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1. Introduction and Preliminaries

In this work, we investigate linear summation formulas of generalized Pentanacci numbers and gener-
alized Gaussian Pentanacci numbers. First, in this section, we present some background about generalized
Pentanacci numbers.

There have been so many studies of the sequences of numbers in the literature which are defined recur-
sively. Two of these type of sequences are the sequences of Pentanacci and Pentanacci-Lucas which are special
case of generalized Pentanacci numbers. A generalized Pentanacci sequence {V, },>0 = {V,(Vo, V1, Va, V3, Vi) }n>o

is defined by the fifth-order recurrence relations
(1.1) Vo=V + Vo o+ Vy 3+ Vi u+V,_s,

with the initial values Vg = co, Vi = ¢1, Vo = c2, V3 = ¢3, V4 = ¢4 not all being zero.

The sequence {V},},>0 can be extended to negative subscripts by defining

Ve ==Vt = Vetme2) = Vem—3) = Venog)y + Vo(nos)
1
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for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pentanacci numbers with positive subscript and negative subscript are given
in the following Table 1:

Table 1. A few generalized Pentanacci numbers

n Vo V_n

0] co Co

1 c1 —Ccg—C —Cy—cCc3+cCy
2 Cy 2c3 — ¢4

3 c3 2co —c3

4 cy 2¢1 —co

5 co+c1+ceos+c3+cey 2¢o — 1

6 co + 2c1 + 2¢co + 2¢3 + 2¢4 —3cy — 2¢1 — 2¢9 — 2¢3 + 2¢4
7 2co + 3c1 + 4co + 4es + 4dey co+c1+ co+ bes — 3eq
8 4cg + 6¢1 + Teo + 8cs + 8¢y 4eo — 4eg + ¢y

9 8¢y + 12¢1 + 14co + 15¢3 + 16¢4 4cqp — 4eo + c3

10 16¢q + 24c¢1 + 28co + 30c3 + 31y 4cg — 4eq + co

We consider two special cases of {V,, },,>0. Pentanacci sequence {P, },>o and Pentanacci-Lucas sequence

{Qn}n>0 are defined by the fifth-order recurrence relations
(1-2) Pn: n—l+P71—2+Pn—3+Pn—4+Pn_5, POZO,Plzl,P2:1,P3:2,P4:4
and

(1.3) Qn=Qn-1+Qno2+Qni3+Qny+0Qns (Qo=501=1,0Q2=30Q3=7,0Q4=15

respectively. Note that P, is the sequence A001591 in [2] and @, is the sequence A074048 in [2].
Next, we present the first few values of the Pentanacci and Pentanacci-Lucas numbers with positive and

negative subscripts in the following Table 2:

Table 2. A few Pentanacci and Pentanacci-Lucas Numbers
n -9 -8 -7 6 -5 4 -3 -2 -10123 4 5 6 7 8 9

F, 2 0 O O -1 1 O0 0O 0 0112 4 8 16 31 61 120
Q, -1 -1 -1 -7 9 -1 -1 -1 -1 5 1 3 7 15 31 57 113 223 439

2. Linear Sums of Generalized Pentanacci Numbers

For linear sums of Tribonacci and Tetrancci numbers, see [1] and [4], respectively. The following Theorem

present some summation formulas of generalized Pentanacci numbers.

THEOREM 2.1. Forn > 0, we have the following lineer sum identities:
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LINEAR SUMMING FORMULAS OF GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS

(@): Y p_o Ve =1(Viga — Vago — 2Viy1 + Vi = Vi + Va + 2V + 3Vp)

(b): >p_o Va1 = 5 (3Vanga + 4Vons1 + Van 4 2Vap1 — Vapog — 3Vi + 4V — Vo + 6V4 + V))
L(~Vango + 4Vanir + 5Vopn + 2Vap_1 + 3Van_o + Vi — 4V3 + 3V — 2V; + 5V4)

(d): Yo Vak = $(—Vangs + 2Vanso 4+ Vangr + 2Vay + Vi — Va4 2V — Vo + 3Vp)

(€): Xp_o Vakr1 = +(Vangs + Vapg1 — Va1 + Vi — 2V3 — Vo + 2V4 — Vp)

(£): ko Vaktz = 1 (Vanss + 2Vangz + Vanat + Vanor — Vi + 3V + Vo)

(8): oro Var = 15 (—=5Vinta + 4Vings + Wang2 + 10Ving1 + TVan + 5Va — 4V5 — 9V5 — 10V 4 9Vp)

(h): Y7o Vakr = rlf, (—Vianta + Vinys + 5Vansa + 2Vipg1 — 5V, + Vi — 4V3 — 5Vs + 14V4 + 5V%)

(1): Ypo Vakre = 15 (3Vanga + 4Vings + Vingo — 6Vang1 — Vin — 3Vy — 4V3 + 15V5 + 6V4 + Vo)

() Yo Vakts = 15 (TVanga + 4Vings — 3Viny2 + 2Ving1 + 3Van — TV + 12V3 + 3V5 — 2V; — 3Vj)

(K): Y r_ o Vak = 2 (=3Vspgs + 4Vanta + 3Vanis + 2Vango + Vapgr — Va+ Vo + 2V4 + TV))

M)z Ypo Vaktrr = 1 (Vangs — Vangs — 2Vansa — 3Vapqr — Va4 Vo + 6V1 — 1)

(m): >3 Vaks2 = 5 (Vonts — Vanss — 2Vanga + Vg — Va + 5Va — 2V4 — Vo)

(m): >p_o Vakes = (Vants — Vangs + 2Vapnga + Vang1 — Vi + 4V — 3Va — 2V4 — V)

(0): 7o Varra = & (Vanis + 3Vanys + 2Vanga + Vinr1 + 3V — 4V5 — 3V5 — 2V — V).

Proof.

(a): Using the recurrence relation
Vo=Vaa+ VotV s+ Vo u+ Vs

i.e.

‘/n - Vn—l = Vn—2 + Vn—3 + Vn—4 + Vn—5 = ‘/n—5 + ‘/71—4 + ‘/71,—3 + ‘/n—2
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we obtain

Vo=V = Vo+Vi+Va+Vs
Voe—Vs = Vi+Vat+Vs+V)
Vi=Vs = Vat+Vs+VatVs
Ve—=Vo = V3+Vi+Vs+ Vs
Vo—Vs = Vu+Vs+Vs+Vr
Vi=—"Vacr = Vs +Vaa+Vus+V, o
Vit = Ve = Vgt Vs + Voo + Vs
Vige =V = Vs + Vo o+ Vi +V,
Vags —Vage = Vo o+ Vo a+ Vo + Vo
Vita = Vogs = Va1 + Vi + Vg + Vg
Vs = Vata = Vo +Ver1 +Vaso+ Vs

If we add the equations by side by, we get

Vais—Va = > Vit (Vn+1 —V0+2Vk> + (Vn+2 + Vo —V1=W +ZVk>
k=0 k=0 k=0

n
+(Vn+3+vn+2+vn+1—vg—vl—VHka)

k=0

or

4N Vi =Voys — Vags — 2Vigo — 3Vigr — Vi + Vo + 2V4 + 3V
k=0

which maybe reduced easily to (a) by using (1.1) and dividing both sides by 4. Note that

Vn+5 - Vn+3 - 2Vn+2 - 3Vn+1 = (Vn+4 + ‘/71+3 + Vn+2 + Vn+1 + Vn) - Vn+3 - 2Vn+2 - 3‘/71+1

= Vn+4 - Vn+2 - 2Vn+l +Va
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LINEAR SUMMING FORMULAS OF GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS

(b),(c): We write the following obvious equations;

Vs = Vi—Voa-Vi =V -V
Vo = Ve—-Va—Vz-V2-V;
Vii= Vs=Ve—-Vs=Vy4—Vj3
Vo = Vip—Ve—Ve—-Vs—V5
Vit = Vig=Vig—Vo—Vs = V7
Vis, = Viu—Via—=Viu—Vigo— Vo
Vis = Vie—Via—Viz = Via —Viu
Von1 = Vap = Vap—a = Va3 — Van—a — Van—s
Vo1 = Voo = Vo = Vo1 — Voo — Vs,

Now, adding these equations we have

n n n
i+ Ve = (—vo — Vot Vanso + ) V2k> + <V0 - v%)
k=0

k=0 k=0

+ (VZW -3 le> + (VM -y m) + (VMH Vo1 = Vo= VzkH)
k=0

k=0 k=0

or

3 Vakp1 =Vi=Voi = Vo + Vanyo + 2Vani1 + Vo + Von1 = > Vag.
k=0 k=0

orusing V1 =V, — Vg = Vo — V] — V),
33 Varrs = —Va+ Vs + 2V + Vo + Vanro + 2Vanr1 + Van + Vauo1 — 3 Vo
k=0

k=0

Note that

Vi—-Voa-Veo=Vi—-(Vu-Vs—-Vo—-V1 — V) —Vo=—-Vi+Vz+2V1 + Vj.
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Similarly, we write the following obvious equations;

Vo = Va—-Vi—Vo—-V_1-V_y
Vi = Vs=-Vza-W-Vi-T)
Vo = Vea—-Vs—-Vy—-V3—-1;
Voo = W—-Ve-Vs—-V5-V,
Vio = Vii—Vo—-Ve—V: =14
Vie = Vig—=Vii—Vio—Vo— W
Vis = Vis—Viz—Via — Vi1 — Vig
V2n72 - ‘/anl - V2n73 - ‘/2n74 - V2n75 - ‘/27176
‘/Q'n = ‘/Q’n—i-l - ‘/Q’n—l - ‘/2'”—2 - ‘/2”—3 - ‘/Qn—4~

Now, adding these equations, we have

~Vo+ > Vo = <—V1 +)° V2k+1> + <V2n+1 -3 V2k+1> + <V2n -3 V2k>
k=0 k=0

k=0 k=0

+ <V2n+1 + Vo1 — Vo1 — Z V2k+1> + <V2n—2 +Vop = Voo — Z V2k>

k=0 k=0

or

3 Vap = (—Vig = Voy + Vo = Vi) + 2Vans1 + 2Van + Vono1 + Vano2 — Y _ Vars
k=0 k=0
orusing V_o=Vs —Vo -V — V) — V_q,
32 Vor = Vs + Vo + 2V + 2V 1 + 2Vop + Vo1 + Voo — Z Vary1.
k=0 k=0

Note that

Vo= Va+Vo-Vi=-(Vz-Vo-Vi=Vo—V_1) =V + V- Vi =-V3+ V5 +2Vj.
Solving the following system

3 Vakyr = —Va+Va+2Vi+ Vo + Vanga +2Voni1 + Von + Vano1 — > Vag,
k=0 k=0

3 Vo = —Va+Va+2Vh +2Vani1 +2Von + Vano1 + Van2 — »_ Va1,
k=0 k=0
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LINEAR SUMMING FORMULAS OF GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS

we find that
= 1
D Vaert = g(3Venta +4Vensr + Van £ 2Vano1 — Vauoo + Vo + 6Vi — Vo + V3 — 3V4)
k=0
n 1
D Var = (Vania+ 4AVangr +5Van + 2Van1 +3Vana + Vi — 4V + 312 — 2V3 +5Vp).
k=0

(d),(e),(f): Using the recurrence relation

Vicir =V —Via = Vi = Vs — Vis

we write the obvious equations

Vo = Vi—=Voi—-Vo-Vi3-V,
V= Vu-Vo-Vi—-Vo—-V_,
Vo = Vi=Vs=-Vyi-V5-1;
Vo = Vip—Ve—-Ve—-Vs—V5
Vigo = Vig—=Vin —Vip— Vo — V3
Vis = Vie—Via—Viz—Via—Vu
Vis = Vig—Vir —Vig — Vis — Viu
Vo = Vag — Voo —Vig — Vis — Vir
Vou = Vo5 — Vag — Vag — Vo1 — Vg
Vor = Vag —Vag — Va5 — Vau — Va3
Van—6 = Vs = Van—7— Van_g = Van—g — Van—_10
Van—s = Van—2—Van—a—Van—s5—Vsn—6— Van—z
Van = Vanp1 = Vano1 = Vap—o — Va3 — Van—4

Now, adding these equations, we have

n n n n
D> Ve = <Z V3k+1> - <— > Vakpa —Vor+ V3n+2> + (— > Vakyr — Voo + V3n+1>
k=0 k=0

k=0 k=0
+ (— > Var—Vos+ V3n> + (— > Vakga = Voa = Vor+ Vapg + v3n+2>
k=0 k=0
=
23 Ve = 2WVsnio+ Vapar + Van + Vanon — Voy = Vog = Vg =2V =2 Viryo

k=0 k=0
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Similarly, we write the obvious equations

Vi = VoeVa-Va-Vi4—Vs
Voo = V3=V -V-V 41—V,
Vi = Ve—-Va—-Vs-Vo-V;
Vso = Vo-Ve=Ve—=Vs -V
Vil = Vig—=Vig—Vo— Vs = V7
Vie = Vis =Viz—=Viza = Vi1 — Vi
Vir. = Vis—=Vig = Vis = Via — Vi3
Voo = Va1 —Vig—Vis—Vir —Vis
Vaz = Vag — Vag — Vo1 — Voo — Vig
Vog = Var —Vas — Vag — Vg — Vo
Van—a = Van—3—Van—5—Van—6— Van—7— Van—s
Vane1 = Van = Voo — Va3 = Vanoa — Vians
Vanta = Vanys — Va1 — Van — Va1 — Vapo

Now, adding these equations, we obtain

n n n n
Vo) Vakgs = <V3n+3 +) VBk) + (—V—z -3 V3k+1) + (—V—3 -3 V3k>
k=0

k=0 k=0 k=0
+ <V3n+2 -V -V_y— Z V3k+2> + <V3n+1 —V o —-V_5— Z V3k+1>
k=0 k=0
=
2 Z Vageo = Vo5 —V_4—V_3—-2V_5—2V_1 + Vapi3+ Vappo + Vapyr —2 Z Vak41-
k=0 k=0
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LINEAR SUMMING FORMULAS OF GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS

Similarly, we write the obvious equations

Vi = Vi-Ve-V,-Vis—Vg
Vi = Vo—-Vo—-V_1 -V o-V_3
Vi = Vs=-Vz=-Va=V1 -V}
Vii= Ws=Ve—-Vs-Va—-1V35
Vio = Vin—Vo—-Vs—=Vr—Vs
Vis, = Via—Via—=Viu—Vigo— Vo
Vie = Vit —Vis = Via — Vig — Vio
Vigo = Voo —Vis = Vir = Vie — Vi
Voo = Vag — Va1 — Voo — Vig — Vi
Vos = Vag — Vag — Vaog — Voo — Vg
Van—s = Van—a—Vin—6— Van—7— Van_s — Van—o
Van—2 = Van-1—Van—3—Van—a—Van_5—Vans
Vantr = Vango — Van — Va1 — Va2 — Vaps

Now, adding these equations, we obtain

Voot Y Vi = <V1 +y° V3k+2> + (—V3 -y V3k> + <V3n+2 —Vau=Va-> V3k+2>
k=0

k=0 k=0 k=0
+ <V3n+1 Vs =Vao—-> V3k+1> + <V3n ~Vig—Vis—> V3k>
k=0 k=0
=
2Y Vappr = —2Via—Vie—Vis—Voy—2Vg+ Vaupo+ Vansr + Van =2 Vi
k=0 k=0

Solving the following system

2> Vi = 2Vhuio+ Vansr+ Van + Va1 = Voa = Vg = Vop =2V —2) Vs
k=0 k=0
2 Vaps = Vs —Viu—Vig—2Vo =2V +Vauiz+ Vanro+ Vanpr — 2 Vaera
k=0 k=0

2 Z Vape1r = —2V_o—V_g—=V_5 =V_4 —=2V_3 4+ Vapqo + Vapy1 + Vo — 2 Z Vag
k=0 k=0
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we find
- 1
Z Vi = Z(_V3n+3 + 2Vapqo + Vangr +2Vs, + Va1 — Vi + 2V — Vo + 3V0)
k=0
- 1
Z Vagyr = Z(‘/Sn+3 + Va1 — Va1 + Vo — 2V — Vo +2V7 — 1))
k=0
n 1
> Vi = 1(‘/371—&-3 +2Vanto + Vapg1 + Vano1 — Va +3V2 + V).
k=0

(g),(h),(i),(j): As in the cases (d),(e),(f), solving the following system

n n n

2> Vik = Vings+Vingo + Vins1 +Van —Vi+ V0 = Y Vakro — > Vakys
k=0 k=0 k=0
2> Vikyr = Vings+ Vanso + Vansr = Va+ i+ Vo= > Viers — > Vax
k=0 k=0 k=0
n n n
22V4k+2 = Vinis+Vinp2e —Vs+ Vo + V1 + 1 —ZV41€+1 —ZV4k
k=0 k=0 k=0
2> Vikys = Vinga+Vanes —Va+Va+ Vo +Vi— > Vikpa— Y Virn
k=0 k=0 k=0
we find
" 1
> Vi = 16 (“Vanta + Vi + WVan o + 10Vin g1 + TVan + 5Vi — 4V5 = 9V5 — 10V1 + 9V%)
k=0
= 1
> Viker = 76 (“Vinsa + WVings + 5Vinyz + 2Ving1 = 5Vin + Vi — 4V5 = 5Va + 14V3 +5Vp)
k=0
- 1
> Vikrr = 76 BVanta+ WVinis + Vingo = 6Ving1 — Vin — 3Va — 4V3 + 1515 + 6Vi + Vo)
k=0

n 1
D Vikss = 7 (Vinga + Vings = 3Vinsz + 2Vingr +3Vin — 7V + 123 +3V5 — 2V1 — 3%p)
k=0
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LINEAR SUMMING FORMULAS OF GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS

(k),(1),(m),(n),(0): As in the cases (d),(e),(f), solving the following system

> Vak = Venga+ Vengs+ Venga + Vengr = Vi+ Vo — > Vikya— Y Vekra — 3 Vakra
k=0 k=0 k=0 k=0

S Vaerr = Vengat Vengs+ Venre — Va b Vi Vo — > Vaepa— Y Verss — Y Vak

k=0 k=0 k=0 k=0

D Viktz = Veupat+Venas —Va+ Vot Vit Vo— > Vaera— Y Vaerr — YV

k=0 k=0 k=0 k=0

S Vikis = Veapa—Va+Va+ Vot Vi+Vo—> Vikgo— Y Virpr— 3 Vi
k=0 k=0 k=0 k=0

n n n n n n
D Vekta = > Vaeis— Y Vaers— Y Vekra— Y Vaernr — Ve
k=0 k=0 k=0 k=0 k=0 k=0

n n n n n n
D Vikia = Veags—Vo+ D> Vi — D Vikgs— D Vikpa — O Veerr — »_ Vak
k=0 k=0 k=0 k=0 k=0 k=0

we find
- 1
> Vs = 7 WWVonta +3Vanss + 2Vsnt2 + Vangs = 3Vonas + Vo — Vi + Vo + 2V1)
k=0
n 1
> Vakp = 7 (Vonts = Vonis = 2Venyo = 3Vsnir = Vi + Vo +6V1 = W)
k=0
& 1
> Vikyr = 7 (Vonts = Vonts = 2Vonpa + Vongr — Vi +5V2 = 2V1 = Vo)
k=0
- 1
> Vkrs = 7 (Venis = Vanys +2Vansa + Vangr = Vi +4V5 — 32 — 2V1 — Q)
k=0
- 1
Z Viksa = 1 (Vants + 3Vanys + 2Vango + Va1 —4V3 = 3Vo +3Vy = 2V1 = Vo).
k=0

For a different proof of (a),(b),(c) see [3]. As special cases of above Theorem, we have the following two

Corollaries. First one present some summation formulas of Pentanacci numbers.

COROLLARY 2.2. Forn > 0, we have the following formulas:
(@): 4o Pu=5(Poya — P2 —2Pyy1 + P, — 1)
(b): Y i_o Port1 = £(3Pans2 +4Poni1 + Poy 4+ 2Pay—1 — Pap_a + 1)
(©): Sh_o Por = 2(—Ponta + 4Poni1 + 5Py + 2Pay_1 + 3Pay_2 — 3)
(d): 3o5_o Por = (= Pans +2Psnto + Pyygy + 2Py + Py — 1)
(€): Y i Pkt = 2(Psnys + Pyng1 — Pano1 + Py — 3)
(£): Y h o Pabr2 = 2(Pants + 2Psnio + Papg1 + Pop1 — 1)
(g): ZZ:O Py, = 1%- (=5Pun+ta +4Pupi3 + 9Pipio + 10Pspq1 + TPuy — 7)
(h): > p_o Puet1 = 15 (—Pan+a + 4Piny3 + 5Piny2 + 2Py i1 — 5Py, +5)
(D): Do Pavv2 = 15 (3Pinsa + 4Puni3 + Pago — 6Pyyy1 — Pry + 1)
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(k): > p_gPsk = 1 (—3Psnys5 +4Pspis + 3Psnys + 2Pspio + Pipgr — 1)
(D): > p_o Pskt1 = 7 (Psngs — Psngs — 2Pspy2 — 3Psp41 + 3)

(m): Y7 Psiro = % (Psnts — Psngs — 2Pspqo + Pspyr — 1)

(n): Y0 o Pskts = § (Psnas — Pongs + 2Psnqn + Psny1 — 1)

(0): >o—o Pokta = 5 (Psnts +3Psni3 +2Pspi2 + Pspia — 1)

(3): Yh_o Pakss = 1= (TPinya + 4Piny3 — 3Piny2 + 2Py y1 + 3Py, — 3)
1

Next Corollary gives some summation formulas of Pentanacci-Lucas numbers.

COROLLARY 2.3. Forn > 0, we have the following formulas:

(@): Yp_oQk = 2(Qnia — Qni2 —2Qni1 + Qn +5)

(b): Yoo Qaks1 = §(3Q2nt2 +4Q2n41 + Q2n +2Q2n—1 — Q2n—2 — 9)

(€): Yor_oQor = £ (—Qa2nt2 +4Q2n41 + 5Q2n + 2Q2n—1 + 3Q2p—2 + 19)
(d): o Q@sk = 2(—Qsn+3 + 2Q3n+2 + Q3nt1 + 2Q35 + Qzn—1 + 11)

(€): Yo Qse41 = 3 (Q3n+3 + Qang1 — Qsn—1 — 5)

(£): Dkmo Qaki2 = i(Q3n+3 +2Q3n+42 + Q3nt1 + Qan—1 — 1)

(8): Yoo Qar = 15 (—5Qunta + 4Quny3 + 9Qunt2 + 10Qunt1 + 7Qun + 55)
(h): Y Ques1 = 75 (—Qunta + 4Qunts + 5Qunt2 + 2Qun+1 — 5Qun + 11)
(1): Ypo Qarr2 = 15 BQunta + 4Qunts + Quniz — 6Quni1 — Qun — 17)
() Xhro Quits = 15 (TQunta + 4Qun+3 — 3Qun+2 + 2Qun41 + 3Qun — 29)
(k): Di—oQsk = i (—3Qs5n+5 + 4Qs5n+4 + 3Qsn+3 + 2Qs5012 + Qsnt1 + 25)
(): Yo Qsk1 = 2 (Qsnts — Qsnts — 2Qsn+2 — 3Qsn41 — 11)

(m): 30 Qskt2 = 1 (Qsnts — Qsnts — 2Qsn+2 + Qsni1 — 7)

(m): >p_o Qsits = § (Qsnts — Qsnts + 2Qsnt2 + Qsnt1 — 3)

(0): Y h o Qs = 2 (Qsnts + 3Q5n43 + 2Qsn12 + Qi1 + 1)

3. Linear Sums of Generalized Gaussian Pentanacci Numbers

A Gaussian integer z is a complex number whose real and imaginary parts are both integers, i.e.,
z = a+1ib, a,b € Z. If we use together sequences of integers defined recursively and Gaussian type
integers, we obtain a new sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas,
Gaussian Pell, Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-
Padovan numbers; Gaussian Tribonacci numbers. Gaussian generalized Pentanacci numbers {GV,,}n>0 =

{GV,(GVy, GV1, GVa, GV, GVy) }i >0 are defined by

(31) GVn - G‘/n—l + GVn_Q + Gvn_g + G‘/n—4 + GVn_5,
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LINEAR SUMMING FORMULAS OF GENERALIZED PENTANACCI AND GAUSSIAN GENERALIZED PENTANACCI NUMBERS
with the initial conditions

GVy = co+(—co—c1—ca—cg+cq)i,GV1 = c1+ coi, GVa = co + c1,

GV = ¢34+ cot,GVy = ¢y + c3i
not all being zero. The sequences {GV,, },,>¢ can be extended to negative subscripts by defining

GV_ = =GV_(_1) = GV_(n_2) = GV_(n_3) = GV_(y,_4) + GV_(_5)

for n = 1,2,3,.... Therefore, recurrence (3.1) hold for all integer n. Note that for n > 0
(3.2) GV = Vi + iV,

and

Gv—n =V_,+iV_na

We cousider two special cases of GV,, : GV,,(0,1,1 44,2 +i,4 4+ 2i) = GP, is the sequence of Gaussian
Pentanacci numbers and GV,,(5—1, 145, 3+4, 7+ 31, 15+ 71) = GQ),, is the sequence of Gaussian Pentanacci-
Lucas numbers. We formally define them as follows:

Gaussian Pentanacci numbers are defined by
(3.3) GP, =GP, 1 +GP, 2 +GP,_3+GP,_4+GP,_s,
with the initial conditions
GPh=0,GP,=1,GP,=1+4i,GP3=2+4+1i,GPy =4+ 2i
and Gaussian Pentanacci-Lucas numbers are defined by
(3.4) GQn=GQn1+GQn2+GQn 3+GQy 4+ GQps
with the initial conditions
GQo=5-1,GQ1 =1+51,GQ2=3+11,GQ3 =7+ 3i,GQ4 = 15+ Ti.

Note that for n >0
GPn =M, + Z.1\471717 GQn =R, +iR, 1
and

GP—n = M—n + iM_n_l, GQ—n = R—n + Z.R—n—l-

The following Theorem present some summation formulas of Gaussian generalized Pentanacci numbers.

THEOREM 3.1. Forn > 0 we have the following formulas:
(@): Yp_o GVi = H(GVyjs — GVigo — 2GVii1 + GV, — GV + GVa + 2GV; 4 3GVp)
(b): Yo GVory1 = 5(3GVapqa + 4GVan 41 + GVap + 2GVay—1 — GVay—z — 3GV + 4GV3 — GVa +
6GV1 + GV))
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(€): Yoo GVor = 2(=GVapyo + 4GVani1 + 5GVay + 2GVay—1 + 3GVap_2 + GV — 4GV + 3GV —
2GV; +5G V)
(d): o GVar = 2(—=GVanis+2GVapio+ GVany1 +2GVay, + GVayoy — GVi+2GV5 — GVa +3GV))
(€): Yp_oGVars1 = 1(GVanis + GVani1 — GVano1 + GVy — 2GV3 — GVa + 2GV; — GVp)
(£): Y i GVaito = $(GVanys + 2GVapia + GVapgr + GVapo1 — GVy 4 3GV2 + GVp)
(8): X1y GVik = = (—5GVin 14 + 4GVin 15 + 9IGVin 12 + 10G Vi1 + TGViy + 5GV;
_4GV; — 9GVs — 10GV] + 9GVy)
(h): > GVags1 = 15 (=GVipya + 4GVinis + 5GVapia + 2G Vi1 — 5GViy + GV
4GV — 5GVa + 14GVh + 5GV0)
(1): Yo GVaky2 = 15(8GVinia + 4GVinis + GVipya — 6GVini1 — GViy, — 3GV
—4GV; + 15GVa + 6GV; + GVh)
(3): Xh_o GVakss = 15 (TGVinya + 4GVinis — 3GVini2 4 2GVin 41 + 3GVyy, — TGV
F12GVs + 3GVa — 2GV; — 3GVp)
(k): Y r_o GVai = 2(=3GVapni5 4+ 4GVsnpa + 3GVspis + 2GVanio + GVania
—GVi + GV + 2GVi + TGVh)
(): Y4 GViks1 = + (GVants — GVipgs — 2GVanyo — 3GVsni1 — GV + GVa + 6GV; — GVp)
(m): Y7o GVspgo = 2 (GVanys — GVanys — 2GVspio + GVsppn — GV + 5GVa — 2GV; — GVp)
(n): Yo GVakss = 2(GVanis — GVanis + 2GVanyo + GVspy1 — GV
+AGV; — 3G Vs — 2GV; — GVp)
(0): Y i GVaiga = $(GVsnys + 3GVspgs + 2GVanio + GVanya
+3GVy — 4GV3 — 3GVy — 2GV; — GVp).

Proof. (a)-(o) can be proved exactly as in the proof of Theorem 2.1.
As special cases of the above Theorem, we have the following two Corollaries. First one present summa-

tion formulas of Gaussian Pentanacci numbers.

COROLLARY 3.2. For n > 0 we have the following formulas:
(@): Yp_oGPr=1(GPyis — GPuys —2GPyy1 + GP, — 1 — )
(b): > p_o GPoks1 = §(3GPany2 + 4G Pony1 + GPay + 2GPay 1 — GPyy_p + 1 — 3i)
(©): Y i GPok = §(=GPapya +4GPoy i1 + 5GPay, + 2GPay—1 + 3GPap—3 — 3 +1)
(d): 7, GPsy = (=G Pspys+ 2GPsy o + GPayyy +2GPsy + GPyy y — 1 — 1)
(€): Yp_oGPsii1 = 1(GPspys3+ GPsin — GPypq + 1 — 1)
(£): Y i GPsky2 = 2(GPsyis +2G Py + GPapy1 + GPsyq — 1 +14)
(8): Yp_oGPu, = 15 (—5GPypia + 4G Pry i3 +9G Panyo + 10G Pani1 + TGPy, — T — 3i)
(h): Y3 GPii1 = 15 (~GPuyya + 4GPanis + 5GPy i + 2GPayy1 — 5GPy + 5 — Ti)
(i): Yp_o GPust2 = 15 (3G Pyt + 4GPy 43 + GPapys — 6G Py — GPyy + 1+ 5i)
(3): Yopo GPurss = 15 (TGPypia + AGPayis — 3GPapya + 2GPap i1 + 3G Py, — 3 +14)
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(k): Y o GPsk = 1 (—3GPspi5 + 4G P54 + 3GPs 43 + 2G P50 + GPsyi — 1 — )
(D: Y40 GPsi1 = 3 (GPspys — GPspys — 2GPsyi0 — 3G Pspyn + 3 —4)

(m): >} GPspyo = L (GPspy5 — GPsyis — 2GPsy o + GPspyq — 1+ 3i)

(n): Y40 GPsiis = 3 (GPspys — GPsyys + 2GPsypo + GPspyq — 1 — 1)

(0): Y40 GPspya = 5 (GPspi5 + 3GPsyi3 + 2GPsyio + GPspyy — 1 — 1)

Second Corollary gives summation formulas of Gaussian Pentanacci-Lucas numbers.

COROLLARY 3.3. Forn > 0 we have the following formulas:

(a): Yr_ o GQr = 1(GQuis — GQury2 —2GQui1 + GQp + 5+1)

(b): Y_o GQart1 = 3(3GQant2 +4GQan 41 + GQon + 2GQ2n—1 — GQa2po — 9+ 190)

(€): Yr_oGQar = :(—GQant2 + 4GQ2n11 + 5GQ2n + 2GQ2—1 + 3GQ2n—2 + 19 — 17i)
(d): Yp_o GQsk = 1 (—GQsnt3 + 2GQsn12 + GQ3ns1 + 2GQs3, + GQ3p—1 + 11 — 5i)

(€): Yo GQskr1 = 5(GQsnis + GQsny1 — GQsn—1 — 5+ 11i)

(£): Yi_oGQsky2 = 1(GQ3nys + 2GQsn12 + GQsny1 + GQsp1 — 1 — 5i)

(8): i GQuk = 75 (—5GQun+a + 4GQun+3 + 9GQun+2 + 10GQup41 + TGQ4y + 55 — 450)
(h): Y0 GQuit1 = 15 (—GQunta + 4GQun+3 + 5GQunt2 + 2GQuni1 — 5GQun + 11 + 550)
(1): Yr o GQurto = Tlﬁ (3GQun+a +4GQun+3 + GQunio — 6GQunt1 — GQuap — 17 + 114)
(3): XheoGQuirs = = (TGQunya + 4GQun+3 — 3GQunt2 + 2GQunt1 + 3GQuy — 29 — 174)
(k): Yr_oGQsi = 5 (—3GQs5n45 + 4GQs5n44 + 3GQs5n43 + 2GQs5n42 + GQspnp1 + 25 — 3i)
(M): Yp GQsis1 = 3 (GQsny5 — GQsnis — 2GQsn42 — 3GQsn41 — 11 + 250)

(m): Y GQsir2 = § (GQsnts — GQsngs — 2GQsn42 + GQsny1 — 7 — 110)

(n): >r_ o GQsits = 1 (GQsni5 — GQspps + 2GQs042 + GQspq1 — 3 — Ti)

(0): Y h o GQspra = 2 (GQsnis + 3GQsn1s + 2GQsp40 + GQsppr + 1 — 30)
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