliton solutions for the generalized nonlinear Schrédinger equation with
polynomial nonlinearity and non-kerr terms of arbitrary order. Journal of Optics 18, 1-9.

Moubissi et al. (2001) Non lagrangian collective variable approach for optical soliton in fibers. Journal
of physics A. 34, 129-136.

Nakkeeran et al. (2005) Generalized projection operator method to derive the pulse parameters
equations for the nonlinear Schrédinger equation. Optics communications 244, 377382.

Pendry, J-B (2000) Negative refraction makes a perfect lens. Physics Review Letter 18, 3966-3969.

Veljkovi¢ et al. (2017) Super-sech soliton dynamics in optical metamaterials using collective variables.
Electronics and energetics, Sov.phys.usp 1, 39-48.

Veljkovi¢ et al. (2015) Super-gaussian soliton in optical metamaterials using collective variables.
Journal of computational and theoretical nanoscience 12, 5119-5124.

Veselago, V-G (1968) The electrodynamics of substances with simultaneously negative values of e
and p Sov.phys.usp 10, 509-514.

Saha, M. and Sarma, A.K. (2013) Modulation instability in nonlinear metamaterials induced by cubic-
quintic nonlinearities and higher order dispersive effects. Optik 291, 321-325.

Shalaev et al. (2007) Optical negative-index metamaterials. Nat.photon 13, 41-48.

106



Physical Science International Journal X(X), XX-XX, 2019

Steve, M. et al. (2015) A state of the art review of smart materials. Review of metamaterials in the
UK.

Solymar, E. and Shamonina (2009) Waves in metamaterials. Oxford University Press.

Zhou et al. (2017) Analytical study of thirring optical solitons with parabolic law nonlinearity with
spatio-temporal dispersion Optik 142, 73-76.

Zhou et al. (2017) Perturbation theory and optical soliton cooling with anti-cubic nonlinearity. Opik
142, 73-76.

Zhou et al. (2014) Optical solitons in birefringent fibers with parabolic law nonlinearity. Optics 44,
399-409.

Zhou et al. (2014) Soliton in optical metamaterials with parabolic law nonlinearity and spatio-temporal
dispersion. Journal of optoelectronics and advanced materials 16, 1221-1225.

Zharova et al. (2005) Nonlinear transmission and spatio-temporal solitons in metamaterials with
negative refraction Optics express 13, 1291-1298.

©2019 Amour AYELA & Gaston EDAH; This is an Open Access article distributed under the terms of the
Creative Commons Attribution License http ://creativecommons.org/licenses/by/2.0, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly cited.

107


http://creativecommons.org/licenses/by/2.0

	Introduction
	Lagrangian Variational Method
	Super-sech Parameter Dynamics
	Results and Discussion
	CONCLUSION

