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Abstract

In this paper, some inequalities involving the extension of k-gamma function are
presented. Consequently, some previous results are recovered as particular
cases of the present results.
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1 Introduction

In recent years, some extensions of the well known Euler’s classical gamma function have been
considered by several authors. Also many properties and inequalities concerning these functions
have been examined; see for example, [Askey (1978)], [Diaz and Pariguan (2007)], [Diaz and Teruel
(2005)], [Kokologiannaki and Krasniqi (2013)], [Nantomah et al. (2016)] and [Krasnigi and Qi (2014)].
The Chaudhry-Zubair extension of the gamma function is defined as [Chaudhry et al. (1997)]

I'y(2) :/ tz_le_t_%dt, Re(b) > 0, Re(z) > 0, (1.1)
0
and satisfies the recursion relation and reflection formula respectively as

Tp(z 4+ 1) = 2T (2) + 0% (2 — 1),
Fb(—z) = b’zl“b(z).

In the case b = 0, The Chaudhry-Zubair extension of the gamma function conclude with the classical
gamma function. Mubeen have introduced the following extension of k-gamma function [Mubeen et
al. (2016)]

P L
Fb,k(z):/ t* e R = dt, Re(z)>0,b>0,k>0. (1.2)
0
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Note that, when b = 0, I'y (2) tends to the k-gamma function defined by [Diaz and Pariguan (2007)]
k

T (2) :/ t*"le"®dt, k>0,Re(z)>0. (1.3)
0

Also, when k& = 1, T'y x(z) tends to I',(z) and if both b = 0 and k& = 1, then ', 1 (2) tends to Euler’s
classical gamma function I'(z).

Some properties of the extended gamma k-function Ty, 1. (z) are given in [Mubeen et al. (2016)] as
follows:

Dos(z + k) = 2Ty p(x) + 6" Ty (z — k), b> 0,k >0 (difference formula),

b Tk (—2) = Tyx(z), Re(b) >0,k >0 (reflection formula).
Throughout of this work, N indicates the set of natural numbers and No = N U {0}.
By differentiating repeatedly (1.3) with respect to z, one can obtain

ko yki—k

Iy (2) :/0 £ (Int)™e” ® "k dt, Re(z)>0,b>0,k >0 (1.6)

where m € N.

In this paper our goal is to give some inequalities concerning the function Fﬁf”,j (z) for z > 0 by using
similar techniques as in [Nantomah et al. (2017)] and [Atugba and Nantomah (2019)]. Our results are
also generalizations of some known results in the literature.

2 Main Results

In this section we present our main results by using Holder’s, Minkowski’s and Young’s inequalities
among other algebraic tools.

Lemma 1 (Mitrinovic (1970)). (Holder’s Inequality) Let o, 8 € (0,1) and oo + 8 = 1. If f(z) and g(x)
are integrable real valued functions on [0, o), then the inequality

1

e} [eS) 1 o] 1
[ i@e@lde< [ 1r@i o]+ [ [ lo@) da]” @1)
0 0 0
holds.
Theorem 1. Letz,y > 0,b > 0,k > 0, a,8 € (0,1), a + 8 = 1, m,n even, m,n € Ny and
am + pn € Ng. Then the extension of k-gamma function satisfies the inequality
(am+pBn) m AT (n B
" e+ py) < [T5P @)] [T w)]
Proof. By using the equation 1.6, we obtain
am+Bn) tk_pke—Fk

F’(’ﬂk (az + By) = / taz+6y71(lnt)am+6"e* T F dt.
0

Then since o + 8 = 1, and m, n are even we have

am n s k k,—k K k,—k
Tor 7 (az + By) = / t“(“”(lnt)“me(’%*“k )atﬁ’(y’”(lnt)‘*"e(*%*”% )8 4
0
oo ko pki—k\qa o k pky—k\18
< [/ LI gyme (- )} [/ e 2% )} ,
0 0
by using Holder’s inequality (2.1) and the result follows. O
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Remark 1. By letting k = 1 in the theorem 1, we obtain the theorem 3.1 of [Atugba and Nantomah
(2019)].

The following definition is well known in the literature; see for example Zhang (2012).

Definition 1. Let f : [a,b] C R — (0,00). Then f is called a log-convex function, if
flaz+ (1 - a)y) < [f@)°[F )

holds for any z,y € [a,b] and o € [0, 1].

Corollary 1. Letxz > 0,b > 0,k > 0, o,8 € (0,1), a+ 8 = 1, m even and m € No. Then the

m)

function Fg, W (x) is log-convex.

Proof. From the theorem 1 by letting m = n we get

Oy (e + o) < [0 @) " [r6n )]

which completes the proof. O
Corollary 2. Letz > 0, b > 0 and k > 0. Then the functionT', 1. (x) satisfies the inequality

Lok (@)Th(@) 2 [T(2)]”.
Proof. From the log convexity property of I'y . (z) we have [In Fb,k(m)]" > 0. Then

(] - DI

and the proof completes. O

Corollary 3. Letxz > 0,b> 0, k >0, m € No and m even. Then the inequality
Oy @) < TR (@ (@)
holds.

Proof. Letn =m+2, a = =} and = = y in the theorem 1. O

Definition 2. We introduce the extended k-digamma (k-psi) function i (x) as the logarithmic
derivative of Ty . (z);

; Thale) |1 [
= Zir S Ll £ Inte w ok dl
Vb,k(2) ar bk () Ty k() Fb,k(w)/o e

and more generally the extended k-polygamma function ng;;) (z) by
m dm+1
l(;,k)(x) =

forb,k >0,m=1,2,...andz > 0.

InT
» n bﬁk(l’)

From the difference formula (1.4), we get
InTyr(z+k)=Inz+Inlyk(x)+klnb+ InTy x(z — k).
Then,

Doz +K) = T+ Yuk(@) + Yoo — B). (22)
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Theorem 2. The function v 1 (z) is increasing for x > 0.

Proof. Since I'y, 1.(z) is log-convex function we have [In Fb,k(x)]” > 0forallz > 0. Then,

Yop(@) = [InTyp(a)]) = Fb,k(x)rb[,lfii)(x—)](zrb,k(x)) .

by using the corollary 2. O

Theorem 3. The following reflection formulas hold true forb,k > 0, m =1,2,... and z > 0,

wb,k(l') + 1/)b,k(—x) = Inb, (23)

Uy (@) = ()™l (—a). (2.4)

Proof. By using the reflection formula 1.5, we have
zlnb+ 1Ty k(—z) = InTy x(z),

and taking the derivative of both sides in the last equation, we obtain the equation 2.3. Also taking
the derivatives of the equation 2.3 repeatedly, we get the equation 2.4. O

Theorem 4. Letz,y > 0,b>0,k >0, m € No, meven, o,3 € (0,1), a+8=1ands > 0. Then
the inequality

Iy (ax + By +s) < [T (x + 8)]*[04 (y + )7
is valid.

Proof. By using the equation (1.6) and Holder’s inequality, we have

rm _ 7 axtByte)—1 m_ -t bRk
pi (T + By +5) = t (Int)™e™ F Edt
0

ik kK ok

:/oo taaﬂrsa—a(lnt)ame(fo 5 )(XtﬂerSﬁ'*B(lnt)ﬁme(*T*@)ﬁ
0

oo ko opki—k  qarp [ k pki—k 18
g[/ £ (Int)me” Tk dt] [/ s (Ing)me” TR dt]
0 0

= [0y (@ + )] [0y (v + 5)]°.

Hence;
F(m) < F(m) @ F(m) B
i (az + By +5) < [I (2 + 8)]7 [0, (v + 5)]7.

O

Theorem 5. Letx,y > 0,b >0, a,c,k >0, m € No, m even, o, 8 € (0,1) and o+ § = 1. Then the
function Ty, . (z) satisfy the inequality

m m) AL 1o (m)  CY
LV (e + ey) < O CON D ()17
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Proof. Similarly, by the Holder’s inequality, we obtain

k  pky—k

(oo}
I‘gfz)(al’—i—cy) :/ tTY T (nt)" e ® T R dt
0

k

e <] - k,—k
:/ tam_a(lnt)ame(_%_bktk k)atCy—ﬂ(lnt)ﬁme(—tT—th)ﬂ
0

ko ky—k S k pky—k 18
< [/ £ (It e T dt] [/ tF gy e dt} :
0 0

establishing the result. O

Lemma 2. [Mitrinovic (1970)](Young'’s Inequality) If a and b are nonnegative, o, 8 € (0,1) and a+8 =
1, then the inequality

a“b® < aa+ Bb (2.5)
holds.

Corollary 4. Letxz,y >0,b>0, a,¢c,k >0, m € Ny, meven,a,B8 € (0,1) anda+ 3 =1.
Then the following inequality holds

e+ ey) < aryp (3) + A4 ().

Proof. The proof follows immediately by using the theorem 5 and the lemma 2.5. O

Remark 2. Letm = n = 0anda = b = 1 in the theorem 5. Then we obtain the theorem 3.9 and
corollary 3.10 in [Atugba and Nantomah (2019)].

Lemma 3 (Mitrinovic (1970)). (Minkowski’s Inequality) Let1 < p < cc. If f(x) and g(x) are integrable
real valued functions on [0, ), then the inequality

[T +wrad” < [T y@ra] + [T i)’ 28
holds.

Theorem 6. Letz,y > 0,b >0,k > 0, m,n € No, m,n even, o, € (0,1) and u > 1. Then the
inequality

m n 1 m 1 n 1
[T (2) + T ()] < (T8 (@) (T3 (y) =
holds for z,y > 0.

Proof. Since z* + y* < (x + y)’“, for x,y > 0 and k > 1, by using Minkowski’s inequality we obtain
that

ko pky—k

[eS) oS} 1
00 (@) + T ()] v = [/ # (Int) e ® dt+/ e Inyne F TR a] "
0 0

o0 ks ~ 0 (_ib 1
< [/ t m (lnt) *L*Ta +tyTl(1nt)Ee(*tT*T)%] “
0

oo k k,—k 1 o k k,—k 1
< [/ £ (Int)me ® dt] et [/ £ (Int)"e F R dt]
0 0

and the proof completes. O
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Remark 3. By letting k = 1 in the theorem 6, we obtain the theorem 3.12 of [Atugba and Nantomah
(2019)].

Theorem 7. The inequality

. o5 (@) + T (@)
Fl(w,k)(x) < — D) ;
is valid for x > 0, m,r € No, m,r even such thatm > r.

Proof. By direct computation, we obtain the result since we have

(m—r) (m+r) (m) |:
r +T —2r =
b,k (x) b,k (95) b,k (m) /0 (ln t)r

k _ phi—k

+(Int)" — 2} (Int)™" e~ %

dt

tk _pke—k

:/ [1—(nt)"]*(ne)™ "¢ te™ &~ F dt > 0.
0

Theorem 8. Letb, k > 0, m € No and m even. Then for0 < a < 1, the inequalities

T k+x r 2k
O e SRR # @7)
’ bez (k + ax) FbTZ (k + ak)

hold true for z € [0, k]. If a > 1, then the inequalities (2.7) are reversed.

Proof. From the corollary 1 we have I‘éf?(as + k) is log-convex. Then logarithmic derivative of
™) (o4k))
Fét';)(aac-kk) ’

m)

Fz(:/i)(m + k) is increasing. Let f(z) = [In Fl()’k (z + k)] and g(z) = Then

Ing(z) =aln FI(:,Z) (z +k)—1In Fl(:,z)(ax + k).

Now, taking derivatives of both sides of the last equation, we get

f0 < a<1theng (z) > 0, since f(x) is increasing and g(z) > 0. Then the equation (2.7) follows
for x € [0, k]. Similarly, for a > 1 reverse of the equation (2.7) is satisfied. O

Theorem 9. Suppose that s € (0,1), b,k > 0, m € No and m even. Then the inequality
Ty (x4 s) < [0 (@) 05 (@ + )°

is valid for > 0.
k k,—k
Proof. Leta= 11, b=1, f(t) =t =)@ D (Ing)m=2) e~ (=9 (% ="5) ang
b phky ok

g(t) =t (Int)™ e*S( G- ) Then by using Holder’s inequality we get

1

[e’e} k ky—k — 1—s
Fl(:,:)(x—i—s) < [/ (t(l_s)(x_l)(lnt)m(l_s)e_(l_s)(%_th)) e dt] X
0
o k ky—k 1
x[/ (t”(lnt)msefs(%*b?e ))S
0
oo ke pk—k 1—s o0 ko pky—k s
= [/ # Int)me TR dt] [/ (t"(Int)™e * % dt] dt
0 0

= [ @) I (@ + D),
completes the proof of the theorem. O

dt] )
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3 CONCLUSIONS

In this study, we establish some inequalities for the extension of k-gamma function by using the
classical Holder’'s and Minkowski’s inequalities and other algebraic tools. The established results are
recovered as particular cases of some previous results.
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