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QUANTUM ENERGY OF A PARTICLE IN A FINITE-
POTENTIAL WELL BASED UPON GOLDEN METRIC

TENSOR

Abstract

In our previous work titled “Riemannian Quantum Theory of a Particle in a Finite-Potential
Well”, we constructed the Riemannian Laplacian operator and used it to obtain the
Riemannian Schrodinger equation for a particle in a finite-potential well. In this work we
solved the golden Riemannian Schrodinger equation analytically to obtain the particle energy.
The solution resulted to two expressions for the energy of a particle in a finite-potential well.
One of the expressions is for the odd energy levels while the other is for the even energy
levels.

Keywords: Energy, Finite-potential, Quantum Theory, Particle, Schrodinger equation.

1. Introduction

The origin of quantum physics occupies a time period in history that covers a quarter of a
century. Classical or Newtonian mechanics was available in the powerful formulations of
Lagrange and Hamilton by the year 1900. Thus, classical electromagnetic theory was
embodied in the differential equations of Maxwell. Defects were, however, made clear by the
failure of the classical theories to explain some experimental results, notably, the frequency
dependence of the intensity of radiation emitted by a blackbody, the photoelectric effect and

the stability and size of atoms [2].
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Quantum Physics came to existence in 1900 when a famous pronouncement was put forward
by Planck to unfold and illustrate the meaning of the observed properties of the radiation
ejected by a blackbody [3]. This phenomenon posed an unsolved problem to theoretical
physicists for several decades.

Principles of thermodynamics and electromagnetism had been applied to the problem but,
these classical methods had failed to give a sensible explanation of the experimental results
[11;1].

The quantum hypothesis of Planck and the subsequent interpretation of the idea by Einstein in
1905 gave electromagnetic radiation discrete properties; somewhat similar to those of a
particle. The quantum theory made provision for radiation to have both wave and particle
aspects in a complementary form of coexistences. The theory was extended when matter was
found to have wave characteristics as well as particle properties by de Broglie in 1923 [9].
These notions continued to evolve until 1925 when the formal apparatus of quantum theory

came into being.

The discovery of the wave like behavior of an electron created the need for a wave theory
describing the behavior of a particle on the atomic scale. This theory was proposed by
Schrodinger in the year 1926, two years after De Broglie formulated the idea of a particle
wave nature [8]. Schrodinger reasoned that if an electron behaves as a wave, then it should be
possible to mathematically describe the electrons behavior in space time coordinate as a wave.
The Schrodinger proposed theory; yielded the fundamental equation of quantum mechanics
known as the Schrodinger wave equation. This equation has the same central importance to

quantum mechanics as Newton’s law of motion has for classical mechanics [10].

2. Theoretical Analysis
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2.1 Derivation of Riemannian Laplacian Operator in Spherical Polar Coordinate
Based upon the Golden Metric Tensor
Consider a particle of mass, m in a finite-potential well of width, a and depth, V.

The Riemannian Laplacian operator [12; 6] is given by

d d
Vi= = o (V9 9" o)

where g,, = metric and g = determinant of g,,,

€]

The Golden Riemannian metric tensors in spherical polar coordinate [6; 7] are given by

1

911 = (1 + é f)_ (2)

-1
J33 = rzsinzﬁ(l + ci f)
2
gOO = — (1 + ) f)
Juv = 0; otherwise

and

g = r*sin?0 (1 + é f)_2

\/E = r?sinf (1 + C—zz f)_1

From equation (1) we have:

3)

“)

&)

(6)

(7

®)
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If we let
@ =7 5 (99" 55}
b= 5 W97 53}
yzéa%{@. g% ==} and
= V5 0 )

Equation (9) reduces to
Viza+pB+y+¢

(10)

Fora == 3 {V9.9" 5

(1)

®

To obtain a in spherical polar coordinate, we substitute equations (2) and (7) into equation

(11) as follows:

*= J_axl{\/_g ax}

r2siné (1 + (:2_2 f)

-1

1 g 2'191+2f
=5 e (1 2 1) (
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13)
To obtain £ in spherical polar coordinate, we substitute equations (3) and (7) into equation

(13) as follows:

\/—axz {\/_ 9.9’ dx? }:

L D lrane (e Z0) (14 5) 5
L2 a9 |" °" c? ' sz r? 00
C

b= r251n9 (1 + c12 f) %{Sing %}
(14)

Fory = 7 57 {9 9% 53]
(15)

To obtain ¥ in spherical polar coordinate, we substitute equations (4) and (7) into equation

(15) as follows:
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116

_ 1 0 33 0] _

4 "~ Jg ox3 {\/Eg 6x3} a
! 1+— 2 g 01+ 2 f_1 1+ 2 1 g
rzsine( f) 510 rsin ( c? ) ( sz) r2sinZe 00

¥ = (1 +5) 5 Go)

(16)

For { = % 6_9150 {\/E.goo 66?}

a7
To obtain y in spherical polar coordinate, we substitute equations (5) and (7) into

equation (17) as follows:

\/_ ax0 {‘/_ g-9° axo} o

—rzfme( ) (1+ &) (14 &) 5]

(18)

Substituting equations (12), (14), (16) and (18) into equation (10), we have thus:

Vi m (1 S ) 5 U o s (15 ) s ind 35)

tm () gl - (10 50 55 (55

(19)

Equation (19) is the golden Riemannian Laplacian operator in spherical polar coordinate.

The well-known Laplacian operator is derived based on Euclidean geometry while
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equation (19) is derived based on the Riemannian geometry using the golden metric
tensor. This equation is further applied to the Schrodinger equation in order to obtain the
golden Riemannian Schrodinger equation.
2.2 Derivation of golden Riemannian Schrodinger equation in Spherical Polar
Coordinate

Consider the well-known Schrodinger equation [4; 5] given by

By =Hy=—""

(20)
where E is energy of the particle, H is Hamiltonian of the system, m is mass of the
particle, A is normalized Planck’s constant, V?2 is Euclidean Laplacian of the system, V is
particle potential and s is wave function.
We replace the Euclidean Laplacian operator with the golden Riemannian Laplacian
operator in equation (19); that is:

—h? vR

Ey = Hp = 28 + V(D)
(21D

Substituting the expression for the Riemannian Laplacian operator, V% into equation (21),

we obtain

== i ()5 (2 5) 4 g (145 ) g (oo ) +

(1+3%)5 Go) = (1+ 20 = GRhvro+ v
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Expanding equation (22) and considering that V = V[, which is the depth of the potential well,

we obtain
th %‘W' 0, ¢>:x0)) = <ar¢(r 0,9, x0)> <a ~U(r, 0,9, x0)>
ot 0.0.0.09) = (0 .0.0.20) ) -

2mr2sinf?

h2n o ]
2ot '<a¢2 P(r,0,¢,x )) py— <a(x0)2 Y(r,6,¢,x )) v, W(r,t)
(23)

2
where 1 = (1 + 3 f)
(24)
Equation (23) is the golden Riemannian Schrodinger equation in spherical polar coordinates.

Using the method of separation of variables, we seek to express the wave function, s as

iEt

W = R()P($)0(O)exp (=)

(25)

Putting equation (25) into (23) yields

d2
_Rme@e@E _ _ M1(ER0)@0e®) 1h2n(mR<r)>d><¢)e<9)

iEt iEt - E iEt
exp— mrexp— mexp——

1 7% cos(e)R(r)q>(¢)<di9@(e)) 1 han(r)d>(¢)<d62@(9)>

2 mr2sin (G)explE—t 2 mrzexpE
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han<r>(d¢2d>(¢)>e<e)

1R(MP(P)O(O)I*E? | VoR(r)P($)0(H)
2 2 «ing2ovnlEL 2 iEt + iEt
mr? sin 62exp— mnexp—— exp—

(26)

Dividing equation (26) by (25) and bringing the like terms together we have

2
. hzn(%R(T)) 1h2n<;7R(r)> 1 h ncos(G)( @(9))

R(rymr 2 R(r)ym 2 0(8)mr2sin(0)

e <d92@(9)> n (d¢2 (¢>)> 12
2 e@)mr: 2 ®(¢)mr?sinb2 Em_n-l_ 0

27)

Rearranging equation (27) we have

2
h2n<—d2R(r)> 52 (iR( ))
1 dr M\ 1 E?
T2 R(r)ym N R(r)mr T 2m + V E=

1h2ncos(0)< @(9)) 1P <d920(9)> L2 (d¢2 (¢>)>

2 0(0)mr?sin(0) 2 0(0)mr? 2 ®(¢p)mr?2sin 62

(28)

Equating the left hand side of equation (28) to —/12 implies that
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183

2
1 h%(%R(r)) h%(%R(r)) N 1 E2

—_— —_— —_— e p— 2
2 R(r)m R(r)mr 2mn VO E A
(29)
s . 2mR(r)
Multiplying through equation (29) by — e
d

d—ZR(r) N 2(5””) __RME? _ 2mR(m)Vo + 2mR(r)E _ 2mR(r)A?
dr? T h2n?2 h2n n2n h2n
(30)

Rearranging equation (30) we have

z(iR(r)>

d? dr R(r)E?  2mR(r)V, , 2mR(r)E  2mR(r)A? _

dr? R(r)+ h?n? h?n h?n h2n 0 @b
Equation (31) becomes

2R+ (LR - i(E—Z + 2mV, — 2mE + 2m/12) R(r) =0 (32
dr? r \dr h2n \n 0

From equation (32)

d’R | 2dR 1 (E? 2 _
F+;E—ﬁ(7+2ml/o—2mE+2m/1)R—0 (33)
LetR = a, + a;7 + ayr? + azr3 + - + a,rk (34)

10
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Thus,
_ ' k
R =Y ,a,r
R' =Y aprk1

R" = 3%, ajrk=2

Substituting equations (35) to (37) into (33) we have

i k(k—1)a, 2 + 2r 1y  kapr* 1 — T3 apr = 0
_ 1 (F? 2
Where T = ﬁ(? +2mV, — 2mE + 2mA )

This implies that
Yoo k(k — Dar*=? + XL, 2ka,r*? — ¥ tay,r* = 0
Shifting the first term of equation (40) yields

Yo ok +2)(k+ Dapr® + X5 2(k+2)ag,m* = Yoo tar* =0

Sreol(k+2)(K+ 1) + 2(k + 2)}agy,r* — Ypotarr® =0

{k+2)(k+1)+2(k+2)}ag, —1a, =0

11

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)



207

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

It implies that

{(k+2)(k+3)}ag, —ta, =0

and

a _ Tag
k+2 ™ (k+2)(k+3)

From equation (45) we have

a2=? k=0
a3=% k=1
a4=12;!l° ik =2

;k=10,1,2,3 ..

12
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(46)
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242

T°a,

ag = —, k=4 (50)
3a
a; = . k=5 (51)
8X7X6X5X4X3

Substituting equations (46) to (51) into (34) we have

2 2 3
_ o 2 , Ta1 3 | T“p 4 T°aq 5, T2y 6
R=a,+ar+ 31 T +3X4r + g T +6><5><4><3r +—7! r° +
Al W 52
8X7X6X5X4X3 (52)
R=(a+%0r2 4+ 00 D0006) (g4 D003 4TG5y
I Y 5! 7! 1 3x4 6X5x4x3
T3a1 7)
8x7x6x5x4x3 | 1 (53)
Therefore,
_a _ 2
R(r) == exp(—VT)r + " exp(vT)r (54)

Substituting for T we have

13



N[

C2

243 R(r) = Cr—lexp {—%(%2 + 2mV, — 2mE + ZmAZ)} T+

NI

1 (E? 2
Wy 7+2mV0—2mE+2mA r

N[

244 exp {# (’%2 +2mV, — 2mE +2m2?)}r (55)

245
246 Solving equation (55) for E, we obtain

247

R()T+y/R(1)212+c12—C,2
C12+C22

2
28 E = % mnr + <m2n2r2 + ln( ) h?n? — 2mA%nr?

249 ZmVOan) }

250 (56)
251
252 Also equating the right hand side of equation (28) to —A? implies that

253

__ h®’ncosé d I d? .
234 20(0)mr2sin 6 (de 9(0)> 20(0)mr? <d92 9(9)>

255 i @ d(¢p) | = —A2 (57)
2®(¢p)mr2sinf2 \ dep?
256
r2
257  Multiplying through equation (57) by — 2y we obtain

258

14
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261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

cos(6)(350(9) ) .\ 4 6(6) s <d¢2 (qb)) amraz2
0(0) sin(6) 0(6) ®(¢)sinh2 K2y

(58)

Rearranging we have

d? a o)
cos(G)( 9(9))_{_@@(9) dp? (@) 2mr22?

0(0) sin(0) 00) | o(¢)sinb2  hZq =0

(59)

Equivalently

d2
cos(G)( @(9)) deze(e) 2mr2A2 _ (W‘D(fﬁ))
0(6) sin(0) + 0(0) n2n @ (¢)sin 62

(60)

Equating the left hand side of equation (61) to - k implies that

cos(6)< @(6)) d92®(9) 2mr2a2 K

0(8) sin(H) 0(6) h2n

(61)

Multiplying through equation (61) by ©(0) gives

15
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285

286

287

288

289

290
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292

293

294

295

296

297

cos(0)(350(0)) 42 20(8)mr2?
sin(8) + do? 6(0) N h2n o —@(Q)k

(62)

From equation (62) we have

d?e cos 6 de 1 242 .
+<k hzn(Zmr A ))@—0

aoz sin 0 do
(63)

Leto= k— h—lr’(Zmr212>

(64)
Equation (64) becomes

d?@ _ cosH de
daoz sineﬁ-l_ Q@_O

(65)
Using same method of obtaining equation (56) we have

00) =c,{1-2p? —2(6-0)p* —2(20 - ) (6 —)p*} + 2 {p +

~(2-0)p® +5 (12— )2 — 0)p® +7, (30 — 0)(12 - 0)(2 — 0)ep’}

(66)
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Equating the right hand side of equation (60) to - k implies that

d2
_ag®®

®(¢) sin 62
Multiplying through by ®(¢) sin 82 we have

d2

a2 D (¢p) — P(p)(sin6)k =0

From equation (68)

d2o

e dsin?0k = 0

This implies that

d2o
dg?

— ksin?6® = 0

The characteristic equation is given by

m? — ksin?6 = 0

and

m = +Vksin20 = +Vksin6

17
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319 Hence,

320 D(¢p) =¢ exp(\/F(sinH)qb) +c, exp(—\/F(sinB)q,’)) (73)
321  Seeking the solution for equation (73) as

322

1/
1 (—2m(—/12+E—V0)1;+E2) 2 1
323 - PR r|=nmn (74)
324
1
- A2+ E—V)n+E?) =0

N 2m(—A*+ E—-V,)n + —nmw = (75)
326

327  Solving for E from equation (75) yields

328

1 E = nm + n?h2nn? + n2m?2 — 2nma2 — 2V,nm, 76)
E = nm — \n?h2nn? + n2m? — 2nyma2 — 2V,nym

330

331  From equation (76) we have two sets of values for the energy which are identified as

332

333 E; = nm + {n2h2nn? + n2m? — 2nymA2 — 2V,nm (77)
334

335 and

336 E, = nm — n?h2nn? + n?m?2 — 2nymA? — 2V,nm (78)

337  Substituting the expression for 77 from equation (24) into equations (77) and (78) we have

2

18
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339

340

341

342

343

344

345

346

347

348

349

350

\/(1+ Cizf)zhznn2+(1+ C—zzf)2m2—2(1+ Cizf)m/lz—ZVO(1+ Cizf)m

(79)

\/(1+ C%f)zhznn2+(1+ C—zzf)2m2—2(1+ Cizf)m/lz—ZVO(1+ Cizf)m

(80)

Further simplification and expansion of equations (79) and (80) gives

E, (foroddn) = M +

2fm anm?h? anm?h?f2
f2+(nn2h2— T T L m?
c c c

2 2 £2 2 5
4m2f n 4m4f _omaZ + 4m/1 f ZVO n 4VO:nf)2
c c c c
81)
and
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370

371

2fm anm?p? anm?h?f?
fz _(nnzhz— L4+ I m2

c? c*

E, (for evenn) = M +

1

—2mA? + mAf oy m + 4‘/"mf)E
(0]

am?f  am?f?
T c? c?

c2 c*

(82)

where n is energy level of the particle in a finite potential well, m is the mass of the particle, ¢
is speed of light, V, is depth of the well, f is gravitational scalar potential, A is normalized

Planck’s constant w and A are constants.

3. Discussion

Equation (81) and (82) are the solutions to the golden Riemannian Schrodinger equation.
They represent the quantum energies of the particle in a finite-potential well. Equation (81)
represents the energy at odd energy levels and equation (82) represents the energy at even
energy levels.

This can also be applied to all entities of non-zero rest mass such as: infinite potential well,

rectangular potential well, simple harmonic oscillator etc.

4. Remarks and Conclusion

We have in this article, shown how to formulated and constructed the Riemannian Laplacian
operator and the golden Riemannian Schrodinger equation. We have solved the golden
Riemannian Schrodinger equation analytically and obtained the expressions for the quantum

energies for both odd and even states.
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