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MATHEMATICAL MODEL OF THE TRANSMISSION DYNAMICS OF
LASSA FEVER WITH SEPARATION OF INFECTED INDIVIDUAL
AND TREATMENT AS CONTROL MEASURES

ABSTRACT

A non-linear deterministic mathematical model is formulated and analysed to study the
controllability of lassa fever incorporating separation and treatment measures. The model
assumes that humans susceptible acquired the Infection via interaction with the infected
rodent populations at a constant rate and also the model assumes that treatment is only given
to separated human population. The existence, uniqueness and positivity of the model’s
solution have been carried out and the results shows that the solution exist and is unique.
Again, the disease — free equilibrium state was obtained and analysed. We obtained an
important threshold parameter called the effective reproduction number R,¢s using the next
generation method. If Regr < 1 the disease-free equilibrium exists and is lecally and globally
asymptotically stable, implying that Lassa fever can be controlled and eradicated within the
population in a finite time and if the R.rr > 1, the disease invade and become endemic in
the population.

Keywords: Lassa fever, Mathematical Model, Separation of Infected Human, Treatment,
Existence

1.0 INTRODUCTION

Lassa Fever (LF), technically known as Lassa Hemorrhagic Fever (LHF) is a deadly
infectious illness to man caused by a Lassa Virus (LASV) or Lassa Hemorrhagic Fever Virus
(LASHFV) from a carrier "multimam-mate rat" (Genus name Mastomys natalensis). These
kind of rat (multimam-mate rat) are found in abundant in the sub-saharan part of Africa and
infected rodent with the virus serves as a reservoir or host to the lassa virus (LASV) and
transport it within the region in West Africa and some areas beyond. According to [1], Lassa
fever is an acute viral infection associated with a wide spectrum of disease manifestations,
which range from mild to hemorrhagic fever characterized by multiorgan failure.

Lassa fever virus is mainly a zoonosis (a disease that is animal-borne or transmitted to
humans from animals), specifically an African rat, also called the natal multimammate rodent
(Mastomys natalensis) serves as a host or reservoir of the virus. Once the rat has become a
carrier, it will excrete the virus throughout the rest of its lifetime through feces and urine
creating ample opportunity for exposure [8]. The multimammate rat can quickly produce a
large number of offspring, tends to colonize human settlements increasing the risk of rodent-
human contact, and is found throughout the west, central and eastern parts of the African
continent [8]. The virus is probably transmitted by contact with the faeces or urine of animals
accessing grain stores in residences Werner et al [7].  Transmission or Infection of Lassa
virus to humans typically occurs by direct or indirect exposure to animal excrement through
the respiratory or gastrointestinal tracts or eating contaminated food, touching soiled objects,
or exposure to open cuts or sores. Inhalation of tiny particles of infectious material (aerosol)
is believed to be the most significant means of exposure. It is possible to acquire the infection
through broken skin or mucous membranes that are directly exposed to infectious material
Because Mastomys rodents often live in and around homes and scavenge on leftover human
food items or poorly stored food. Mastomys rodents are sometimes consumed as a food
source and infection may occur when rodents are caught and prepared. Direct contact with
infected rodents is not the only way in which people are infected; person-to-person
transmission may occur after exposure to virus in the blood, tissue, secretions, or excretions
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of a Lassa virus-infected \individual, presenting a disease risk for healthcare workers (called
nosocomial transmission) where proper personal protective equipment (PPE) is not available
or not used. Lassa virus may be spread in contaminated medical equipment, such as reused
needles. Also, during sexual intercourse, the virus can be transmitted because the virus is
present in urine for between three and nine weeks after infection, and it can be transmitted in
semen for up to three months after becoming infected [9] and "Lassa fever" [10]. Casual contact
(including skin- to-skin contact without exchange of body fluids) does not spread Lassa virus.
Finally, No study has proven presence of lassa virus in the breast milk, but the high level of
viremia suggests it may be possible,[5]. Above all, individuals who are at a higher risk of
contracting the infection are those who live in rural areas where Mastromys are discovered,
and where sanitation is not prevalent.

Lassa fever is endemic in parts of west Africa including Sierra Leone, Liberia, Guinea and
Nigeria; however, other neighboring countries are also at risk, as the animal vector for Lassa
virus, the "multimammate rat" (Mastomys natalensis) is distributed throughout the region. In
2009, the first case from Mali was reported in a traveler living in southern Mali; Ghana
reported its first cases in late 2011. Separation cases have also been reported in Cote d’Ivoire
and Burkina Faso and there is serologic evidence of Lassa virus infection in Togo and Benin.
The number of Lassa virus infections per year in west Africa is estimated at 100,000 to
300,000, with approximately 5,000 deaths. Unfortunately, such estimates are crude, because
surveillance for cases of the disease is not uniformly performed. In some areas of Sierra
Leone and Liberia, it is known that 10%-16% of people admitted to hospitals every year have
Lassa fever, which indicates the serious impact of the disease on the population of this
region.

1.1 The Specific Objective of the Study

The specific objective of these study are to:

1. To formulate and analyse a mathematical model on the controllability of lassa fever
incorporating isolation and treatment measures in terms of the reproduction number.

2. To determine the stability of the equilibrium points.

3. To understand how isolation and treatment can reduce mortality rate among the
infected individuals.

4. To contribute on how isolation can reduce the force of infection rate among the
unaffected individuals.

1.2 MODEL FORMULATION AND ANALYSIS

1.3 Assumptions of the model

i The total human and rodent populations are given by Ny = Sy + Ey + Iy +
Ju + Ty and N = S + I respectively.

il. We assumed that treatment is only given to separate human population.

iii. Recruitment into the susceptible population is either by birth or immigration.

iv. Members of the infected human population can as well move to the
susceptible human population via treatment.

V. Infection is acquired via interaction unlike the direct contact in the existing
model.

Table 1: State Variables and Parameters of the Model
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Variables/Parameters

Description

—H
7
EH
H
I
JH

=
r

T

Susceptible human at ti

me t
Exposed human at time ,
Infected human at time «
separated human at time ,
Treated human at time « «

[

Susceptible rodent at time

2

Infected rodent at time e -
Recruitment rate into thé susceptible human
Recruitment rate into the susceptible rodent
Natural death rate in human

Natural death rate in rodent

Effective contact between infected rats and
susceptible human

Effective contact between infected rats and
susceptible human or susceptible rodent

Progression rate to active Lassa fever
Separation rate

Treatment rate

Recovery rate

Human disease induced death
Probability of getting Lassa fever
Total population of human

Total population of rodent

Force of infection

either

either




98  Figure 1: Schematic diagram of our Model
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116 1.4 The model equations
117
118  following non — linear differential equation;
ds
119 ?‘tﬁ:'ﬂH +CUTH _ASH _ﬂH‘S‘H
dE
120 —2=ASy — (uy + Q) Ey
dly
121 == aEy — (ug + 6 +P)ly
ajg _
122 == ¢ly — Uy + 06 + 1)y
dT,
123 —2=1)y — (Uy + @)Ty
dSgr
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1,
—
o sl
+
o e
T E e

From the above assumptions and the schematic diagram, the model will be governed by the
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dSg

E:msﬁ'fﬁ* — ugrlg 7
where
A= Bilg — B2ly 8

With the initial conditions S(0) = P, Ey(0) = EY, 14(0) = 1,]4(0) = J3, Ty(0) =
T3, Sg(0) = S92, 1z (0) =12 and N(0) = Ny. The force of infection A = B11z — B2Iy., Where
By and B, are the effective contact between infected rats and either susceptible humans or
susceptible rodents and effective contact between nfected human and susceptible human
respectively with,

Nu(©) = Su(©) + Ey(0) + 14(0) + Ju (©) + T (0 9

Where Ny (t) denotes the total human population at a given time with its time derivative
given by;
dNy _ dSy , dEy , dly

djy , dTy
dt dt+dt+dt+dl‘+dt 10

Plugging (1) — (5) into (10) gives

g%1[‘=?'TH_("'H +Ju)8 — uyNy 11
Also,
Ng(t) = Sg(t) + Iz(t) 12

Where Ng(t) denotes the total rodents population at a given time with its time derivative
given by;
dNp  dSg . dig

T a | a 13

Substituting (6) and (7) into (13) gives

dN
-E;'?' == TfR L ‘LLRNR 14

1.5 The invariant region (Region of biological interest)

As the system (1) — (5) monitors human population, all related state variables and parameters
are assumed to be non — negative for all ¢ = 0. Therefore, the above system is dissipative in
the proper subset I R3. Thus, we state and prove the following results:

Lemma 1:The solutions of the system (1) ~ (7) are feasible for all ¢t > 0 if they enter the
invariant region ' = (Sy, Ey, Iy, Ju, T, Sk Ir).



156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176
177

178

179
180

181

Proof 1:

Let I = (Sy, Ey, In, Ju, T, Sk, Ir) be any solution of the system (1) — (7), with non — negative
initial conditions. From equation (11), we see that in the absence of Lassa fever (Iy = Jy =
0), we obtained;

dN
— <1y — Ny 15

Rearranging (15) gives

%"‘.UHNHS?TH 16

Solving (16) using the method of integrating factor (IF) we compute the IF as follows:
IF = ef mudt = gunt 17
Multiplying both sides of (16) by (17) yields

Ny

enuh't ” + .u.HNHe'th S TfHe'th

That is,
= (upNyetnt) < myeknt 18
Integrating both sides of (18) gives
Ny ()eHHt < ?eﬂﬂf + 19
H
Where 1 is a constant of integration.
This means
Np(t) < 2+ yerat 20
HH
Applying the initial condition: Ny (0) = NJ, we obtain;
Ny - < 21
sy
Substituting (21) into (20) we have

T T
Nu(t) <=2+ (N,,D, - —E) e HHt
Uy Hu

Applying Birkhoff and Rota’s theorem on differential inequality (Birkhoff and Rota, 1982),
we have 0 < Ny(t) < -Eﬂ_. ast — oo,
H

The total population approaches K = Eﬁ, as t — oo. which is commonly known as the

H
carrying capacity. Therefore, the feasible solutions set of the extended model (1) — (5) enters
the region below

{r =T = (S, Ex, iy, Ju, Ty) ERS:Sy > 0,E 20,15 20,/ 20Ty =0,Ny < Eﬂ}

HH
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Thus in this region our model is biologically feasible. Here whenever N > f—;ﬁ then %i <0

which means the population reduces asymptotically to the carrying capacity and whenever
N < E—H every solution with initial condition in I' remains in that region for t > 0, so the
H

model is well posed in . Therefore, the region I is positively — invariant (i.e. solutions
remain positive for all time.) and the model is well posed and biologically meaningful and
this ends the proof of the Lemma 1.

1.6 Existence of disease free equilibrium state (£;) of the model.

Here, we compute the model disease free equilibrium state by setting the time — derivatives
on the right hand sides of the model system (1) —(9) to zero such that

dSy _ dEy _ dly _ djy _ dTy dSg dig

dt ~ dt  dt  dt rriairrial il R
So that we now have

0 ="y + Ty — (Bilg + B2li)Sy — UuSu 23
0 = (Bulg + B2lu)Sy — (un + @)Ey 24
O=aEy— (uy +6 + p)ly 25
O0=o¢ly~ Uy +6+17)Jy 26
0=1/y— (by + )Ty 27
0 =mg — B1Sglr — UrSg 28
0 = B1Sglgr — uplg 29

Recall that, the disease free equilibrium state of the model (1) — (9) is scenario where there is
no disease in the system which implies that

EH:IH:]H:TH:[RZO 30

Plugging (31) into (1) —(9) and solving accordingly we obtain

€0 = (5%, ES,18,19,T9,88,19) = (’—éﬁ,o,o,o,o,’—;ﬁ,o) 31

1.7 Effective reproduction number (R.f)
Ry = p(FV 1) 32
where p(FV 1) is the spectral radius of next generation matrix.

We calculate the basic reproduction number using the next generation operator method on the
system (1) — (9) as follows;

The vector F; of the rates of the new infection in compartment Ey, Iy, Jy, Tyand I is given by
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((EIIR +BZ‘(H)SH\
0
F=(% 0 33
0
ﬁlfRSR /

Also, the remaining transfer terms in compartment Ey, Iy, Ji, Ty and I is given by

¢ (ug+)Ey
Uy +6 + (b)lfH — (IfEH

—

Vi= f-*‘(ﬂh‘ +0+ 0y —Ply 34
G .
\ ¢ (uy + w)Ey — Ty
é Uplg

The matrix of partial derivative of F; at the disease free equilibrium state at € =
(55,0,0,0.0.52,0) is given by

0 pomy 0 B1imth
0 HH HH
r" 0 0 0 o 3
F(&) = ( 0O 00 O ) 35
G 0 00 O
kﬂ 0 0 o £
0 HR /
Rewriting (36) yields
0
o Fio 0 0 Fis
o 0 00 0
F(§)=(% 0 0 0 o0° 36
o 0 00 0
3 0 0 O Fss
where;
_ Ba2my
b= wi
Fis = ﬁ;iﬂ 37
F55 - ﬂlnR

Also, the matrix of the partial derivatives of V; at the disease free equilibrium state
€0 = (57-0.0,0,0, 5P, 0) is given by

iy + @) 0 0 0 0 \
—a  (up+6+¢) 0 0 0
V) =(" 0 —¢ (uy + 8+ 1) 0 0 38
0 0 -7 (uy+w) 0
0 0 0 0 g

Equation (39) can also be written as;
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V(€)=( 0 ~V3, Va3
0 0 —Viaz Vas
\ 0 0 0 0 Vss
where;
Vii = uy +a Vss = Ug
Vio=up+é+¢ V=«
Vaz=pug+6+1 Vaz =¢
Vig =y +w Viz=T1
Computing the inverse of (40) gives
1
A o 0
o 0 0
Vas 1
- — — 0
r V11Vz2 Vaz 0
-1 _- Vi . A
v - 0 Va2Vaz Viq 6
V21V32V43 V43 V43 i
Vi1VaaVasVaa  VazVaa  VazVag  Vig
i 0 0 0 0
\
Rewriting (42) we have;
Ay O 0 0 0
Ay Ay O 0 0
V_l =( 0 A32 A33 0 0
Ay Ay Ayz Ay O
0 0 0 0 Ags
where;
1
Ay = (g +a)
A - o
2L (ug+a)(up+5+9)
. ¢
Az = (HH+6+)
Agy = L
(up+6+@)(up+5+1)
1
Ass = (kp+6+7)
Aur = agt
7 (ug ) (g +86+9) up+5+7) (up+ w)
T
Az = (ug+8+¢)(up+w)
Ags :

= Wnto+d) g +w)
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A44="__ 51

A42 = i 52

o Fp 00 Fs\(Ay 0 0 0 O
0 0 0 0 0 ||4y 4 0 0 0
FVv-l=(i 0 0 0 0 0 Az Az 0 0
[8 0 00 0 ){AM Ay Az Ay O
NO 0 0 0 Fss' \O 0 0 0 A
(g F11A12 0 O FIIFIS\
0 FipA1; 0 0 FiAs
FV—1 = U 0 0 O 0 g3
o Fad;; 0 0 Fudss
0 0 0 O Fsslss

It follows that the effective reproduction number R, is computed by taking the spectral
radius (dominant eigenvalue) of the matrix FV ~'using the characteristics equation

det(FV' = 1:1) =0 54
or
f_ﬂ F11A12 0 0 F11F1s | =0
—"A F12A12 -1 0 0 F12A15
0 0 -1 0 o | 55
0 JF:'411‘112 0 -1 F41A15 N

Evaluating (56) accordingly gives;
AA=A3=4,=0 56

and

57

A3, = max( o ’glnR)

pr(upta)(up+8+¢) ug

Therefore, the largest (dominant) eigenvalue also known as the effective reproduction
denoted by R,fris given by

ﬁzaﬂh' 58

‘R =
e T un(upta)(up++9)
with

L, 3 and: i
un’ (pp+a)  (up+8+¢)

which refers to per capital human mortality,

Biological Interpretation 1:The biological meaning of the parameter components of the
effective reproduction number are as follows:



265 (H—H-) The carrying capacity for human population.

HH

266 (# am): The proportion of individuals from the exposed human that becomes infectious.
H

267 (#fﬁ): The average number of susceptible human infected by a single human infective.
H

268
269 1.8 Numerical Simulations

270  Here, we carryout numerical simulation of the model (1) — (9) using the set of reasonable
271  parameters and initial values given in Table 2 and 3 whose sources are mainly from [24] as
272 well as assumed values based on the literature of the disease in order to have more realistic
273 simulation results

274  Table 2: Parameters Values for Numerical and Sensitivity Analysis

Parameters Values Sources
..l'::’“’““ 2000 Estimated
500 Estimated
/*1‘ 0.2 Estimated
j; 0.2 Estimated

- 0.003 Estimated
= 0.2 Estimated
x 0.75 Assumed

‘:; 0.02 Estimated
0.02 Estimated
6 0.1 Assumed

) 0.54 Assumed

275

276  Table 3: Parameters Values for Numerical and Sensitivity Analysis

Variables Values Sources
= &
3 =
~(< 2000 [20]
e B
74 600 [20]

7 Cen




200 [20]

s Cen

S 125 [20]

1 Cen

277

278  Table 4: Sensitivity Indices of R.zs

S/N Parameter Sensitivity Index Sign
1 ;_‘1“”. 1.0000000000 +
2 1.0000000000 +
3 0.8695652173 +
4 & 0.3125000000 -
5 o 0.6250000000 -
6 1.9320652180 -

279

280

281 1.9 Numerical Results
282  In this sub — section, we presents the numerical results of the above experiment as follows:

283 2.1 Simulation results showing the trends of the state variables of the Lassa fever model
284  with separation rate for the infected class.
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Figure 2: Simulation results showing the effect of separation rate ¢ on infected humans.

2.2 Simulation results showing the trends of the state variables of the Lassa fever model
with recovery rate due to treatment for; infected humans and treated humans.
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Figure 4: Simulation results showing the impact of treatment rate 7 on infected individuals.
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Figure 5: Simulation results showing the effect of treatment rate 7 on treated humans.
2.0 Conclusion

Nigeria is endemic to Lassa Fever and has being rated as one of the country in West Africa
with the high transmission rate of Lassa fever, but we should not panic as the impact of this
paper will highly contribute in curbing Lassa fever since our Reproduction number is less
than one (R.ff < 1), which simply implies that Lassa Fever can be eradicated from the
country. Therefore we conclude that since our K,.pp < 1is less than one the disease will
surely die out in infinite time.
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