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DYNAMIC BUCKLING ANALYSIS OF A CLAMPED AND VISCOUSLY DAMPED COLUMN
RESTING ON A QUADRATIC — CUBIC ELASTIC FOUNDATION BUT PRESSURIZED BY A
STEP LOAD

ABSTRACT: This work discussed the analysis of the dynamic buckling of a clamped
finite imperfect viscously damped column that is subjected to a step load lying on a
quadratic-cubic elastic foundation, using the methods of asymptotics and
perturbation technique. The formulation of the governing equation contains two small
independent parameters (6 and €) which are used in asymptotic expansions of the
relevant variables. The results of the analysis show that: (a) the dynamic buckling load
decreases with increased imperfections. (b) in the case of the column considered, the
dynamic buckling load decreases with increase in damping. The results obtained are
strictly asymptotic and therefore valid as the small parameters become increasingly
small relative to unity.

Keywords: Dynamic Buckling, Viscous damping, asymptotics and perturbation
technique, Column-like elastic structures

1.0 INTRODUCTION

Buckling is a phenomenon associated with failure of column-like structures. Structures on non-linear
elastic foundations are commonly used in engineering applications and occupy a prominent place in
structural mechanics. These structures can also serve as simplified models for complex non-linear
systems such as columns, shells and plates. Globally, collapse of buildings, bridges and other material
structures are issues of concern. Structural failures are forms of material failures which are dangerous in
nature and should be prevented by all cost. Series of investigations and studies have been done by
Engineers and Applied Mathematicians to determine the maximum loads structures can carry before
buckling occurs, yet buckling of elastic structures remain inevitable. Structural elastic materials normally
display certain tendencies of failures and instability when loaded either statically or dynamically and one
of the pre-occupations of the Structural Engineers and Applied Mathematicians is the determination of
the load which a given elastic material can support prior to buckling. A vast quantum of insights on
dynamic stability of elastic structure has been achieved by subjecting these materials to diverse dynamic
loading conditions. These loads include, step loading, impulsive loading, rectangular loading, triangular
loading [1] and even periodic loading [1] and [2]. From these findings, it has become firmly established
that initial imperfections, and to a lesser extent, the loading duration, are some of the main factors that
have been seriously implicated as causative agents of reduction of the elastic strength of these
materials. [3] investigated the dynamic response of columns under impulsive axial compression. The
investigation has been carried out on clamped specimens, made of metals and composite materials,
loaded impulsively by a striking mass. In the theoretical study Rayleigh-type beam equations were
assumed for a geometrically imperfect column of a linear-elastic anisotropic material, and the numerical
solution, yielded buckling behaviour that correlated well with the experimental results. The results have
shown that initial geometrical imperfections, duration of impulse and effective slenderness have a major
influence on the buckling loads, whereas the effect of the material is secondary. Recent studies on
dynamic buckling have been directed principally on columns, beams, plates, spherical shells and
cylindrical shells, and so, extensive literatures (most often numerical approach), have since come to
limelight. In this regard, mention must be made of [4], who studied some important parameters in
dynamic buckling analysis of plated structures subjected to pulse loading, while [5] equally investigated
the buckling of impulsively loaded prismatic cores. In the same token, [6] studied the dynamic buckling
of thin-walled composite plates with varying width-wise material properties while [7] also investigated
interactive dynamic buckling of thin-walled columns. We now mention [8], who studied the dynamic
buckling of thin-walled viscoplastic columns, while [9] similarly investigated some aspects of dynamic
buckling of plates under in-plane pulse compression. A study on longitudinal step-wise loading was
undertaken by [10], while [11] investigated triply coupled vibrations of axially loaded thin-walled
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composite beams. An investigation on computational nonlinear stochastic dynamics was undertaken by
[12], while [13] discussed nonlinear stochastic dynamical post buckling analysis of uncertain cylindrical
shells. Similarly, [14] as well as [15], and [16] made excellent contributions to the dynamics of dynamic
buckling. An investigation into the dynamic effect of lateral buckling of high temperature/high pressure
offshore pipeline was carried out by [17. In the same token, [18] investigated the dynamic buckling and
fragmentation in brittle rods, while a study on the vibration of nonlocal Kelvin-Voight viscoelastic
damped Timoshenko beams was undertaken by [19]. The study by [20] on non-linear analysis of
viscoelastic rectangular plates subjected to in-plane compression was insightful. [21] also investigated
the static buckling of infinitely column lying on quadratic-cubic elastic foundations using asymptotic
approach, similarly [22] analyzed the dynamic stability of a simple quadratic elastic model structure that
is pre-statically loaded but trapped by a step load using asymptotic approach.

The dynamic buckling load of a viscously damped elastic structure trapped by a step load is a real life
problem and the governing equation is the mathematical generalization of some of the physical
structures encountered in engineering practice. This work aims at investigating, using asymptotic and
perturbation procedures, the dynamic buckling of a viscously damped but clamped finite column lying
on a quadratic-cubic nonlinear foundation. In addition, the effects of light viscous damping as well as
imperfection on the dynamic stability of the structure are discussed. This work aims at determining the
dynamic buckling load of a finite imperfect elastic structure namely a viscously damped but clamped
column trapped by a step load by means of approximate analytic approach namely, the asymptotic and
perturbation methods.

The dynamic buckling load A, is defined as the maximum load parameter for which the displacement or
solution of the governing equation remains bounded for all time and is obtained from the maximization
(1l

da

o 0 (1.2)
where A is the load parameter and U, is the maximum value of the displacement of the column.

2.0 FORMULATION OF THE PROBLEM
The usual dimensional differential equation satisfied by the deflection W (X, T)of the column under
consideration satisfies the following partial differential equation, as in [23] and [24],

moWrr + oWy + EIWyyxx + 2P(T)Wyx + Wiy - kyW2- kegW3 = —ZP(T)ZZTVZ ,T >0 (2.23)
0<X<m (2.2b)
WE0) =0=W;(X0) =0,0<X<m (2.3)
W =Wy =0atX=0,mn (24

where, m, is the mass per unit length ,c, is the damping coefficient, El is the bending stiffness where, E
and | are the Young’s modulus and | is the moment of inertia respectively.

Here the nonlinear elastic foundation exerts a force per unit length given by

Wk, — k,W? - kW3 on the column where k;, k, and kzare constants such that k;>0, k,>0 , k3>0.
In this formulation, all nonlinearities higher than cubic are excluded, while all nonlinear derivatives of W
(X,T) are also excluded. Here, W is the stress-free time independent twice-differentiable initial
imperfection displacement and all aspects of axial inertia are neglected.

3.0 PERTURBATION PROCEDURE
To reduce equation (2.2) to (2.4) to non-dimensional form, we adopt the following quantities:

ko L ko L P(T) ey L _ kg i co ky ,
x=(=)2X w=(F)>2W, M) =———,t =()2T, €w=(>)2W,26 =——, a = ——
&) GEPW, M) = — s e = ) &) g
ka3
B =G (3.5a)
Here, we shall assume the following inequalities
0<d<<1, OKe<< 1. (3.5b)

On substituting (3.5a) in (3.2) and simplifying, the following is obtained

.
W e + 200 ¢ +W yypx +2Af ()W gyt W —a?—Pw? = —2€Af (t) ZT(: (3.6)
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t >0, O<x<m (3.7a)
w(x,0)=0=w,(x0)=0, 0O<x<m (3.7b)
w=w, =0atx=0,1 (3.7¢)

where, w is the displacement, t is the time variable, 6 is the damping coefficient, a and B are the
imperfection — sensitivity parameters, € is the amplitude of the imperfection, @ is a stress-free time
independent twice-differentiable imperfection and f(t) is a time dependent loading function while A is
the nondimentional amplitude (or magnitude) of the loading.
Here, a subscript following a comma indicates partial differentiation while @ is a twice-differentiable
stress-free imperfection and f(t) is a step load such that,
1, t>0

fo={y ;2o (3.8)
Here, it is assumed that § and € are two small but unrelated parameters that satisfy the inequalities as
in (3.5b). Our ultimate aim is to determine the dynamic buckling load A, which is obtained by using the
maximization (3.1).

Let,
T=56t (3.9a)
t=t +§ [wi(D)e + wy(1D)e? + w3 (1)e® + wa(T)e* + -+ (3.9b)
where,
w;(0)=0,i=123.. (3.10a)
Let,
w(x t)=U(xt 1€ 6) (3.10b)
From equation (3.10b); we have;
_ (2w 98y (8w 3t dry . (9w ot
We = (af'at) + (af 'ar'at) + (ar'at) (3.12)
=U; + (wie + whe? + wied + ... U, + 86U, (3.12)

The following also follows:
W = Upgs + (wi€ + whe? + wie3+..)2 Uz + 82U, + 2(wie + whe? + whed + - YUz + 26U +
26(wie+ whe? + wied + .U + 6(wie + wye? + wie + ...)U;(3.13)

Substituting (3.12) and (3.13) into equation (3.6) results to;
Ug + (wi€ + whe? + wied+...)2U0 s + 62U 1 + 2(wi€e + whe? + wied + - YU + 26U;,
+ 26(wie + whe? + wie® + )V + S(wie + whe” + wied + .)U;
+ 28[U; + (wi€ + whe? + whe® + .)U;+ SU | 4 Uy + 24U, + U + aU?

), il 3.14
BUS = —2he—— (3.14)
Let,
U e = 52,32, U8 (x, 6, 1)l (3.15)
=e(U1D 4 UMD + 5200 4 ... ) 4+ €2(URD + §UCY + 520D + ...
+e3(UCO + sUBYH + 520G 4 .. ) + .o (3.16)

Here, the ij in Uare not powers but superscripts. Therefore, the following orders of equations are
obtained

%o

dx?’

0(e8) : UG + UL + 2400 + v = 208D — 201 (3.18)

JXXXX

0@e): UGY + UG + 22057 + 049 = —22

SXXXX

(3.17)

0(es?): UG? + Ul + 20087 + 00D = 20 - 20 - (Y

0(e?) : UV + UL, + 22020 + U = —(aU®®)” - 20, U (3.20)

Jtt

0(€28) : UGV +UZD + 2203 + UV = —2quOUED — 208 — 2089 — 201UGY -

Bt XXXX

wy USY = 204U (3.21)
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0(e26%): UGP +UGD + 24037 + U@ = —u%” — 201057 — 208P —

204U - Zw"U(“) 208V — 20U — {(U<11>)2+U(1°)U<12>} (3.22)

0(e®) :+ UV +USL + 2050 + UG =
—(w;)zugo) 2(0;US” + wpUGY) — 200U + (UE0)’ (3.23)

0(e38) : UGV + U;?Qx + 22080 +uGY
=—(w 1)2U(10) ( 1U,(Ez1-1)+ 2U(11)) 2U(30)+ Z(wlU(20)+ 2U(10))
— (Ul + wyrut”) - 2{uf” + (wlul(fz‘” + g U$™)}
— a(UOUED 4 yaDYQRD) 4 38(UaN)*(YaD) (3.24)

0(e36?) : USP +USD, + 22U57 + UG

= —(w 1)2U(12) U8 = 2(0U$? + wpu?) - 208 = 2(wiUEY + iUty
wyUPY + w"U(“)) 2(UPV + w0 UPY + wyU V) - 205
— Za(U(lo)U(32) + yangyey 4 U(12)U(20))

+ [(Ua9)2y02 4 3y (Ya0)’] (3.25)
The associated initial conditions are as follows:
0(€): U (x,00)=0;i=123...,j =123 ... (3.26)
0(e8): UM (x,0,0) + U (x,0,0) = 0 (3.27)
0(e62):U$?(x,0,0) + US (x,0,0) =0 (3.28)
0(e?) : UV (x,0,0) + wi(0)USV(x,0,0) =0 (3.29)
0(e28): UV (x,0,0) + wi (U (x,0,0) + U (x,0,0) =0 (3.30)
0(e26%): UF? (x,0,0) + wi(0UF?(x,0,0) + UFY(x,0,0) =0 (3.31)
0(®):USY(x,0,0) + w; (UL (x,0,0) + w5(0)UI (x,0,0) = 0 (3.32)

0(e38): ULV (x,0,0) + wi (UL (x,0,0) + wy (U (x,0,0) +UT(x,0,0) = 0(3.33)

0(e36?) : USP(x,0,0) + 00U (x,0,0) + w,(0)US?(x,0,0) + UV (x,0,0) =
0 (3.34)

The associated Boundary Conditions are
v = v =0;x =0, (3.35)

4.0 DYNAMIC DEFORMATION OF THE COLUMN

Let

@ = @y (1 — cos2mx), where a,, is a constant, (4.1)
And let

Ut 1,x) = ¥, U (1) (1 — cos2nx) (4.2)
Solution of equation of order €&, j=0,1,2

Substituting (4.1) and (4.2) into (3.17) gives

Z(l - cosan)Ui}lfOf) + {—16n* + 8in% + (1 — cosan)}U,(Lm)
n=1
= —8Am?a,,cos2mx (4.3)
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Multiplying (4.3) through by cos2mx and integrating from 0 to tand for n = m, the result is,
T oo

f Z[{(l — cosan)cosme}Ur(llt(?

0 n=1

+ U,(Lm){(—16n4 + 8An?)cos2nxcos2mx + (1 — cos2nx)}cos2mx |dx

" _ _ ™1+ cos4mx) —-8im?a,,
= —f 8Am?2a,,cos2mxdx = — BAmZamf fdx =
0 0

= —4im’a, (4.4)
The left hand side vanishes for all n except where n =m. Thus, for n=m, it easily follows that

f Z [{(1 — cos2nx)cos2ma}UlY

+ {U,(llo)(—16n4 + 8An?)cos2nx

+ (1 — cos2nx) U,glo)}COSme ] dx (4.5)
It is to be noted that, when n=m, then

T
f U,(lm)(—16n4 + 8An?)cos2nxcos2mxdx
0

i
= U,(nm)(—16m4 + 8/1m2)f cos?2mxdx
0

T
=3 U9 (—16m* + 8Am?) (4.6)
Thus, substituting (4. 6) into (4.4), gives,
—2USD + 2 (—16m* + 8AImAUGY - UL = ~8Am?a, (3) (4.72)
And this yields,
Ul + (6m* — 8am? + DULY + UL = 8AM2a,, (4.7b)
Let,
16m* —8Am? + 1 = 62 (4.7¢)
Then (4.7b) becomes
Ul + 0203 + Ul = 8am?a,, (4.7d)

Initial conditions are
Ui (0,0) = 0; USP(0,0) =0
Therefore, the solutions of (4.7d) is

U = oy (1)cosOt + By (*)sinbt + B (4.7¢)
__ 8Am?ay,,

where, B = == (4.71)

The use of initial conditions gives

8Am2a,
@ (0) = == B =0 (4.7g)
Thus

U0 = y191 - cos2mx) (4.8)

From (3.18), we have,
0(ed) : UGV + UL + 22057 + U0 = —208 — 2010
Let

yan — Z UM (¢,7)(1 — cos2nx)

n=1

n,tt

Z[U(ll)(l — cos2nx) + (—16n* + 8An2) UM cos2nx + (1 — cosnx) UT(LH)]U,(LIO)

Z[U(w) + U(lo)](l — cos2mx) (4.9a)

mtt

Multiplying both sides of (4.9a) through by cos2mx and integrating from 0 to t and for n=m, gives
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T oo
J Z[{(l - COSan)COSme}USflE)
0

n=1
+ U,(lll){(—16n4 + 8An?)cos2nxcos2mx + (1 — cos2nx)}cos2mx |dx

_ (10) (10)
=-2[U, 7 + U, ;

mtt ,t

T
]f (1 — cos2mx)cos2mxdx
0
_ T .. (11) s (11) mor(11) _ (10) (10) T
= —Zul + Z(—16m* + 8Am*) UG — ZUlY = —2(UlP. + USY) (- %) (4.9b)

m,tt

Further simplification gives

(11) (11) _ (10) (10)
Upi + (16m* —8am? + DU, " = =2(U,, 5 + U, (4.90)
i.e.
(11) (11) _ (10) (10)
Ui + 02Un = =2(Up g + Uy (4.10)

The initial conditions are
Ui (0,0) = 0; USP(0,0) + UG
Substituting for U,(nw)on the right hand side (RHS) of (4.10), from (4.7e) gives
US;? + 02U0Y = —2[—0a}sindt + 6B, cosOt + (—Oa,sinbE + 6B, cos6D)]
= —20[—(a; + a;)sindt + (B + B)cosoi] (4.11a)
To ensure a uniformly valid solution in £, implies equating to zero the coefficients of cos8t and sin8t on
the RHS of (4.11a). Therefore, the coefficient of cos@t gives

Bi+B=0 (4.11b)
The integrating factor is e® , then,
b _ (4.11c)
dar
This gives,
B,(1) = Ae™" and B,(z) = 0 (4.11d)
Similarly, the coefficient of sinft gives,
aj+a; =0 (4.11e)
This gives,
a1(0) = —a,(0) = B and a,(t) = —Be™" (4.111)
U,(nlo) = a,(t)cosft + B (4.11g)
The remaining equation in (4.11a) is;
Ul + 0205 =0 (4.11h)
U = a, (1) cosOt + B (1)sinbE (4.12a)
From US%(0,0) = 0,
a,(0) =0 (4.12b)
From Ur(nl‘;)(0,0) + U,(,ig) =0,
,(0)0 + a(0) = 0and B,(0) = - 22 ==& (4.12¢)
6 )

U,(nll) = U,(,zl)(l — cos2mx) (4.12d)
From (3.19); the next equation is
0(e6?):U5? + USE, + 22087 + 0D = —2u§D — 208 — p (0
Substituting for U,(:D and U,(;O)from (4.11g) and (4.12a) respectively on the RHS of (3.19), gives
Ur(nlfz + HZU,(an) = —2[—-0a5(7)sindt + 0B (t)cosOt + (—0a,(t)sindt + 0, (7)cost)]
— of (t)cosOt (4.13a)

= 2005 (1)sinft — 26, (t)cosOt — Ba,(T)sindt + 0B,(t)cosdt — o (v)cosOF
= (2005 (z) — 20a,)sindt + (20B,(x) — 26B5(z) — o (z))cosht) (4.13b)
To remove secular terms in the solution ofU,(nlz), ie to ensure a uniformly valid solution inf implies
equating to zero the coefficients of cos8t and sin@t on the RHS. These respectively give
cosOt: —2(0B; +6B,) —ai =0
And
sinft : —2(—0ay — Ba,) =0

“ B+ By =22 and 3 (0) = 2] (.13
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~o,+a,=0 (4.13d)
Therefore, from (4.13),
a,(t) =0, (4.13¢)
And from (4.13d),
Ba(0) =7 = [T ds + ,(0) | (4.13f)
i.e
_ teSa'’ B
Bo(1) = e [— Jy s - 2] (4.13g)
2 UV = B, (1)sinbt (4.13h)
Equating the left hand side (LHS) of (4.13a) to zero,
i.e

vl + 02u5P =0

m,tt
The Initial conditions are

UiP0,0) =0, USP +USP0,0) =0

USSP (8,7) = a3(1) cos 0 & + By (1)sinbE (4.13i)
Applying the initial conditions,
az;(0) =0, B3(0)=0 (4.13))
US2(0,0) = 685(0) =0
B5(0) = 0 (4.13K)
2 U2 = U8P(1 - cos2mx) (4.131)
From (3.20),
0(e?): ULY +UZD, + 22UEY + U = —(aU19)* - 20; U
Let,

U@ =y g9 ¢ 1) (1 - cos2nx) (4.14)

Substituting (4.14)into (3.20) gives ;
U9 (1 = cos2nx) + (—16n* + 8An2)U(ZO) cosan]

n tt
+(1 - COSan)U,(IZO)

n=1

23 1
—a(U(lo)) [— — 2cos2mx + Ecos4mx]
- 2w (10)(1 — cos2mx) (4.15a)

mtt

Multiplying both sides of (4.15a) through by cos2mx and integrating from 0 to mt and for n=m, the result
gives;

[ 2Ur(rf::)2+( 16m* + 8Am2)uZ® (2) (%U(zo))]
= -a(UR") [-2(3) - 201052 (5)] @15b)

i.e,

(20) (20) en] _T (10032 (10)
> [0 + (~16m* + 8AmHUEY — U] = 2 [20(UR?) + 205052 (4.150)
Simplification of (4.15c) gives,
2
Ul + (16m* — 8am? + DUSY = — [2a(US") + 201U59] (4.15d)

And this further gives,
2
Ul + 02U = —[2a(USL”) + 20U (4.162)

m,tt m,tt
The initial conditions are,
UE2(0,0) = 0,U%P(0,0) + ' (0)USP(0,0) = 0
Next multiplying equation (4.15a) by cos4mx and integrating from 0 to t and for n=m, the result gives;

—2uQ%; + (—256m* + 322m?) () URY - (Z) Uz = —a(Ul0Y’ (G3)  (a16b)

2m,tt

Simplifying (4.16b) gives;
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2
SO + (256m* —322m? + DUSY =2(USV)  (4160)

2m,tt
Let,
p? = (256m* +32Aim?+1) >0 (4.16d)
Therefore, (4.16c) becomes
2
Ut + 92 UR® =2(U”) (4.17)

The initial conditions are,
U$9(0,0) = 0; UL(0,0) + w,UL(0,0) = 0

2m,t Zm t
On substituting for U(lo)on the RHS of (4.16a), the S|mplificat|on is

U(ZO) + BZU(ZO) = —[{2a(a;cos0tf + B)?} + {2w;(—a,cos8t)}] =

2m,tt
2
- [Za {(6!2_1 +B ) + 2Ba;cosOt + 7a1c05265} + Zw'l(—alezcosef)] (4.18a)
To ensure a uniformly valid solution int, we equate to zero, the coefficients of cos26ton the RHS of
(4.18a). That is,

—[2Ba; — 2w',0%a,] =0 (4.18b)

aw'y = :;2; Wy = f:;zd‘r (4.18c)
The remaining part of equation (4.18a) for U(ZO)

Ur(rfgz + 02U = 1y + rycos20t (4.19a)

where, ry = —2a (7 + BZ) , 75(0) = —3aB?
= —aa?,r(0) = —aB?,15(0) = 2aB?,1{(0) = 2aB?

2 USO(E,1) = ay(1)cosbi + By (1)sindi + 2% — B2t (4.19b)

From the initial condition,
(20) 10(0) ro_

Uy’ (0,0) =0; ie, a,(0)+ (;2 2?—0

. _ " 19(0) _ 8aB

fay(0) = 5 -2 =2 (4.19c¢)
Applying the initial condition, U7 (0,0) + ' (0) + U5 (0,0) yields,

8,(0) =0 (4.19d)

Simplification of (4.17) yields,
2 2
Ul 42Ul = g [(% + BZ) + 2Ba;cosOt + %cosef] (4.20a)

2m,tt

U(ZO)(t T) = as(r)cos<pt + Bs(1)singt

L2 7+BZ)+2B0(10056?+ a?cos20t 420D
2| T oo Taer-ey (4200

From the initial conditions,

U220,0) = 0; UL2(0,0) + w,UL(0,0) = 0

2m,t 2m,t

2
©) +5 %+BZ)+ 2Bey o 0
SaA — =
T2l et T (92-67)  2(p? - 46%)
2
( L+B?) 2Ba a?
was(0) = -1 o=+ ((pz_glz) + 2((/)2—14—92) = 0] at =0
i.e
3B? 2B? B?
as(0) = =5 [255 - =255 + s | <BPaS, and s (0)=0 (4.20¢)
3a a a
where, Sy = (_ﬁ + o5 4((p2_402))
2 U) = yP9(1 - cos2mx) + ULY (1 — cosamyx) (4.20d)
From (3.21),

0(e28): USY +UZD, + 2203 + U@
= —2aU0OUM — 20 %Y —20PY — 20U - UF? - 20U



311 i.e
312 U$V+ Ul + 2408 + U@ = —2a057 (1 - cos2mx) UL V(1 — cos2max) — 208D (1 -

XXXX mtt
313 cos2mx) — ZU,sig)(l — cos2mx) — Za);Ur(:g(l — cos2mx) — wy U,(nl,g)(l — cos2mx) —
314 20U (1 — cos2mx) (4.21)

315 Let

(o]

Uty = Z ULY (1)1 — cos2nx)
n=1
316  Substituting into (4.21) gives,
Z[U(z})(l — cos2nx) + (—16n* + 8An2)UY cos2nx + (1- COSZTLX)U(Zl)]
n,tt n n
n=1

3 1
= —2aU,(nlO)U,(nn) [E — 2cos2mx + Ecos4mx] - 2U7(nz'2(1 — cos2mx)

— ZUr(nZ'?)(l —cos2mx) —2w; Ur(nlég(l — cos2mx) — wi’Ur(nl'?)(l — cos2mx)
- Zw{U,(nl,?)(l — cos2mx) (4.22a)

317 Multiplying both sides of (4.22) through by cos2mx and integrating from 0 to 1t and for n=m, gives;
T ey (T T ey
[_E UZH + (—16m* + 8Am?)U (E) + (_5 ]
T T
~2aU Ui (-3) - 2050 (—5) - 205
= ' ' (4.22b)
BN PNE71CES: (_E) — U oy (_E)
( 2) w1V i 2 Wy Upp ( 2) WU ¢
318 Further simplification of (4.22b) yields,
UP + (16m* — 8Am? + DUV

m,tt
= —2aUSVUGY = 208 - 208 - 20, USH — wiUSY
— 2w} ULY (4.220)
319 The above finally yields,

320 UZH+eusY =

m,tt

321 —2aU{0UGY - 208 — 208 = 20iUSH — Wi USY -
322 2wiUSY (4.23a)

323 The initial conditions for (4.33a) are,
UEP(0,0) = 0; ULP(0,0) + wi (USSP (x,0,0) + ULY(0,0) =0
324 Next, multiplying (4.22a) by cos4mx and integrating from 0 to 7 for n =m, gives
_TR) 4 272D (M) _ 7y @DN] oy (10) (11 (T (1) _ o (11(20)
325 [-2Ugh, + (—256m* +32am*) UL (3) - 2u2)| = —2aUS VUl (3) (3) - 2(vse, +

2m,tt 2 2mtt
326 U%Y (4.23b)
327 USY; + @2 USRY = aUSOuSY +2(ul)), + UZY) (4.24)

2m,tt 2m,tt 2m,t
328 The initial conditions for (4.33b) are,
U(Zl) 0.0) = 0: (21) —
2m ( ’ ) - OI UZm’f(OJO) - 0

329 Substituting for U,(nlo), U,(nmand U,(,fo)in (4.24) yields
330 UPPD+eugY =
m

m,tt
331 —2aUR"UGY — 2080 - 208%D - 20, UG - 0 USY -
332 2wU0Y (4.252)
333 e,

334 2a (“1ﬁ2 sinft + B,stinef) -2 (—Ha[tsian + 0B;cos0t + %

2

335 Oscos0t + 2200 001 (—67)B,sindt — wi (~0a, sindt) —

336  2wi(—a,0sindi) (4.25b)

337 To ensure a uniformly valid solution in, £, we equate to zero the coefficients of cos6t and sinét. This
338 yields respectively,

339 —20B, —26B, =0 (4.25c¢)

340 aBf, + 20a, + 20a, + 202w p, + wifa; + 2w a0 (4.26d)

) -2 (—0a4sin9f +



341
342
343
344

345
346
347

348
349

350
351
352

353
354
355

356
357

358

359
360
361
362
363

364
365

366
367
368
369
370

371

372
373

374
375
376
377

“BatPs=0 (4.26¢€)
Solving (4.26e) yields,

Ba(t) = B,(0)e™" = 0 since B,(0) =0 (4.261)
Solving (4.25d) yields,
s+, = py(7) = 5= (aBp, — 207w, — wf fa; — 2wia,0) (4.269)

a,(7) = €_T[fotesp1(5)d5 + a,(0)]

= ay(0) = p;(0) — ay(0) (4.26h)
where
a,(0) = % (4.26i)
a;,(0) = _1339“232 o (4.26))
Fpi(0) = S g (e ) =y (4.26K)

where, V = (392 + )
The remaining equation in (4.25a) becomes,
U + 02U = 1, + r5c0520t + 1,5in20¢ (4.26])

m,tt

with the initial conditions,
UEY(0,0) = 0; UZP(0,0) + wi (USSP +US2(0,0) =0
where,
= ayay; 12(0) = a;(0)a,(0) =0
T3 = aa1a, ;5 13(0) = aa;(0)a,(0) = 0; r3(0) =0,
_ sa 2 —5aB2
Ty = [“%Bz +§(“1“1 +a1)] 7(0) = [a( B)( ) ( —B.B+B )] - 7’4(0) =2
The solution of (4.26l) becomes

UZV(E, 1) = ageosdt + ,86Sin9f +2 - (W) (4.27a)
with the initial conditions, a(0) + - W =0
-3
ag(0) =02 = o, Bs(0) =0 (4.27b)
From (4.24),
aif,
Uz(fnl)n <P2U2(3,3) [ sin20t + Bﬁzsm9t] + Z(Uz(ff)” + Uz(sz)r)

aq
= a

+2 [ paisingt + Bipcospt + = > {

+ {{—passingt + Bscospt
a{—ZGalBsinﬂf ZHafsinZHf}}
2

29a1Bsm9t 26(a?)'sin26t
—6? 2(p? — 467)

- 4.2
0% — 62 2(p? — 462) (4.28a)

To ensure a uniformly valid solution in , £, we equate to zero the coefficient of cosptand singt

2005+ 2¢Ps =0 = s+ Ps =0 = B5(0) = —p5(0) (4.28b)
—2¢ai —2pas =0 = al+ a5 = 0= ai(0) = —as(0) (4.28¢)
Bs =Ps(0)e™ " =0,a; =as(0)e™" =0 (4.28d)

The remaining equation of (4.27a) is:

(21) 2 (21) -268 aa By | af-0@D' +a\] ;. 5pr _
Uiz T ¢°U; [a’B[)’z ( o 92) (a1 + al)] sinft + [ o t3 { 20?207 }] sin20t =
rsSindt + rgsin20t (4.29a)
where,

Ts = [afBﬁz %(a1 + a)] = aBf,, sincea; + a =0,

32 aaif O(ai) +a
a; = B; 15(0) = »Te = [ - +_{2(<p21—492)1}]
' a1 (0)B2(0) 9(a1(0)) +“1(0) _Bla, _B¥a _
= 16(0) = [ 2 +z{ 2(p2-462) }] =2 Yirae B (290
a ad
where, §; = (5 H@?-202)

10



378
379
380

381

382

383
384

385
386

387

388

389
390

391
392
393
394
395

396

397
398

399
400
401

402

403
404

405
406

rscosOt n recosOt

21
~UED = a,(v)cospt + B,(t)singt + w267 T g2 202

(4.30)
The initial conditions for (4.30) are
u$P(0,0) = 0; ULY(0,0) + UL%(0,0) = 0;

2m,t 2m,7

, 0 ot 0 0 Oajcosbi
= —@a,(0)singt + pp,(0)cospt + T‘;(g)_c:: t42 ;52(3)::25 L at(0)cospt + = [alal %
2 ajaicos20f] _

s~ a;(0) =0 (4.31b)
Similarly, the following is obtained
Ors(0) . 207¢(0) a1(0)a;(0) , 2B0aj(0) , aj(0)ai(0)] _
057 (0) + 20 4 207600 1 5(0) + 2[A0O | 20000 | AOGON — 0 (4.322)
675(0) 20714(0) ,
187(0) ___[¢ _62+(p2_492 aS(O)
afa;(0)a;(0) 2BOaj(0) a;(0)a;(0
L (GO (0) | 2B0ai(0)  ai () (0) )
2 ®? @2 —0%  (p?—40%)
i.e
(0)—B2(5+ S - 2005, ) @32
b o 1207 22400 apr -0 g7 —aeD)) 329
So far, it follows that
U@ =y (1 - cos2mx) + UP (1 — cosdmx) (4.33)

From (3.23),

22 22 22 20 ’ 12 21 ! 12 " 11
0(e26%) : USP +UG2 + 200%P = —Ul” — 201U — 20PP - 201U 207U -
20 - 20 Uﬁll) — af(uev)* + o}

U(ZZ) + USZ,EX)X + ZAU(ZZ) [U,(,fgl(l — cos2mx) + Uz(f,?)n(l — cos4mx) + Z(ulUr(:?z(l -

cos2mx) + 2{ A (1 - cos2mx) + Ul 1- cosme)}+ 2wy U(ll)(l — cos2mx) +

mtt 2mtt

m,tt

2cos2mx + = cos4mx} + 2{ (1O)U(12)}{ — 2cos2mx + = cos4mx}] (4.34)

{ (21)(1 — cos2mx) + Uz(fnl)f(l - cos4mx)} ++ 2wiU vi (1 - cos2mx) + a (U(n)) {

Let
U@2) = Z Ur(lzz)(f 7)(1 — cos2nx)
n=1

The LHS of (4.34) simplifies to,
e[ UZR (1 - cos2nx) + (=16n* + 82U + US? (1cos2nx)| = RHS of (4.34)

ntt
Multiplying (4 30) through by cos2mx and integrating from 0 to i and for n=m, we have,

2) , 4 2y7722) (T _T e
2Umtt+( 16m* + 8Am)UL? (3) + (-5 UR?)

= -[(- 2)”1(52” wiUSH (- 2)+2Uf,3§3( 2)+2w;'u,§1{;>(_g)
+ 2080 (- 2)++2w1U(11)( )+a(U,‘,}“) (—2._7”)

-
+aULOus? (—z.—2 ] (4.35a)
Further simplification of (4.35a) gives

U 4 (16m* — 8Am? + U

2 m,tt
- —E[—Uﬁigi—z (082 20@Y 205Ut — 20D — 204U
+ 2 + 2a X
2a(US)2 + 2quVy? 4.35b

Further simplification of (4.35b) yields
USH + 02U = —[URD + 2605U07) + 208 + 207 UGE + 208D + 201U P — 2 (U5 +

m,tt mTt m,tt mtt

UsusP (4.35¢)
The initial conditions for (4.35c) are

11



407 U?(0,0) = 0; ULP(0,0) + wi(0)US? + ULP(0,0) =0

408 Next from equation (4.34) for n=2m, let
Ue? = Z U$? (1 — cosdmx)

n=1

409 Multiplying (4.34) through by cos4mx and integrating from 0 to m and for n = 2m, gives
T T T a 2 T
— Uil + 5 (=256m* + 322m)UGY —ZUGD 2 (V) + (UOUs?) (3)} @362)

2 2m,tt 2 2m 9
410 This further gives
2
411 R+ o2UY = =2{(Ui") + (USOUR?)} (4.36b)
412 The initial conditions are
413 UE?(0,0) = 0; UZ2(0,0) + wi(0)ULS + Uer (0,0) =0

414 On substituting for terms in (4.35c) and simplifying, the result is
(22) 277(22) _

415 Upne + 6°Un™~ =

) _ 1 cos26t

— g g4 To
416 [{a4 cosOt + o2 257

417 29r35in26§;§6mw$29f} + 2w1(8B,cos6t) + 2 {—a693in9f + BsOcosOt + (
418  2wi{8B,cosOt} +

419 2a {% (1 — cos26t) +

420 (“Lesin20t + Bp,sin26t)}] (4.37a)
421 To ensure a uniformly valid solution inf; equate to zero the coefficients of cos8t and sin6t of (4.37a)
422 and this yields respectively

} + 2w {—6%azsindt + B30%cosOE} + 2 {—Bagsinef + OBicosOt —

20135in0t—20r,4c050t—
5 +
36

423 —al + 2w,0B5 — 208, — 20,0, — 2840 — 20,08, =0 (4.37b)
424 and

425 2w10%as + 20ag + 2a¢0 — 2aBB, = 0 (4.37¢)
426 Simplification of (4.37b) gives

427 B+ Bs = 55 lai — 20160285 + 207 B, + 2w10B,] = p, (1) (4.37d)
428 Bs(t) = e7"[J € po(r)dt + B (0)] = e *[[ e p,(v)dr] (4.37e)
429 Similarly, simplification of (4.37c) yields

430 g+ ag = 5= [—2010%a; + 2aBB,] = p3(7) (4.37f)
431 Therefore

432 ag = e "[f e® p3(T)dT + ae(0)] (4.379)
433 The remaining part of equation (4.37a) is

434 UZ2 + 02U5? =1, + ryc0s26t + rysin26t (4.38)
436  Itisto berecalled that, ry = —20:(%% + B?)

437 ° iy = =2aa,a, 1y = =2a(ad)’ + ayal), 1y’ (0) = 2aB?, 1y (0) = —4aB?

438 n=aaf, + z_g(%“i +ai?) ' =a(a@if, + a1f,) + E_Z(ai“{ + o af +2a4a1)
— 2
439 1/(0) ==, 1,(0) =

17aB? aB

_ 2. [ 12 "
ez g = mmag; = 2aeag; = —2a(ag” + agay

’ _ ’ _ 2. .00 _ 2 _ —-4aB? 4aB? aB) _ aB _
440 1{(0) = —2aa; (0)a (0) = 2aB% 17 (0) = —4aB?, 15(0) = (T + 222 + =L =
441 aa,a,; 13(0) =0, 3 = a(aja; + a,a3); r3(0) =0, B; = %I 10(0) = 3§s
(22) ] T, 14C0820 T9sin26t
= agcos 3sing + —— 39a
U 0 + Besing + —— + + (4.392)

302 62 62
442 The initial conditions are

UEP(0,0) = 0; USP(0,0) + 0l (DUSP(0,0) + Ui (0,0) =0

443
2
444 a(0) = (22 - 0) = 222 _ T2 (4.39b)
445
26019(0) _

446 Similarly, 685(0) + 0

92



447

448
449

450

451
452

453
454

455
456

457

458
459

460

461
462
463

464

465
466
467

468
469
470
471

472

473

474
475

—2079(0 —3aB?
= Bg(0) = n’()— = (4.39¢)

From equation (3.23),

0(e) : USY +USH, + 2050 + UG
= — (@)UY = 2(0iU%” + wpUEY) — 200COYMO 4+ g(U0)?

Then, substituting on the RHS of (3.23) yields,
USY +USR + 24U + UG

= —(w 1)2UT(;?2(1 — cos 2mx)

(20)
2[ Um it
-2« [U,(nlo)(l — cosme){U,(,fO)(l — cos2mx)
3

+ Uz(,z,?)(l - Cos4mx)}] +B(Um(1°)) (1 —cos2mx)®  (4.40)

Therefore, on further simplifications, (4.40) becomes

USO + UG+ 22080 + UG = — (U — cos 2mx) — 2[w UL = cos2ma) +

m,tt m,tt

2m,tt

U(ZO) (1 — cosdmx) + wZU(lo)(l - cosme)] - 2a [U(lo)U(ZO){ — 2cos2mx + - cos4mx} +

2m,tt
(10)7720) (, _ 1 _ 1 10y |2 _ 1 2
Up "Un {1 2 X cos2mx — cos4mx + 2 COS6TTLX}] +B(Um ) [2 " > cos2mx + . 2 cosdmx +
%cos6mx] (4.41)
Let

[0

UG = Z U9 (1 — cos2nx)
n=1
Therefore (4.41) becomes

ntt

Z[U(”)u — cos2nx) + (=16n* + 81n? + 1)U cos2nx| = RHS (4.41)

Multlplylng (4.41) through by cos2mx and integrating from 0 to rt and for n =m, the result is
—ZUS + (—~16m* + 8Am? + DU (—E) =— [(w;)ZU“ ( ) + 20 ’U(ZO)( E) +

m,it : G9) ) (_
099 (=) + 20080V (2. 7) - aUGOULY (1) -
$(UM(10))3 (—f)] (4.42a)
[U,(,ftt + (16m* — 8am? + US| =
__[ (w 1)2U1(73(t)2 1U,(,i —2w 2U1(nut)2 2a [ZU(10)U(20) + U(10)U(20)
TB0,)] (4.42b)

2 USH + 62057 = —(0)?USY) — 20", UZY) - 205U — 22205708 + USOUEY] -
15 3

ZB(UL"?) (443)

The initial conditions are

U$20,0) =0; ULP(0,0) + w' (UL (0,0) + wj(0)UTV(0,0) =

Multiplying (4.41) through by cos4mx and integrating from 0 to m and for n=2m, the result gives

_g [Uz(fr?.%f + (256m* — 32Am? + 1)U(30)]
o D)o 3o ()

~p(,0) 35

(30) 277(30) _
U2m tt UZm -
3
—2[-wiUl] + 2a[USOUSO - UGV UEY] - 2B (U,,00) (4.44)

The initial conditions are

+ (1 — cos2mx) + wlU(ZO) 1- cosme)] - ZwZU(lo)(l — cos2mx)
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476

477
478

479
480

481
482

483

484

485

486

487
488

489

490

491

492

493
494

495
496

497
498

499
500

501

502

u82(0,0) = 0; ULY(0,0) + wh (0)ULEY(0,0) = 0

2m,t
Multiplying (4.41) through by cosémx and integrating from 0 to rtand for n=3m and get,

1
Ugppe + (1206m* — 722m? + DUGY = aUR VUL — 2 B(U,9)’  (445a)

3m,tt
Let
0% =1296m* —72Am? 4+ 1 > 0 for allm
3
U + Q2USY = aUROUEY —=B(U,, ") (4.45b)

The initial conditions for (4.45b) are
USY(0,0) = 0; USV(0,0) = 0
Further simplification of (4.43) gives

USSR +02U3% = —(w))?(—62aycosdt) — 20", (_a4920059f + _mczszer) — 2wy (—6%a;cosht) —
2
2a [(0510(4 Bro) + (aglgo _ 0;1921 + Ba4) COSet + (0!1014 B;';) COSZH ] —2a Z(ggilzz)
aal( 1+Bz> aaj aa aa?Bcos20t . a ﬁ
1 £ Z21%s 2 aajBcos26t a1Bs asas B
207 stor_ag7) ( COSOE+ == cos(p + O)E + = 5mmm 4+ = = sin(p + )t + == cos(e
_3 2
Q)f + %abs 1!35 Sln((p g)t + 5?1205539213 158 [(33 30(1 )] +3 ( + B ) cosOt + ﬁBCOSZQf +
p?-4602) 2
a3 a
Tcos36t (4.45¢)

To ensure a uniformly valid solution in £, equate to zero the coefficients of cos8t and this yields

airy T « a1< 1+Bz> ala
(01)?%0?% + 2w, 0% + 2w,0%a, — 2a( Lo _ L1y Ba4) +—221 1 —

662 @2 4(p2-402)
458 _
4 ( B ) =0

ar ar azal(Tl_ng) ada
oo — 2pn2 ) 1To @™ _ 1a1 _
oWy 292 (wl) 0% + 2wia,0% = 2a ( oz + Ba4) e t a0y

458
- ( + ale) (4.46)
The remaining equation in (4.45c) is

Ur(rf?g + 0208 =1,y + 111c0526F + 11,0530t + 1y5c05(@ + O)E + ry45in( + 0) i+ ryscos(p —
0t + rygsin(p — 0)E (4.47)

Solving (4.47) gives

R . 1,080t 1;,c0530%
U,(,fo)(t, 7) = ao(7)cosOt + Bo(7)sind + ﬁ — 11302 -2 802

1 N N

— ——— [ry3cos(@ + 0)t + ryusin(p + 0)t
+————[rscos(p — 0)t + ryesin(p — 6)t 4.48
(p(29—(p)[ 15c0s(@ ) 165in(@ )t] ( )

The initial conditions are
US?0,0) =0, USLY(0,0) + wi (UL (0,0) + wy(0)UGY(0,0) =

where
- T, T T2 s s -
@) =|"%2* 352 " 507 ¥ 526 + ) (p(29—(p)]atT 0
and
r4(@ +0) 1s(@p—0)
0 att=0
Fo(0) = [<p(29+<p) 0(20 — ¢)
and where,

+
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503

504
505
506

507
508

509

510

511

512
513
514
515
516

a,a, Bry\ a?a?B 158 3a?B
r1°=_[2“(T+F)+<p2—92_T B+ ——

5 (10a? a? 758
S T Ty T

4 -_pR3l - _ - - -
r“’(o)_B[z 302 9 (p2—-67) 4

8r,w} a0, Bro) a’a?B  45Ba?B
= (3 * (4 T302) T it T2

8a 2a? 458 a?
3 &L h, 7
1 (0) =5 (392 307 8 +¢2—92>
4a? 16a aSs 2a 45(
M) =B s~ " or g 4
3077307 2 (pP-08) 4
_aagry asa? _ 158a3 53 a? 158 3 3¢2  a? | 458
M2 = 752 4(p2-62) 16 ' 12(0) =B 332 4(4;2 92)+ 112(0) =B [4(4;2—92) 392+ 4 ]'

3 = —aa,as = 135, 113(0) = 115(0) = B3a%S, , r13(0) = r15(0) = —2aS$,B?
T4 = —aayfs = 116, 114(0) = 116(0) = 0 since f5(0) = 0, 115(0) =1{,(0) =0
Substituting in (4.44) gives

UG 4 2B =

2m,tt

_ s 3 .o a(-20%Bajcosfi 2af6%cos20i
Z(ul[ pragcospt — p?Pssingt + { o702 07202 +

2
(—alf“ + %) + (% - ‘21921 + Ba4) cosOt + (ala‘* + :;2) cos20t wals aa1<“2—1+32)
2a B - 2(9%-67) 202 +
662
ada a1a5 » . aa?Bcos26t alﬁs a1a5
710 cosOt + cos(p + 0)t + Hor 87 + sin(p + 8)t + = cos(p — 0)t +

alﬁs adacos36t _ 3B 3 4 3a?B
—Zsin(p — 0)t + (0720 > [(B ) +3 ( +a,B )
a} 5

% cos36t] (4.49)

To ensure a uniformly valid solution in £, needs equating to zero the coefficients of cos@f and singt. A
further simplification of (4.49) gives

Uz(fr?)tt +¢ U(SO) = 117 + 11C0SOt + 11905201 + r54c053061 (4.50)
where,
a,a, Br, a’a?B 3B 3a?B
N [2“( 4 +?>—m‘7 B+ ——
o 22a? a? 158
T17(0) =B - 392 + (,02 _ 92 4
—Sca  20a? 2a? 9B
,,(0) = B? =
r17(0) [ 2 302 Yaz—en) "
’ 2 a_% 2
i —26%w;Ba,a (alro _an o ) Yy ( S tB ) B a,ad 9 a_f_l_ . B2
18 02— 02 62 6062 4 PE 4(p2—4602) 2\ 4 !
0) = B 2a N 18a? N 3a? N a? N 45
ne =B e T e Y Y —aen) T2
2 2 2
1/g(0) = B3 (2aSs _Z_B_Q_SL_L_Q
02  2¢%* 4(p?-062) 8
_ [-2wiafab? (a1a4 Brl) N 2a2B 9a?Bf
"o = Yy 4 302) " 2(p? - 07) 4
—2a  4a® 2a? a? 9B
O=B3—"— - 4=, - 7
r19(0) (qoz —67 367 307 2(p2-09) 4 )

v (0) = B3 4a S 4a? a? 9[?]
19 -

[B(qoz —402) 2 HETE (p? — 462)
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523

524

525

526
527

528
529

530
531

532
533
534

535
536
537

538
539
540

541

3,2 3pad a? 3
a? 3a? 9B
00 =B |—=4+——————
750(0) [ +4((p2 469 8]
The solution of (4.50) is
U(30)

r18€0S0t | T119C0520t | T20C0s360T
(92-62) ~ (9p2-462) = (92-962)

= ay9cos@t + Biosinet + ﬁ + (4.51a)

The initial conditions for (4.51) are
USY(0,0) = 0; USP(0,0) + w} (0)US2)(0,0) = 0

2m,t 2m,
. _ T18 T19 20 — —
fa1p(0) = = [Fm o+ s+ s at T =0, Bi6(0) = 0 (4.51b)
Substituting in (4.45b) the following is obtained
2
Ul + .QZU(SO) aaip aa1<%+82> de L osot + A% cos(p+0) &+ aaiBeos26t
3m,it 2(p2-6%) 2¢2 8(p2-462) 2 ¢ 2(p2-62%)

a155 051055

t 2
cos(p — @) £ + =15 a1,6’5 sin(p — 0) £ + aiacos3ft| % [(33 b 3a13) N

—sin(p +6) &+ 5(p?_107) 5

3
3 (% + a.B )COSGt +— BcosZ@t + —cosSGt] (4.52a)

Rewriting (4.52a) gives
US:)” +n? U(30) = Ty + 13,€050% + 153005201 + 15,0530% + 155 cos(@ + ) £ + 1y sin(p + 0) &
+ 157 cos(p —0)t + rygsin(p — 0) £ (4.52b)

The initial conditions are
u£9(0,0) = 0; ULY(0,0) =0

3m,t
where,

a?a?B B 3a2 a?af 58
21 = {2(4;2—192) - Z(BS += )} 121(0) = (2((/)2—;2) - ?)
2
052“1 (%"‘Bz) ada? 38 (a3
T2 = 202 8(p2 —462) 4\ 4

—p3(BB_3 o 3 _3a® 2P
15,(0) =B (16 4(p 8@2_492))' 722(0) =B (4 + 8(p2-462) 16)

_( a?aZB 3a3B a2 3B
T23 _{2(4;2—92) 8 }' 123(0) = (2(4;2 -62) 3)

, _ p3(38 _ a? __( a?ddB _SQ?B
123(0) = B (4 ((pz—BZ))’r24 - (8((/32 62) 16 )
a? v 3a? 38 aa
124(0) = B® (1—6 - m), 734(0) = B® (8(4,2“_92) 16)1 Tos = o =1y, 1p5(0) = 15,(0) =
B%a?S,, 15:(0) =1;,(0) = aS,B*

6 = (m;ﬁs = 135 ;726(0) = 125(0) = 0,736(0) = 1,5(0) =0

—+ 0(le> ;

rZZCOSBt r2360520t 7540530t

(30)
“ Uspy (8,7) = ay1(0)cosQt + By, (7)sindt + 0z = + — 202 T 0z _9p?
N Tys cos(<p + 9) t + 1y sin(ep + 6) t
— (¢ +6)?
Ty cos(qo 9) t + rygsin(p — )
+{ 07— (g 0)? (4.52b)
T22 723 724 25 T27
0) = —[ + + + ] =0
WO = e e T 0 T (e 10 = (p 1 )
(4.52c)
_ ~1[ 26 (¢+6) T28(9—6) _
Bra(0) = o [l 4 TnCD ) 7 = (4.53)

So far, it follows that
UG = yB9(1 — cos2mx) + U(SO)(l — cosdmx) + U(SO)(l — cos6mx)
From (3.24),

+
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570
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0(e38) = USSP +USH, + 2aU8P + UGy
= —(@D?UGY = 2(wiUPP + wpu ) = 208 + 2(wiUE” + wsU ")
- (w;’u“f") + w§'+U’%1°)) -2 {Uf‘”) + (a){U‘(EZO) + wé*U‘(Elo))}
— a(UAOYED 4 YaDYED) 4 35(YaN )3 (YaD)
Substituting on the RHS of (3.24) gives
Ugl) +UCH 4 ZAU‘S;XD +UGD = — [(wi)zUS})(l — cos2mx) + 2 {wi (U(Zl) (1 — cos2mx) +

JXXXX £ m,tt

5] a- cos4mx)) + ng(m a- COSme)} + Z{U(3O) (1 — cos2mx) + U (1 — cos4mx) +

2m,tt 2mtt mtt 2m,tt

S a- cos6mx)} -2 {wi (U(ZO)(l — cos2mx) + [ (1- Cos4mx)) + a)gU(lo)(l —

3m,tt m,tt 2m,tt m,tt
cosme)} + {wi’Ur(rig)(l — cos2mx) + Uz(fr?,)f(l — cosdmx) + wg’Ur(:’g)(l — cosme)} +2 { Us‘g)(l —
cos2mx) + U;i?‘)t(l — cos4mx) + Uéf:l))f(l — cosbmx) + w} ( Ufjg)(l — cos2mx) + Ug}?ﬁ)(l -

cos4mx) + u)'ZUI(;‘g)(l — cosZmX))} + (x{ Ufjo)(l — c0sS2mx) (Ur(,fl)(l — €c0S2mx) +U§2n})(1 —

2
cos4mx)) + Ur(;l)(l — cos2mx) (Ur(,fo)(l — €c0S2mx) +U§fr?)(1 - cos4mx))} - 3B {(U,(&O)) U,(r}l)(l —

cosme)3}] (4.54)
Further simplification of (4.54) yields
U'(f3£1) + U‘Silx)x + 2AUGD 4 yBY = — [(w;)ZUr(rf}g(l — cos2mx) + 2 {wg (Ufrfg (1 — cos2mx) +

2m,tt m,tt 2m,tt

Ul a- cos6mx)} - Z{w{U(ZO)(l — cos2mx) + U0 (1 — cosdmx) + (u’zU(lO)(l - cosme)} +

155 a1- cos4mx)) ng(n) 1- cosme)} + Z{Ur(:‘?i (1 —cos2mx) + U (1 — cosdmx) +

3mtt m,tt 2m,tt m,tt
{w"lUr(nz'?)(l —cos2mx) + Uz(fr?,)f(l — cosdmx) + a)’z’U,sll‘g)(l — cosme)}
+2 {Ur(:?)(l — cos2mx) + Uz(fr?%(l — cos4dmx) + U;fr?)f(l — cosbmx) + w] (Ur(rfg)(l — cos2mx) +

U(ZO)(l - cos4mx)) + wy (Ur(nlg)(l - cosme))} + {U,(nw)U,(,fl) G — 2cos2mx + %cos4mx) +

2m,t

U,(,}O) Uz(fnl) (1 - %cosme — cosdmx + %cos6mx)} +a {U,(,ﬂl)U,(,fO) (% — 2cos2mx + %cosll-mx) +
2
U,(nn) Uz(f,?) (1 - %cosme — cosdmx + %cos6mx)} - 3[?(U,(nl°)) U,(nn) (g - %cosme - zcos4mx -

icos6mx)] (4.55)

Let

yGD Z UGD(1 — cos2nx)

n=1

The LHS of (4.55) becomes

(o)

By (31)

Z Upzi (1 — cos2nx) + (=16n* + 8An® + U, cosznx]
n=1

Multiplying (4.55) through cos2mx and integrating from 0 to i and from n=m, gives

~2[USH + (16m* — 8am? + DURV] =

m,tt
—[@prug (=3)+ 2{wivi (=3) + @i (<3} +2{unt (-5} -
2 L () 1oy (e 2 (S (2) + g (—2) +
+‘U’2Ur(;,(f)g (_g) 1¥mir 2 2¥%mt 2 m,t 2 1¥%mir 2

sl ()

o208 (-5) - U (-5) - a0 (-5) - a0 () -

UsPuEY (D)} + 38(05) Ui (- 2) (456)

A further simplification of (4.56) yields
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31 @1 _ an _ @1 an 30) 20) (10)
U+ 02U = ()2USH - 2{wiulh + wsUlip = 2 UG+ 2{w vl + wpul ) -

20 " 10 30 20 10 10 21 10 21 11 21
{0103 + wyulP) - 2{ vGY +w1Ufnyf) +w2U,§Lf)} {2050 USD + USOURY + 20U

45 2
Ugl)uz(fr?) _Tﬁ(u‘r(nw)) Ur(rgl) (4.57)

The initial conditions for (4.57) are
UV (0,0) = 0;
UCP(0,0) + w; (VUL (0,0) + wy(0)USP(0,0) + USY (0,0) =
Multiplying (4.55) through by cos4mx and integrating from 0 to r and for n=2m gives
UCY + (256m* — 32Am? + 1)USY

2[ m,tt
- — [2w1U§f§)ﬁ (-2)+ 205, (-3) - 200l (- 3) + Wt U E (-2)
+ 2089 ( 2) + 20, U2 ( E)

2m,t 2m,t 2
1 T T 1 T
S o)y (1t a0, (1 S @) ;o (L °
(Z{Z Up "Up ( 2) Un Uzm ( 2) + 2 Un "Un ( 2)
T 2 3
SO (D)) e

= US4 92Ul = — [Zw;U(“) +2089 20U + 0y U +208% + 20U +

2m,tt 2m,tt 2m,tt 2m,tt 2mt 2m,t 2m t

aFUSOUSY - USOUSY +2USOuRY - S UEDY -2 p(U®) U,(n“)] (4.59)

The initial conditions are
U8 (0,0) = 0; UL (0,0) + w (0)UEY(0,0) = 0

2mt
Multiplying (4.56) through by cosémx and integrating from 0 to m and for n=3m, the result is

[U(3 + (1296m* — 72Am? +1)U(31)]

m,tt

oo (- 2) P2l (5) T a s (<3) Haun e (<9 -

38 (-2 WS utd]  (a60)
A further simplification of (4.60) yields
U(31 +!22u(30) —

3mtt

2
[ZU(SO) L 20G9 g { Ur(nlO)Uz(fj)_l_%Ur(nll)Uz(fr?)}_l_%B(Ur(nlo)) Ur(nn)] (4.61)

3m,tt 3m,t
The initial conditions for (4.61) are
Ui (0,0) = 0; USH(0,00=0

3m;t
Further simplification of terms in (4.57) yields

UGl +92U8Y = (w))?02p,sindt — 2 [a)l( Ba;sinft + 8B;cosOt) — (

m,tt

26r§sin29£+20r£coszﬂf)]
362

{—r13(p + 8)sin(e +

21{,5in20¢ + 3r125m30t

2w} B50cos6t — 2 [—a9051n0t + ﬂgecoset +

36 86 <P(29+<P)
0)t + 1r{4(@ + B)cos(p + )t} + e { 115(p — 8)sin(p — 8)t + 1, (@ — B)cos(p — H)t}]
201 {_920546056’t + 4r1+szet} + sz(—alﬂzcosﬁt) - w} { Ba,sindt + —2”5’;2&}

2r115in20t + 3r125m30t
30 86 (29+<p)

(=g + OImssin(p = 0)i + (¢ = O)rigcos(p — )13} -

wy (—a,0sinft) — 24 —aqsindt + PycosHE +

{—(¢ + O)ry3sin(e +

Ot + r4(p + 0)cos(p + 0)t} + <p(29 po

2w} 1—0a,sindt + Zsn2b0) _ 9 ) (—0a,sindt) + 2a { (e — B2) 4 (2 _ 515 4 po ) cosOt +
1 2 2 62 2 692 6
BBs—aiay ai1a¢  Brs @186 _ Bry _ _
( o2 )smOt + ( 392) cos26t + ( 392) sinft cos30t sm39t} +
aqTe aqTs __Brg a1r651n39t A
a{(—z(<p2—492) + pr 92) sinft + (—2((/72_482) (p2—492) sin26t + 2(9?-107) + Ba7cosg0t + Bf;sinet +

+
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618

619

620
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622
623

624
625

A% S cos(p + 0t + 2= alﬁ7

alﬁ7 =Zsin(p — 9)t} + 2a {52 % sin20t +
B T B
%sm@t - ﬁ (sm39t - smet)} (4.62)

To ensure a uniformly valid solution in £, demands equating to zero the coefficients of sinf tand cos6 t
in (4.62) as further expanded. The coefficient of sin8 t leads to
ag + a9 = hy (1) (4.63a)
1 i ’ " ’ ’ ’ BBe—a1ry
h;(t) = ~% [2w19a6 + w5 a,0 + w00, + 20100, + 20500, + 20 (7)] (4.63)

o 09 = e[ eShy(s)ds + ag(0)] (4.64)

The coefficient of cos8 t yields
Bs + Bo = h,(7) (4.65)

h (1) = — o [2010B; + 205856 + 200} 62t + 2005007 — 20 (“52 — %22 4 Botg )| (4.66)
= By = e[ e%hy(s)ds + By (0)] (6.67)

The remaining equation in (4.63)
Ufﬁg + 02USY = ryg + r405in260t + 5, 0520t + r3,c0530% + 13300530t + ra4cos¢t + rzgsingt
+ 136 cos(@ + 0) T+ r3; sin(@ + 0) t + r3g cos(p — 0) £
+ r39sin(p — 0) 1 (4.68)
The initial conditions are
USY(0,0) = 0; USY (0,0)+w; (0)UZP(0,0)+w5(0)USP(0,0) + USP (0,0) = 0

where,
o0 r,B
I'yg = 20(( 12 6 +é); 1‘29(0) =0
_|—4ry 4rp 4ryy 2eiry 4rgp dogn <oc1[36 r4B) < aTs Brg )
ryo=|—o—/——-"="-"—=—-"———"—— 2a ——|+a +
30 30 36 30 30 30 2 362 2(@? —02%)  @?—462
oa?a; BB, 45
+ apaay +m—7330‘132
3(8a _4S;1 | 20 45, da 202 o? o? 45
r3o(0) = (393 30 303 30 303 303  20(¢@2-62) 20B(¢@2-62) 49) B*Sas,
8a 4S,;, 2a 4S5, 2a? a? S, a’ 458
Spis=-s -t ———+ + + -—
3B 20 6% 30 03 20(p*—0?%) (p?—062) 20B(p>—062) 406
8 B —8aB?
=[5+ 20 (U= )] @) = 5
I3 = [_ a;xézrs] r;5(0) =0
—3r;;  3ry;  aagry " Ay Te af,ry " o’ aff,
_| 46 46 302 2(p%—46%) 302  8(@*-46%) 0
I3z = 45 r33(0)
__BBOHBZ
35 3S o? as
=B3 2t e E = B3S,,
40 30 303 20(p%-—06?)
3S;6 3Ss  a? as;
S=|-o -t o~
30 30 303 2(p?—46?)

r3s = [aBay], 134(0) =0,
o o
r3s = [aBB;], r35(0) = 33 @ 20(@2—402)  @(@2—462)

_ [2ria(e+8)  2riu(@+6) | ampay; 0‘3235] _
36 = [(p(20+(p) ©(20+¢) 2 2 1’ r36(0) =0

oo = |— 2ri3(p +0) n 2ri3(p +6) N ooy 3, (Bzo‘s)
¥ e(20+9) " 020+¢) 2 2
6a(p +06)S, aS,s Soa)
— R3
rs7(0) =B ( ©(20 + ) 2 20 B?Szs
_ (6a(<p +60)Sy @Sy aSO>
77\ 020 + ¢) 2 20

2 2

o
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—2ri6(9=6) | 2r16(¢=6) | aqioy 0‘3235] _
000 T oo T2 T2 | Ta(@=0

_ [21’{5(@ -9) n 2ri5(@ —0) n aay By —a (Bzas)]

r38=[

(20 —¢@) @26 — o) 2 2
4a(p —0)S, 2a(p —0)S, a?S; aS, _ Bds
e(20+9)  9R0-¢) 20 20 *

S = 3a 2a
»=(“ggr-m G- )

r;9(0) = B3 (

Solving (4.69), the following is obtained

(31) _ s . An T r3psin208t+r3;1cos206t = rz,cos30t+r33sin3Bt | rzscoset+rzssinet
Um * = 0150080t + By,sinbt + -2 + =—-—= + e + 2 92_(:2 +
r36cos (@+0)t+rz7sin(@+0)t = rizgcos (@—0)t+rzgsin(p-0)t (4 69)

©(20-9) @(26-9) ’
a;,(0) = — [2 + 2 sz Tss _ _Tse rss _ 2aB% L(B_Z 16aB 100

12 - 02 ' 92-402 ' 02-902 ' 02-@2 @(20-¢) @(20—@) 364 202 \ g4 302 92
3a2B3 a?B3 225BB3 ( /T T Tz Tig s )” _

22 + 4(p2-402) + 16 ) T %+ 62 302 862 tp(26+tp) ©(26-¢) T
0 (4.70a)

—11 26r 30r r + 0)r —0)r
B.,(0) = — . 302+ - 332+ 2(P352+((P )37+(‘P )r3g o
6 162 —-406%2 02-902 02—@? @20—¢) (26— @)
=0 (4.70b)

Substituting in (4.59) gives

(31) 2 (31) _ ' Orgcosdt | 20rgcos26t PN
Uit T 97U — 2w} }—@aisinet + @B, coset + 0?02 + o?—107 + 21—@aj,singt +
' s OrigsinBt  20riysin26t 36r'205in3ef} " {ZB(xlezcosef Zeafcoszef} "
@BlOCOS(pt @2— ezz @2-402 ©2-902 1 ©2-02 ©2-462 + ((1)1 +
Ba;0sin6t _ Bafsin26t A s BrigsinBt  20rpgsin26t  36r,,sin36t
2w { L 1 } 2{— oy sinpt cospt — 22— - =12 — == }
1) 2_g2 (p2—492 + Payo P + q)BlO @ (PZ —92 ; ‘PZ —492 ‘PZ —992
offajag r,B oy aqrs aqry a1Be r4B
E{( ST e_z) + ( 0z "o T Ba6) cosOt + (BB6 )smet + ( ez) sin20t —

ajay O(1[37

4’ 0530t — 0:(;24 sin36f} - a{(lir(’ Nt ) smGt + cos((p +0)t + =Zsin(¢p + )t +

602 2(2%2-402)  @2-02

a1l37 —Zsin(p — 0)t + (2((:21:2) + 23—492) sin26t +

(—esm36t + Ba,coset +

2
NS ﬂ+Bz .
Bﬁ7Sm(Pt} {Bza4sm29t Qe Bzr1 = (sin36t — smet)} -—a {chz <—> L MY

2 62 @2 8((2-402)
aa BBy . A ool B, . o
2(e?-602) sin20t + To?-207) sin30t; +

9B b B2

L. (B2+2) - 1} singt + B, f (4.71)

To ensure uniformly valid solution in tneeds equating the coefficients of cos@t and sinef to zero.
Equating the coefficient of cost yields

—2w190B7 — 2¢B1o — 2B10¢ + Baya; =0

“ Bio + B0 = i [—2w1¢9B7 + Bayay] (4.72a)
“ B1o + B1o = hs (D) (4.72b)
where,
h;(7) = _[ 2w19B7 + Bayay] (4.72¢)
It therefore follows that,
Bio = e [ hs(s)e’ds + B1,(0)] (4.72d)

The coefficient of sint leads to
201005 + 2]y + 20090 + BB,a =0

aio + o1 = hy(T) (4.72¢)
h,(0) = —ﬁ [2w] @a} + BBl (4.72f)
~ago = e[ hy(s)e’ds + a;0(0)] (4.72g)

The remaining equation in (4.71) is
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Ugsnf)tt + @2USY = 1,)cosBt + ry;5in6t + r,,c05260% + 1350260t + 1,4,c05360% + ry55in36t +
46 €OS(@ + 0) £+ ry; sin( + 8) £+ rug cos(@ — 8) £+ rugsin(p — 0) T

(4.73)
The initial conditions are

USY(0,0) = 0; USH(0,0)+w0i (UZH(0,0) + US.(0,0) = 0

m 2m,t 2m,t 2m,t
where,
B —20riw} 2awiBo;0? af/o e T1,B I, 4l B
0= g2 T Tgr—0z  2\\ 2z ' 6% (92 _662)+ Ge
—3a 2a
0= (s
Fo 0 =gt - -
I 20rl; (0] +2w})aBa; 8 20rg 3 g(BB 3 a1r4) N a( aTe N Brg )
41 @2 — 02 @2 — 02 @2—02 2 6 602 2(@p? — 402) @2 — 02
aB,rg  af,r B, [o? oa?a,B 9 o3
_ 8220_ Bzz1+ BZZ(—1+BZ>— 21822 +_B BZ<B2+_1>
20 126 20%\ 2 8(p?—402) 4 2
20S 2 26S 2a? S z 170
1'41(0):33( 2 242_ z(x Ntz 72_%_ 20‘1 T 20‘ 2) 0‘3
(@?—0%) 0(p>—02) @?2—062 90* 2(p?—406%) 06(p?>—062) 120
3a? a? 458
(46 — @?) 80(p?—462%) 160
_ 40wrg _ 200w)a? _ p3 2a 4514
a2 = [((p2—492) (@2-402)]’ rs2(0) =B (G(tpz—492) 9(<p2—492)
B 40w1ryg (0} +2w))aba? 401, _g((x186 _&) < 04Tg + Brg )
B (@? — 4062) ? — 402 (p2—46%2) 2\ 2 302 2(p? — 02) ' @2 — 462
oa?a;BB, 9
2(({)2 _ 62) +ZBBZB(X1
©) = B? 40S,, N 2a d 40Sg " o? N 20 N asS; +9B
Faall) = (@2 —402) ' B(p2 —02) @2 —402 ' 603 ' 20(p%—02) (@2 —02) 48
= (% (%t -
ru = [; ()], @ =0
- 60170 60r;, g(a1r4) a4 I's af,ry a’aiB, +iBB o«2B
BT (@2 —902) T (92 —962)  2\602/ ' 2(@p%2—402) 12  8(p2—402) 16 't

66S 66S o? as o> 9B
rys5(0) = B? 2_342 + 2_92 - 3 2_1 2y 1720 168
(92 —402) ' (@2 —02) 1203 2(@2—02) 120 160
T4 = [%] , 1"46(0) =0,ry; = [%167] Ta7(0) = _(XBSS43
Iyg = [aa;a7], ryg(0) = 0,19 = [aazlﬁ7], ry0(0) = —aB3S,;
asS, a a a 20aS;
0 " 20°  2a(@? =400 alg? 0D  p(p? — 467)

R . T4,c080%t + r,5sin0t  r,,c0520t + r,csin26t
Ugsni) = 1305t + By3sinet + 12 13 s 45

Saz =

q)Z — 92 (pZ — 492
N r,6€0s36f + r,;sin30t  rygcos (@ + 0)t + ryesin(p + 0)t
©? — 902 020 +86)
rsocos (@ — 8)t + r3osin(p — 0)t
50 (¢ ) 39Sin( ) (4.74)
0(2¢ — 6)

where, from the first initial condition

[P 44 T46 T4g I'so
0)=— + - + ] t7=0(475
as(0) =~ [ T T 402 T o7 — 007 020 +0) | 02p — o)) X7 T 0TS

and from the second initial condition, it follows that

0143 20rys 30ryy (6+@)rao |, (6—@)rsy ' riy rig rio Tho
0 - o 0 —_— =
[813( o + 0?-02 + ©2-462 + ©2-902  8(2¢+6) + 0(2¢-0) +0q0(0) + @2 + ©2-92 + ©2-402 + ©2-962
0
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679
680
681
682

683

684

685
686
687

688

689
690
691

692
693

694

695
696

697

698
699

700
701

0143 20rys 30ry;  (B+Q)rse |, (B—@)rsy ' iy rig rlo

2 Bis(0) = Lpz ot i T orad ~ seres T ogeter T %o(0) T+ S S

20
q)2_992] (4.75b)
Substituting in (4.61)

(31) 2 (31) (30) (30) (10)y(21) | 1,7(11);(20) 3 (10))2 1, (11)
U+ 02050 = —[2050) . + 2059 + a FUSVUEY + 2UGPUEY Y+ 2p(UG0) UGP] (4750
Further 5|mpI|f|cat|on of (4.75c)yields

Ory,sinbt  20rh3sin20t  30rh,sin36t
02-92 02-402 02902

3m,tt

UGy, 4 QZU(31) [2 {—Q(x’llsinﬂf + QB cosQt —

(@+0)rhssin(@+0)t | (@+0)ryscos(@+0)t  (9—6)rp,sin(p-0)t <<p—9>r’zgcos(<p—e>i} +2{_Qa sinOf +
11

02— (@+6)2 02—(@+6)2 02-(@-6)2 02—(9-0)2
QB cosOf — Orpsindt  20rp3sin26f  30rp4sin36f  (@+O)rzssin(@+6)t | (@+O)rpgcos(@+0)t
1 02-62 02-402 02-902 02— (@+0)2 02— (@+6)2
(@—0)ry7sin(@—0)t | (p-0)rygcos(p—0)t oqr Brg o o B
e 2(74) 02 2 zip 52 } {(—2((4)21 Zez) + pe 62) sinft + =~ cos(cp + 0)t + =Zsin(p +
A ay _ 0‘1[37 ( s ) Q1Te
)t + = cos(e — 0)t + = Zsin(p — 0)t + 2005 g 92 sin26t + 207 407) sin36t +

B, sint + B,singt} + £182¢ i W PP SO | S
A 75InQ 2 \ oz | Blez—a02)° 2(p2-02)° 8(p2-462)

BZBS 25 cos(g + G)t} += {(BZ (B2 . ) Bzal) sin6t + B,Ba;sin26t + B4 sm36t}] (4.76)

To ensure uniformly valid solution in f, needs equating the coefficients of cosQt and sinQft to zero. The
coefficients of cosft yields

—20B1; — 20y — QBB7 =0 (4.77a)

o Bhy B = - “B“’ = hs(¥) (4.77b)
where

hg (1) = —% (4.77¢)

“ By =e7T[f ps(T)eSdS + B11(0)] (4.77d)
The coefficients of sinQt yields

—200, — 2Qa,, - B2 =0 (4.77€)
where

he (1) = 52 (4.77f)

. ay, = e [ hg(v)esds + a4 (0)] (4.77g)

The remaining equation (4.76) is:
Ug?nl)tt +02U8Y = ryosinbt + rg;sin26t + ry,sin36t + rs; cos(@ + 0) £+ rg, sin(p + 6) £
+rss cos(p —8) E+ rgg sin(p — 0) £ (4.78)

The initial conditions are
U$Y(0,0) = 0; US(0,0) + USY.(0,0) = 0

3m,t
a4 | p2
1 2p (& 2
20r, 20r,, Qo T Bars B, (5 B a?ay B,

0= 202 T2—07 4(g? —407) 2(q? —407) 4 o2 | T6(e? —402)

3aBB, (., , oF) , 3aBaf
8 B+ 2 + 32
208 26S as a? 3a? a?
rso(0) = B3 U e L+ + +
(02— 02) ' (02— 02) ' 4(@? — 407) " 20(? — 46%) ' 802 ' 16B(@? — 462)
9af 3af
T ﬁ)

40ri, 40r,, aoyTs Bar, a?a; BB, aoy B,B

TSl T 2407 T (2 —407 4@’ —02) 2(q? —407) A(gZ—400) 2
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708

709
710
711

712

713
714
715

716

717
718

719
720

721
722
723

724
725
726
727
728
729

730
731

732

733

©) = B 40S,4 N 40S,, N o? aS,; a
sl =B (@2 —402) T (@2 —462) " 26(@2 — 02) 2(g? — 467) 20
o 60rl, 66ry,  aoyrg a?By0? aop,
2702902 1 2 —902 4(p% —402) 16(@? — 462) 8
606S,, 60S,5 asS; o? a
0) = B? - =
rs2(0) ((92 —907) T (0% —90%) | (% —407)  166(¢? — 407) ' 80

2r) +6 2r +6 ooy o
Is3 = _sz—é(fp(ie))z - nzz—e(fp(pw))z = Ts3(0) =0
Fen = 2r5(@+0) 2rp5(@+6)  aasfy re,(0) = B3 (60(50 (9+6) %)
54 7 02_(¢+0)2 | Q2—(@+0)? 4 ' 54 02—(p+0)2 ' 4
_ —2r55(9=0)  2ry5(¢—6)  amay __—4asyB3

Tss = mg-op oo+ 1550 T mign

21 -0 2r: -0 oo 6aS -0 aS
fse = 922—7(51?—9))2 922_7(5:—9))2 + 187 1 Ts6(0) = B® (nz—o(fie)z) %)

Therefore;

(31) _ N . ~a o I5osinBt | rsisin20t | rspsin36t r53cos(@+0)t+rsysin(@+0)t
Uz’ = 044C088t + B14SinQt + oz T o207 o0z T (o107 +
(r55cos((p—(-))f+r565in(cp—9)i) (4 79)

Q02—(-8)? :
Therefore,
I's3 I'ss
014(0) = — | J|t=0 4.80a
1(0) P (pr02 T (902 ( )

QP14 (0) = — Brso  20rs;  30rs;  (@+8)rsa  (@=O)rse  ,  Tpy T3 Tpy
14 02-02  02-402 02-902 02—(@+0)2 02-(e+6)2 11 02-92 02-402 02-902
155 _ r%7

02-(p+0)2  02-(¢-6)?2

Therefore;

814(0) =

-1 (Brso+rh,) | (20rsi+rh3) (39r52+r'24)_((9+‘P)1"54+1";4) (0-@)rse+ r'27+

Q| ¢2-82 ©2-462 ©2-962 02—(p+6)2 02—(¢-6)2

a’n(O)] (4.80b)

So far, it follows that

UGy = U,(,fl)(l — cos2mx) + Uz(fnl)(l — cosdmx) + Uéf:)(l — cosbmx) (4.81)
The summary of the solution so far is,
Ux,t,7) = (U9 + UMD 4 52002 ... ) 4+ e2(URD 4+ U + 520D ... ) + 3(UBY +
SUGD 4+ 52062 4 .0) + .. (4.82)

4.2 Maximum Displacement of the Column

. > \ . L da . .
The dynamic buckling load is obtained from the maximization T 0, where U,is the maximum
a

displacement and A is the load parameter. The conditions for maximum displacement are,

ou ow

o 0 (4.83a)
But from (3.12), it follows that

Z—M;= Ui+ (wie+ whe + - )U; +6U, =0 (4.83b)

The aim is to determine the maximum displacement;

U, = U(xaA' tas ta)
where x, ,t, , T, and t, are the values of x, t, 7, and t respectively at maximum displacement and are
to be next determined before finally determining the maximum displacement.

From the first condition of maximization, g—z = 0, this means

0U(10) au(ll) ] N ) [0U(20) au(ZO) ] N . [0u(30) au(30)
e E “ee E

“ITox YO x0T x0Tt

=0 (4.84)
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734
735

736

737

738
739
740
741
742
743
744
745

746
747
748
749

750

751

752

753
754
755

756
757

758

Zme[U,(nlO)sianx + SU,(nn)sianx + ]
+€? [Zm U2 sin2mx + 4m UL sindmx
+ S{Zm U,(,fl)sianx +4m Uz(frf)sin4mx + - }]
+ €3 [Zm U,(,fo)sianx +4m U2(3m°)sin4mx + 6m US,?)sin6mx+..

+ 6{2m U,(,fl)sianx +4m Uz(fi)sinélmx +6m Uéf,ll)sin6mx + } + ]

=0 (4.85)
The equation (4.85) is satisfied if sin2mx, = 0, Swhere x,, is the value of x at maximum displacement.
e

This means, 2mx, =nmn, n=0,1,23..,setn=1, x, = P

Substituting, x, = % inU(x,t,71), gives
Uxg t,7) = 2e[USY + 6UGY + -] + 2e2[UZY + 6 UL + -] + 2e3[(USY + UEY) +
S(USY + U8y + -] (4.86)

Let £,, t, and 7, be the values of £, t and t respectively at maximum displacement and let them be
expanded asymptotically as

t, =

fo + 6y + 628, + €(Byg + 88y + 82E,+ ) +
€2(yo + 6tp1 + 6285, +

(4.87a)
tg = to+ 8tgy + 8%tgy + o o+ €(t1g + Stqq + 8%ty + 1)
+ €2(tyg + Otyy + 82ty +++) (4.87b)
Tg = O[tg + Otor + 6%tgy + -+ o+ €(t1g + Styq + 8%t1, + ) + €2(tyo + Styq + 5%ty +
] (4.87¢0)
Evaluating (4.87c) at the maximum values and simplifying, the following are obtained:
P B 2 2 ’ ’
£, = %’ ty = g, tio = _t;’_z, tro = oo — t10 @} (0) — tow})(0) and
; :BzaSosin(pfO (p—6)  (p+0)  (p+0) + (p—6)
20 62 22—(p—6)32 22—(p+0)* @R60+¢) @26-09)

Let U, be the maximum displacement. We now substitute for x,;
L 10 an- 2[91720 (21)
U (5. b7) = e[20l +28U07 ] + €203 + 25057 .. ]
+e[(2u0 + 208 ) + 8(2U3 + 28U(31) 2] (4.88)

Expanding each of the terms in (4.88) and evaluating (4.88) at maximum values and noting that all US,D
are evaluated at (,, 0), the following are obtained
Therefore,

Ua = 26 [UG? +8{tULY +tUGY + UGV} + ]
+ 2€? [thU(19) +UulY

+5{t11U(10)+t10U + tortioULR + ErotoULY + UL +- }+ ]

mtt mt‘[

(t10)? e

> Unt + thU(Z") + (UEY4+u§Y

+ 2¢® [fZOU(lo) +—

+ 8{t, USY + E0UR? + tioti USR + BaotoUSes + tiotsgUingy + E20USE .. |

mtt mt‘r

1
+ E(tlo)z I(Ijlltz + tllU(ZO) + tloU(ZO) + thtOU( ) + tloU(Zl)

+ 1 (URO+USY), + to(USV+USY) + ] att=0 (489)
)T

Therefore,
U = 2e[US” + 8toUGY + -] + 262 [USY + 8tyoURY + -] + 263 [(USV+USD) + 8t,0UGY +
8t,0US Y + 8t ULY + 6t0(U(30)+U(30)) +- ]at 1=0 (4.90)
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774
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777

In what follows, simplifications of the terms in (4.89)-(4.90) are carried out to obtain the following

US9 (ty,0) = 2BUSY (£, 0) = — (4.91)

(20) _ ro(O) ri(0) _ -r1(0) ro(O) ro(0) rl_(O) r1(0) | ro(0) aB?
U 0) = ey (0) + 2+ 0 = S+ 2 B B = 2 [ 4 ] < 2
3aB —16aB
02 ] = 302 (4'92)

uso (g 0) = %98236 [1 + %{@ So <(p(291+ <p) N @(291— @)) 8 (%)}

2 (a?) 86° 35B3p
+ﬁ<6>1356(3k3 k”] P laran @)

where,
802 (/a 1 1 QT 2 (a?\ 867
As1 = [1 * EKE) So (Lp(ze o) @26 - (p)) cos (F)} * W( B) 355 ks ~ k‘*)]
a a 3a 10 1
SO:( 2_p2 2_102 __2)'k3=(_2_ 2 _ 2)
@*—02  4(9p?—46%) 4o 362 (¢*—6?)

2 1 8 1 1
ky = (E T (9%-62) + E) ks = (@ + 4(@2—92))

Similarly,
30
UG = —B*B(Asz + (5) Soss ) (4.94)
where,
15 1645kq; A
=2(1- (1 + cosQty) . .
e = 16( 15 ) 0 +§(1 —ki2)(1 —cosQty) (1 —Kky3)(1 + cosQiy)
2 02 — 92 02 — 402 16(Q2 — 962)
and
Aun = [ 1+cosQfy  1+cosQip ] koo = [_3(§)( 1 )] S [2 (f) (;)]
37 laz-(e+0)2 a2-(e-0)2] P72 T 1 3\ p/N\g2-02/) T3 T 17\ g/ \g2-a02
UEY (Z,0) = —a}(0) + 22 1O (4.95)

From (4.24h),
o3 (0) = =y (0) + i [aBB,(0) — 267w (0)B,(0) — w(0)6a;(0) — 2w} (0)a; 6], (0) =

4B?
o (4.96)

e (E )= (130&32 4132) re(0) ri(0) (13aB2 4B2> 2aB? 20B? 17aB? 4B?
T —_— —_—
0

—13aB?
302

+

302 @ 92 302 \ 3062 @ 92 302 302 9
_ g2 (170( 4) 497
< 302 9 (4-97)
Also,
a1 B2
w1 |0 20ie? (w0 _ <2+ ) Ga? | 4sp(a}
W2 = T op2 ay b ay 2“(92 692+3(a1)> @? +4((p2—492) 4 (4 +
B?) (4.98)
0y = 62{a1(o>(w1(o>) — 20,07 (0)w} (0)}

a3 (0)
+20%{a; (0) (w1 (0)a4(0)) — a1 (0) (wf (0t (0) + w; (0)a;,(0))}
o (ro(O) GO <a1(0)a;(0) ~ a,(0)a; (0)>)

62 662 a2(0)
_ {a1(0)a; (0)a® +a2a1(0)a1(0)_ 45B (a1(0)a1(0)
@2 4(p? —462?) 4 2
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778

779

780
781

782

783
784

785

786

787

788

789
790
791

1| (B ,(B? 8aB? B .
=202 \o7Bz| T 29 (97 307 +B(¥'B 551)

8aB?
) |20B% _2aB> ~B.B2S5; ——~ ,(—-B?\  a’B(-B)
"V oz 602 B2 o7 ) T 2092 — 462
45B8(—B?)
8
S Bla +B*S5, 1 —2 55 32(551+ 8) + 232(1 ! )
= 7262|627 %1302 s1{~ 20352 a 302)( T %P 2T 2007 — 202)
4543 B2
+—3 (4.99)
B _9,2p2 Ss1 2p2 (L _ 1\, 458B? 4
= wz(0) = T 262 [92 2a°B {392 (oz +392)}+a B (4;2 2((p2—462))+ t28% (392+
Ss1
)] (4.100)
Similarly,
(30) (T — _p3 B3S,0 |, B3S0 , B3S21 , 2aB3Sy on A B
U,z (9’0) = —B"Ses + 92 + 02 + 302 + 92 cos(g) (26—-9) (26+(p)]
3 3 3
3o (T _ B=S50  B®S;0 | B Sy
= U (5,0) = BSes + 3 0zt 3g2
2aB3S, [ ] (4101
———cos(— - .
62 0/1(20 —¢@) (260+ @)
where,
Sa0  S21 208, [ ]
Ses = —Seq + 2+ o2z +—L cos (- —~
65 = TO64 T g2 T3p2 T gz €OF 9) 20-9) (20+9¢)
where,
1 [6a a’?  Bwy(0)
Sea = Se2 — Se3, Se2 = T op2 [6’3 20849 + 393 _% ,hi(0) = B3Sg,,
(e i)
3=\ 302 802 T (w20 — 90
Also,

1755(0)cosOt, 153(0)cos20t, 1;,(0)cos36%,

USY = of,(0)cosQty + Bl1(0)sinQt, +

3m,t 92_92 92_492 92_992
\ 755(0)cos(@ + 0)Ey + 156(0)sin(@ + 0)E,
0 — (¢ +6)?
175,(0)cos(p — 0)Ey + r55(0)sin(p — 0)E
N 57(0) (¢ )to 28(0)sin(¢p )iy (4.102)
Q% — (¢ — 6)?
aB3S,; aS,;

a11(0) = he(0) — ay4(0) = a0 B3S,5 = B3Sge, Se6 = 0 Sag
Similarly, 51;(0) = h5(0) — B1,(0) = —f,1(0) = 0 since h5(0) =0

3 om
. 3m,T 9 - 66 0 02—-92 02—-402 02—-992 Q2 — ((,0 T 9)2

3 on
_ 2aB*°Sycos ( 0 )
02— (9 —6)?
i.e,
S (5.0) = BSq, (4.103)
where,
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_ Sl7 + 518 _ 519
02—62 ' 02-40%  02-962

Se7 = SeeC0S L (g)

— 2aS,cos (_qm) [ ! — ! ]
0 0/102-(p+6)2 Q02— (p—0)?
792 Therefore, the maximum displacement is

— 2 — 3
793 U, (E’ 0) = 2€[2B — t,BS + -+ ] + 2¢? [% _ ‘032_23)5 135838(1+431)

. oo | 4 263 [FEELECHA _ p3g (g, +
794 %50A33)] + 8 [~t20B — BB + t10B? (335 — 75 ) + toB?(Ses + Se7) + |  (4.104)
795 i.e,

U (n 0)_ 1B (1 t06) 320(3262(1 36t0+ )
a\g’”) T |*7€ 2 362 16a

o
. 1358(1 + As)B%¢* | 86° (A32 + ESOAgg)
462 135(1 + A43,)

N 8662 —tyo  ta0 t10(17a 4
1358(1+A45,) | B2 B2 B \36%2 6

796 A further simplification of (4.105) yields

) + £y (Ses + 567)} (4.105)

2] 2 3
797 Ua (g, 0) = Ua = 4BGD1 _ 320(59?26 + 1355’(1:;231)336 [D3 4 D4_] i, (4106)
798 where,
02 (Asy +=S,A
pooq B8 L 38 8 (32+ES0 3)
S 135(1 + A3;)
8562 —tyo byo  tio /170 4
Dy = — B+ 2 (7 —3) +tolSes +S
* 7135801 +A31){ B2 B2 R (392 9) + to(Ses + Se7)

799 Equation (4.106) can be rewritten as

32aB%D,e?  135B(1 + A3;)B3D;e€3 D,
U, = 4BeD, — 1+—+-- (4.107
a = ABEN 302 T 462 [+3]+ (4.107)
800 Equation (4.107) can further be rewritten as,
801 U, = €c; + €%c, + €cy + -+ (4.108a)
802 where,
_ _ € 32aB2D, _ 135B(1+A431)B%D3 D4\ _ 1358(1+A31)B3D3(1+Dg)
803 ¢, =4BD; ,c; = 07 C3 = 02 (1+D3)— o7
— (Ps
804 where, Dg = (D3)
805 To reverse the series (4.108a) as in Ette (2007), we have
806 e=d,U, +d,U2 +d3U3 + - (4.108b)

807 By substituting for U, in (4.108b) and equating the coefficients of powers of €, (4.108b) becomes
808 e=d;(ec; +€%c,+ €3+ ) +dy(ecy + €%cy + €3¢c5+ )2 + ds(ecy + €2c, + €3¢5 +

809 )3 (4.109a)
0(e):1=d;c,
810 s e =
1
0(€2):0 = dyc; + dyc?
dicy [
811 fdy == -2

0(€®):0 = dyc3 + 2dycqc, + d3c3

_ —(dic3+2dycic) _ 2c¢—cic3

812 ndg = = R
813
814 4.3 The Dynamic Buckling Load, 4 of the Column

815 As in (3.1), the dynamic buckling load A, is now obtained from the maximization, —dd: = 0. This is easily
a
816 done from (4.108a) to yield,

de _ (de da )
du, ~ \di dU,p
817 oo dy + 2Ugpd, + 3d3U%, =0 (4.110)
818
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820
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826
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828

829

830

831
832

833
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835

836
837

838

839
840
841
842
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847

Where, U, is the value of U, at buckling and solving (4.110) yields,
1 1
Uyp = E{—dz + (d3 — 3d,d,)2} (4.111)

The negative root sign in (4.111) is considered because the positive root sign is of no physical
significance. Therefore,

1
Ugp = i{—dz — (d} - 3d,d;)2} (4.112)
Further simplification of (4.112) yields

U= 1 [ 3¢, (1 5¢2 4 1 fos } (4113)
P ey 23\ S\ 3¢c B 1 :
2 (1 clcg)[ ! v l v 3cic3 (1 - %)2 J

1¢3

€1
i.e,
(e
C2 z
. C13 . 5022 ,/3C1C3<1—331§3>2 . D
@ 3¢ 3ci63 2 (4.114)
But,

€1€3

1 3
g _ 1 {4BD,}3 _ i{ 64B3D3 462 }E < 160D2 _
3c; V3 3{135B(1+A31)S3D3(1+Ds)} = V3 l4058B3D3(1+Ds)(1+431)) ~ 9/158D3 (1+Ds)(1+431)
40
3
166 D? 160Dg  160Dg
T |\ I T =T — 1.115
9,/158 (1+D5)(1+A431) <D%> 9,/158 ‘NEB% ( )
3
1
p3\2
e D53
where, =
6 7 J@+Ds)(A+431)
Further simplification of terms in (4.114) yields
1
Uyp = 169061 [Dz {1—08}] _ 1691)61)io (4.116)
91552 Do 9V15p82
where,
2
2 1024(% D3
D,=1-—=£ =[1 . ()7 ]
3cic3 72962D; D3(1+D5)(1+A431)
32 <%> D,
C2 B2
Dg=1-— =1+
— . sd\: 27v50,/D;D3D, (1 + Ds)(1 + Agy)
3163 (1 T )
1¢3
. X1 202\ _ 1 20481)22(“—;)
o7 ( _E) T 121562D1D3(1+431)(1+Ds)
1
Writing, Do = [D; {H’B}], (4.116) becomes, Uy, = ~2¢2el10
Do 91552

To determine the dynamic buckling load, 4p, (4.108a) is evaluated at buckling to get,

€ = dUgp+d,UZy + dsUS, + -+ (4117)
Multiplying equation (4.117) by 3, the following is obtained
3e = 3d,U,p+3d,U2, + 3d3U3, + - = 3(d Ugp+d,U2p) + Ugp(3d3UZp) + -+ (4.118)
But from (4.110),

3d;U%, = —d; — 2d,U,p (4.118)

Substituting (4.118) for 3d;U2p in (4.117) yields,
3€ = 3(dyUup+daUZy + Ugp + -+ = 2d,Ugp + doU2y = 2d,Uyp (1 + "‘22%) (4.119)
1
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On substituting for dy, d, in equation (4.119), the following is obtained

2
3e =—
C1

c2Uap
et
ab ( 2c?

On substituting for ¢y, ¢, and U, in equation (4.120), the following is obtained

{
3e =

(4.120)

a
16| = |P2DeD10
BZ

166DgD1g 5
- 1 —32aB%D;
9Vi542 1 _( 302 ){169D6D10} __ 86DgD1p [1 N ( aD, )<169D6D10>] __ 86DgDyg
2 1 - 1 2 1 - 1
4BDy 2(4BD1) 91562 9V15D, 2B (D16) 91552 9V15D, 82B

TN (4.121)
1 16 (% ) D,DgD
L 5. _ 806m* —81ym® + 1)2DsDyo(16m* —83,m* + 1)| (ﬁ) C °
€ = 1
9VI5D, f2. 84,2y 27V15D76
i.e,
3 16 (% | D,DgD
(16m* — 8Apm® + 1)2DeDio | <ﬁ%> NN
€ =
9VI5D, B2 (ApmPay) 27V15D260(4)
-1
16<%>D2D6D10
. T
~ (16m* — 81,m? 4 1)z = 27V15D; (Ap€) m2Ty |1 + —L2L (4.122)

27V15D76(Ap)

[1+
|

A simple computer programme, written on Q-basic, gives the values of the dynamic buckling loads, Ap,
at different values of € and & using equation (4.122).

Table 1: Relationship between the Dynamic Buckling Load and the Imperfection Parameters for
different values of damping factors, using equation (4.122).

a.e Ap for 6=0 Ap for 6§ =0.01 Ap for 6 =0.03
0.01 1.87913 1.87789 1.87548
0.02 1.81858 1.81736 1.81496
0.03 1.77694 1.77571 1.77332
0.04 1.74427 1.74306 1.74068
0.05 1.71702 1.71582 1.71345
0.06 1.69344 1.69225 1.68989
0.07 1.67257 1.67138 1.66903
0.08 1.65376 1.65257 1.65023
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Figure 1: Relationship between the Dynamic Buckling Load and the Imperfection Parameters for

different values of damping factors, using equation (4.122).

Table 2: Relationship between the Dynamic Buckling Load and the damping factors for different

values of Imperfection Parameters, using equation (4.122).

86 Apforae=0.01

Apfor a;e = 0.03

Apfor a;e = 0.05

0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09

0.1

1.87789
1.87667
1.87548
1.87431
1.87316
1.87204
1.87093
1.86985
1.86878
1.86773

1.87789
1.87667
1.87548
1.87431
1.87316
1.87204
1.87093
1.86985
1.86878
1.86773

1.87789
1.87667
1.87548
1.87431
1.87316
1.87204
1.87093
1.86985
1.86878
1.86773
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Figure 2: Relationship between the Dynamic Buckling Load and the damping factors for different
values of Imperfection Parameters, using equation (4.122).

4.4 Analysis of the Result

The analysis of the result of the simple elastic model column structure tapped by a step load and lying
on a quadratic-cubic foundation is hereby presented. The dynamic buckling load decreases with
increased imperfection amplitude and vice-versa. This is equivalent to saying that, the nearer the
structure is to a perfect nature, the more stable it is for a step load. Besides, we clearly observe that,
within the limit of accuracy retained in this work, there is no marked difference in the values of A, for
the different cases of § = 0.01 and 0.03.

5.0 Conclusion

The perturbation and asymptotic techniques applied in this work made it possible to change ordinary
differential equations to partial differential equations. These techniques helped us to analyze this
problem asymptotically, which could not have been possible if we had solved the ordinary differential
equation using the traditional means of solving ordinary differential equations. We were able to
establish that dynamic buckling load decreases as imperfection increases. Though we have limited our
analysis to an elastic model structure with quadratic-cubic nonlinearity, we can, in principle, extend this
analysis to any other elastic model structure while taking care of whatever nonlinearities inherent in
such problems. We expect this to be another phase of development in subsequent investigations.
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