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ABSTRACT:    The  analysis  of  the  dynamic  buckling  of  a  clamped  finite  imperfect  viscously 

damped  column  lying  on  a  quadratic‐cubic  elastic  foundation  using  the  methods  of 

asymptotic  and  perturbation  technique  is  presented.  The  proposed  governing  equation 

contains  two  small  independent  parameters  (δ  and  ϵ)  which  are  used  in  asymptotic 

expansions  of  the  relevant  variables.  The  results  of  the  analysis  show  that  the  dynamic 

buckling  load  of  column  decreases with  its  imperfections  as well  as with  the  increase  in 

damping. The results obtained are strictly asymptotic and therefore valid as the parameters 

δ and ϵ become increasingly small relative to unity. 
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1.0  INTRODUCTION 
Buckling  is a phenomenon associated with  failure of  column‐like  structures.  Structures on non‐linear 
elastic  foundations  are  commonly used  in  engineering  applications  and occupy  a prominent place  in 
structural  mechanics.  These  structures  can  also  serve  as  simplified  models  for  complex  non‐linear 
systems such as columns, shells and plates. Globally, collapse of buildings, bridges and other material 
structures are issues of concern. Structural failures are forms of material failures which are dangerous in 
nature  and  should  be prevented by  all  cost.  Series of  investigations  and  studies  have been done  by 
Engineers and Applied Mathematicians  to determine  the maximum  loads  structures  can  carry before 
buckling occurs, yet buckling of elastic structures remain inevitable. Structural elastic materials normally 
display certain tendencies of failures and instability when loaded either statically or dynamically and one 
of the pre‐occupations of the Structural Engineers and Applied Mathematicians is the determination of 
the load which a given elastic material can support prior to buckling. 

 A  vast  quantum  of  insights  on  dynamic  stability  of  elastic  structure  has  been  achieved  by 
subjecting  these materials  to  diverse  dynamic  loading  conditions.  These  loads  include,  step  loading, 
impulsive loading, rectangular loading, triangular loading [1] and even periodic loading [1] and [2]. From 
these  findings,  it has become  firmly established  that  initial  imperfections, and  to a  lesser extent,  the 
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loading duration, are some of the main factors that have been seriously implicated as causative agents 
of reduction of the elastic strength of these materials. [3] investigated the dynamic response of columns 
under impulsive axial compression. The investigation has been carried out on clamped specimens, made 
of metals  and  composite materials,  loaded  impulsively  by  a  striking mass.  In  the  theoretical  study 
Rayleigh‐type beam equations were assumed  for a geometrically  imperfect  column of a  linear‐elastic 
anisotropic material, and  the numerical solution, yielded buckling behaviour  that correlated well with 
the  experimental  results.  The  results  have  shown  that  initial  geometrical  imperfections,  duration  of 
impulse and effective slenderness have a major  influence on the buckling  loads, whereas the effect of 
the material  is  secondary.    Recent  studies  on  dynamic  buckling  have  been  directed  principally  on 
columns, beams, plates, spherical shells and cylindrical shells, and so, extensive literatures (most often 
numerical approach), have since come to  limelight.  In this regard, mention must be made of  [4], who 
studied some important parameters in dynamic buckling analysis of plated structures subjected to pulse 
loading, while  [5] equally  investigated  the buckling of  impulsively  loaded prismatic cores.  In  the same 
token,  [6]  studied  the  dynamic  buckling  of  thin‐walled  composite  plates  with  varying  width‐wise 
material properties while [7] also investigated interactive dynamic buckling of thin‐walled columns. We 
now mention  [8],  who  studied  the  dynamic  buckling  of  thin‐walled  viscoplastic  columns,  while  [9] 
similarly  investigated some aspects of dynamic buckling of plates under  in‐plane pulse compression. A 
study on  longitudinal step‐wise  loading was undertaken by  [10], while  [11]  investigated triply coupled 
vibrations of axially  loaded thin‐walled composite beams. An  investigation on computational nonlinear 
stochastic dynamics was undertaken by  [12], while  [13] discussed nonlinear stochastic dynamical post 
buckling analysis of uncertain cylindrical shells. Similarly,  [14] as well as  [15], and  [16] made excellent 
contributions  to the dynamics of dynamic buckling. An  investigation  into  the dynamic effect of  lateral 
buckling of high temperature/high pressure offshore pipeline was carried out by [17. In the same token, 
[18] investigated the dynamic buckling and fragmentation in brittle rods, while a study on the vibration 
of nonlocal Kelvin‐Voight viscoelastic damped Timoshenko beams was undertaken by [19]. The study by 
[20]  on  non‐linear  analysis  of  viscoelastic  rectangular  plates  subjected  to  in‐plane  compression was 
insightful. [21] also  investigated the static buckling of  infinitely column  lying on quadratic‐cubic elastic 
foundations  using  asymptotic  approach,  similarly  [22]  analyzed  the  dynamic  stability  of  a  simple 
quadratic  elastic  model  structure  that  is  pre‐statically  loaded  but  trapped  by  a  step  load  using 
asymptotic  approach.  It  is worthy of note  the work of  [25]  in which  the  static buckling of  the  same 
structure discussed here was studied. The following important works on dynamic buckling analysis using 
asymptotic techniques are also worthy of note [26 – 29]. 
 

The dynamic buckling  load of a viscously damped elastic structure trapped by a step  load  is a 
real life problem and the governing equation is the mathematical generalization of some of the physical 
structures encountered  in engineering practice. This work aims at  investigating, using asymptotic and 
perturbation  procedures, the dynamic buckling of a viscously damped but clamped finite column lying 
on a quadratic‐cubic nonlinear  foundation.  In addition,  the effects of  light viscous damping as well as 
imperfection on the dynamic stability of the structure are discussed.  
 

The  dynamic  buckling  load ߣ஽ is  defined  as  the  maximum  load  parameter  for  which  the 
displacement or solution of the governing equation remains bounded for all time and is obtained from 
the maximization [1], 

                    
ௗఒ

ௗ௎ೌ
ൌ 0                        (1.1) 

where ߣ is the load parameter and ܷ௔ is the maximum value of the displacement of the column. 
 
  2.0  FORMULATION OF THE PROBLEM 
The usual dimensional differential equation satisfied by the deflection ܹሺܺ, ܶሻof the column under 
consideration satisfies the following partial differential equation, as in [23] and [24], 

݉଴ ,்்ܹ  ൅ ܿ଴ ,்ܹ  ൅ ܫܧ ,ܹ௑௑௑௑  ൅ 2ܲሺܶሻ ,ܹ௑௑ ൅  W݇ଵ – ݇ଶܹ
ଶ– ݇ଷܹ

ଷ ൌ   െ2ܲሺܶሻ
ௗమௐഥ

ௗ௑మ
  , ܶ ൐ 0  ሺ2.2aሻ

                  
  0 ൏ ܺ ൏   ሺ2.2bሻ                                                                                                  ߨ  
          
  W ሺX, 0ሻ  ൌ  0 ൌ   ,்ܹ ሺX, 0ሻ  ൌ  0 , 0  ൏ ܺ  ൏  ሺ2.3ሻ                               ߨ 
  W  ൌ  ,ܹ௑  ൌ  0 at X ൌ 0, π                                                                      ሺ2.4ሻ 



3 
 

where, ݉଴ is the mass per unit length ,ܿ଴ is the damping coefficient, EI is the bending stiffness where, E 
and I are the Young’s modulus and I is the moment of inertia respectively.  
Here the nonlinear elastic foundation exerts a force per unit length given by 

 W݇ଵ  െ ݇ଶܹ
ଶ – ݇ଷܹ

ଷ on  the column where ݇ଵ, ݇ଶ and ݇ଷare constants  such  that ݇ଵ>0,  ݇ଶ>0  , ݇ଷ>0. 
In this formulation, all nonlinearities higher than cubic are excluded, while all nonlinear derivatives of W 
(X,T)    are  also  excluded.  Here,  ഥܹ  is  the  stress‐free  time  independent  twice‐differentiable  initial 
imperfection displacement and all aspects of axial inertia are neglected. 
 
3.0  PERTURBATION PROCEDURE 
To reduce equation (2.2) to (2.4) to non‐dimensional form, we adopt the following quantities: 

ݔ ൌ ሺ
௞భ

ாூ
ሻ
భ

ర X,   ߱ ൌ ሺ
௞మ

௞భ
ሻ
భ

మW ,  λfሺtሻ ൌ
௉ሺ்ሻ

ଶሺாூ௞భሻ
భ
మ

ݐ ,  ൌ ሺ
௞భ

௠బ
ሻ
భ

మܶ,  ߳ ഥ߱ =ሺ
௞య

௞భ
ሻ
భ

మ ഥܹ ߜ2 , ൌ
௖బ

ሺ௠బ௞భሻ
భ
మ

ߙ  ,  ൌ
௞మ

ඥ௞భ௞మ
’  

ߚ ൌ ሺ
௞య

௞భ
ሻ
య

మ                                                                                                            (3.5a) 

Here, we shall assume the following inequalities 
0൏ ߜ ൏൏ 1,   0൏ ߳ ൏൏ 1.                                     (3.5b) 

On substituting (3.5a) in (3.2) and simplifying, the following is obtained 

  ߱,௧௧ + 2߱ߜ,௧ + ,߱௫௫௫௫ +2݂ߣሺݐሻ ,߱௫௫+ ω –߱ߙ
ଶ–߱ߚଷ ൌ െ2݂߳ߣሺݐሻ

ௗమఠഥ

ௗ௫మ
         (3.6) 

t >0, 0<x<π            (3.7a) 
ω (x, 0) = 0= ߱,௧ (x,0) = 0 ,   0 <x < π                                                              (3.7b)                                                
ω =  ,߱௫  = 0 at x = 0, π                         (3.7c) 

where,  ω  is  the  displacement,  t  is  the  time  variable,  δ  is  the  damping  coefficient,  α  and  β  are  the 
imperfection – sensitivity parameters,  ϵ  is  the amplitude of  the  imperfection,    ഥ߱ is a stress‐free    time 
independent twice‐differentiable  imperfection and  f(t)  is a time dependent  loading  function while λ  is 
the nondimentional amplitude (or magnitude) of the loading. 
Here,  a  subscript  following  a  comma  indicates partial differentiation while  ഥ߱ is  a  twice‐differentiable 
stress‐free imperfection and ݂ሺݐሻ is a step load such that, 

             ݂ሺݐሻ ൌ ቄ
1, ݐ ൐ 0
0, ݐ ൏ 0

                          (3.8) 

Here, it is assumed that ߜ ܽ݊݀ ߳ are two small but unrelated parameters that satisfy the inequalities as 
in (3.5b). Our ultimate aim is to determine the dynamic buckling load ߣ஽ which is obtained by using the 
maximization (3.1). 
Let, 
               τ = δt                            (3.9a) 
 

ݐ̂           ൌ ݐ ൅
ଵ

ఋ
 ሾ߱ଵሺ߬ሻ߳  ൅ ߱ଶሺ ߬ሻ߳

ଶ ൅ ߱ଷሺ ߬ሻ߳
ଷ ൅ ߱ସሺ ߬ሻ߳

ସ ൅ ⋯                                  ሺ3.9bሻ  

      
where, 
            ߱௜ሺ0ሻ ൌ 0, ݅ ൌ 1,2,3, ….  ,                                  (3.10a) 
Let, 
           ω (x, t) = U (x, t, τ, ϵ, δ)                                 (3.10b) 
From equation (3.10b); we have;  

            ߱,௧ ൌ ቀ
డ௨

డ௧መ
.
డ௧መ

డ௧
ቁ ൅ ቀ

 డ௨

డ௧መ
.
డ௧መ

డఛ
.
డఛ

డ௧
ቁ ൅ ቀ

డ௨

డఛ
.
డఛ

డ௧
ቁ                               (3.11) 

                    ൌ ܷ,௧መ ൅ ሺ߱ଵ
ᇱ ߳ ൅ ߱ଶ

ᇱ ߳ଶ ൅ ߱ଷ
ᇱ ߳ଷ ൅ …… . ሻ ,ܷ௧ ൅ ߜ ,ܷఛ                                            (3.12) 

The following also follows: 
߱,௧௧ ൌ ܷ,௧መ௧መ ൅ ሺ߱ଵ

ᇱ ߳ ൅ ߱ଶ
ᇱ ߳ଶ ൅ ߱ଷ

ᇱ ߳ଷ൅ . . . ሻଶܷ,௧መ௧መ ൅ δଶ ,ܷఛఛ ൅ 2ሺ߱ଵ
ᇱ ߳ ൅ ߱ଶ

ᇱ ߳ଶ ൅ ߱ଷ
ᇱ ߳ଷ ൅⋯ሻܷ,௧መ௧መ ൅ ௧መఛ,ܷߜ2  ൅

ሺ߱ଵߜ2
ᇱ ߳ ൅ ߱ଶ

ᇱ ߳ଶ ൅ ߱ଷ
ᇱ ߳ଷ ൅ … ሻܷ,௧መఛ ൅ ሺ߱ଵߜ

ᇱᇱ߳ ൅ ߱ଶ
ᇱᇱ߳ଶ ൅ ߱ଷ

ᇱᇱ߳ଷ ൅ … ሻܷ,௧መ(3.13) 

 
Substituting (3.12) and (3.13) into equation (3.6) results to; 
ܷ,௧መ௧መ ൅ ሺ߱ଵ

ᇱ ߳ ൅ ߱ଶ
ᇱ ߳ଶ ൅ ߱ଷ

ᇱ ߳ଷ൅ . . . ሻଶܷ,௧መ௧መ ൅ δଶ ,ܷఛఛ ൅ 2ሺ߱ଵ
ᇱ ߳  ൅ ߱ଶ

ᇱ ߳ଶ ൅ ߱ଷ
ᇱ ߳ଷ ൅⋯ሻܷ,௧መ௧መ ൅ ௧መ,ఛܷߜ2 

൅ ሺ߱ଵߜ2
ᇱ ߳ ൅ ߱ଶ

ᇱ ߳ଶ ൅ ߱ଷ
ᇱ ߳ଷ ൅ … ሻܷ,௧መఛ ൅ ሺ߱ଵߜ

ᇱᇱ߳ ൅ ߱ଶ
ᇱᇱ߳ଶ ൅ ߱ଷ

ᇱᇱ߳ଷ ൅ … ሻܷ,௧መ
൅ ௧መ,ܷൣߜ2  ൅ ሺ߱ଵ

ᇱ ߳ ൅ ߱ଶ
ᇱ ߳ଶ ൅ ߱ଷ

ᇱ ߳ଷ ൅ … ሻܷ,௧መ ൅ ߜ ,ܷఛ൧ ൅ ,ܷ௫௫௫௫ ൅ ߣ2 ,ܷ௫௫  ൅ ܷ ൅ ଶܷߙ

െ βܷଷ ൌ  െ2λϵ
݀ଶ ഥ߱

ଶݔ݀
                                                                                  ሺ3.14ሻ 

Let,  
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                            Uሺx, ϵ. τሻ ൌ ∑ ∑ ܷ௡
ሺ௜,௝ሻ

ሺݔ, ,ݐ ߬ሻ߳௜ߜ௝ஶ
௝ୀ଴

ஶ
௜ୀଵ                                             (3.15) 

ൌ ߳൫ܷሺଵ଴ሻ ൅ ሺଵଵሻܷߜ ൅ ଶܷሺଵଶሻߜ ൅ ⋯൯ ൅ ߳ଶ൫ܷሺଶ଴ሻ ൅ ሺଶଵሻܷߜ ൅ ଶܷሺଶଶሻߜ ൅ ⋯൯

൅ ߳ଷ൫ܷሺଷ଴ሻ ൅ ሺଷଵሻܷߜ ൅ ଶܷሺଷଶሻߜ ൅ ⋯൯ ൅⋯                   ሺ3.16ሻ 

Here, the ij in ܷሺ௜௝ሻare not powers but superscripts. Therefore, the following orders of equations are 
obtained 

                   ܱሺ߳ሻ ∶  
,ܷ௧መ௧መ
ሺଵ଴ሻ

൅ ,ܷ௫௫௫௫
ሺଵ଴ሻ

൅ 2ߣ ,ܷ௫௫
ሺଵ଴ሻ

൅ ܷሺଵ଴ሻ ൌ െ2ߣ
ௗమῶ

ௗ௫మ
,                             (3.17)  

ܱሺ߳ߜሻ ∶   ,ܷ௧መ௧መ
ሺଵଵሻ

൅ ,ܷ௫௫௫௫
ሺଵଵሻ

൅ 2ߣ ,ܷ௫௫
ሺଵଵሻ

൅ ܷሺଵଵሻ ൌ െ2 ,ܷ௧መ ఛ

ሺଵ଴ሻ
െ 2 ,ܷ௧መ

ሺଵ଴ሻ
                         ሺ3.18ሻ    

                  

         ܱሺ߳ߜଶሻ ∶        ,ܷ௧መ௧መ
ሺଵଶሻ   ൅   ,ܷ௫௫௫௫

ሺଵଶሻ  ൅  2ߣ ,ܷ௫௫
ሺଵଶሻ ൅ ܷሺଵଶሻ ൌ െ2 ,ܷ௧መ ఛ

ሺଵଵሻ െ   2 ,ܷ௧መ
ሺଵଵሻ െ ,ܷఛఛ 

ሺଵ଴ሻ   

       

ܱሺ߳ଶሻ ∶   ,ܷ௧መ௧መ
ሺଶ଴ሻ ൅ ,ܷ௫௫௫௫

ሺଶ଴ሻ ൅ 2ߣ ,ܷ௫௫
ሺଶ଴ሻ ൅ ܷሺଶ଴ሻ ൌ  െ൫ܷߙሺଵ଴ሻ൯

ଶ
െ 2߱ଵ

ᇱ
,ܷ௧መ௧መ
ሺଵ଴ሻ

             ሺ3.20ሻ 

                           

ܱሺ߳ଶߜሻ ∶   ,ܷ௧መ௧መ
ሺଶଵሻ ൅ ,ܷ௫௫௫௫

ሺଶଵሻ ൅ 2ߣ ,ܷ௫௫
ሺଶଵሻ ൅ ܷሺଶଵሻ ൌ  െ2ܷߙሺଵ଴ሻUሺଵଵሻ െ 2 ,ܷ௧መ ఛ

ሺଶ଴ሻ െ 2 ,ܷ௧መ
ሺଶ଴ሻ െ  2߱ଵ

ᇱ
,ܷ௧መ௧መ
ሺଵଵሻ െ

߱ଵ
ᇱᇱ 

,ܷ௧መ
ሺଵ଴ሻ െ 2߱ଵ

ᇱ
,ܷ௧መ
ሺଵ଴ሻ                                                                                   ሺ3.21ሻ        

  ܱሺ߳ଶߜଶሻ ∶   ,ܷ௧መ௧መ
ሺଶଶሻ ൅ ,ܷ௫௫௫௫

ሺଶଶሻ ൅ 2ߣ ,ܷ௫௫
ሺଶଶሻ ൅ ܷሺଶଶሻ ൌ െ ,ܷఛఛ

ሺଶ଴ሻ  െ 2߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଵଶሻ െ  2 ,ܷ௧መ ఛ

ሺଶଵሻ  െ

   2߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଵଶሻെ 2߱ଵ

ᇱᇱ
,ܷ௧መ
ሺଵଵሻ െ  2 ,ܷ௧መ

ሺଶଵሻ െ  2߱ଵ
ᇱ

,ܷ௧መ
ሺଵଵሻ െ  ⍺ ቄ൫Uሺଵଵሻ൯

ଶ
൅ Uሺଵ଴ሻUሺଵଶሻቅ         ሺ3.22ሻ 

    

ܱሺ߳ଷሻ   ∶   ,ܷ௧መ௧መ
ሺଷ଴ሻ ൅ ,ܷ௫௫௫௫

ሺଷ଴ሻ ൅ 2ߣ ,ܷ௫௫
ሺଷ଴ሻ ൅ ܷሺଷ଴ሻ ൌ

  െ ሺ߱ଵ
ᇱ ሻଶ

,ܷ௧௧෡
ሺଵ଴ሻ െ 2൫߱ଵ

ᇱ
,ܷ௧መ௧መ
ሺଶ଴ሻ

൅ ߱ଶ
ᇱ

,ܷ௧መ௧መ
ሺଵ଴ሻ

൯ െ 2⍺Uሺଶ଴ሻUሺଵଶሻ ൅ β൫Uሺଵ଴ሻ൯
ଷ
                    ሺ3.23ሻ   

 

ܱሺ߳ଷߜሻ   ∶   ,ܷ௧መ௧መ
ሺଷଵሻ ൅ ,ܷ௫௫௫௫

ሺଷଵሻ ൅ 2ߣ ,ܷ௫௫
ሺଷଵሻ ൅ ܷሺଷଵሻ

ൌ െሺ߱ଵ
ᇱ ሻଶ

,ܷ௧መ௧መ
ሺଵ଴ሻ െ 2ቀ߱ଵ

ᇱ
,ܷ௧መ ఛ
ሺଶଵሻ ൅ ߱ଶ

ᇱ
,ܷ௧መ ఛ
ሺଵଵሻቁ െ  2 ,ܷ௧መ ఛ

ሺଷ଴ሻ ൅  2ቀ߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱ
,ܷ௧௧෡
ሺଵ଴ሻቁ

െ ቀ߱ଵ
ᇱᇱ

,ܷ௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱᇱା
,ܷ௧መ
ሺଵ଴ሻቁ െ 2 ቄ ௧ܷመ

ሺଷ଴ሻ ൅ ቀ߱ଵ
ᇱ

,ܷ௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱା
,ܷ௧መ
ሺଵ଴ሻቁቅ

െ ൫Uሺଵ଴ሻUሺଶଵሻߙ ൅ UሺଵଵሻUሺଶ଴ሻ൯  ൅ ൫Uሺଵ଴ሻ൯ߚ3
ଶ
൫Uሺଵଵሻ൯                        ሺ3.24ሻ 

 

ܱሺ߳ଷߜଶሻ   ∶   ,ܷ௧መ௧መ
ሺଷଶሻ ൅ ,ܷ௫௫௫௫

ሺଷଶሻ ൅ 2ߣ ,ܷ௫௫
ሺଷଶሻ ൅ ܷሺଷଶሻ

ൌ   െሺ߱ଵ
ᇱ ሻଶ

,ܷ௧መ௧መ
ሺଵଶሻ

െ ,ܷఛఛ 
ሺଷ଴ሻ

െ 2൫߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଶଶሻ

൅ ߱ଶ
ᇱ

,ܷ௧መ௧መ
ሺଵଶሻ

൯ െ 2 ,ܷ௧መ ఛ
ሺଷଵሻ െ 2൫߱ଵ

ᇱ
,ܷ௧መ ఛ

ሺଶଵሻ
൅ ߱ଶ

ᇱ
,ܷ௧መఛ

ሺଵଵሻ
൯

െ  ቀ߱ଵ
ᇱᇱ

,ܷ௧መ
ሺଶଵሻ ൅ ߱ଶ

ᇱᇱ
,ܷ௧መ ఛ
ሺଵଵሻቁ  െ    2ቀ ,ܷ௧መ

ሺଷଵሻ ൅ ߱ଵ
ᇱ

,ܷ௧መ
ሺଶଵሻ ൅ ߱ଶ

ᇱ
,ܷ௧መ
ሺଵଵሻቁ െ 2  ܷ ,ఛ 

ሺଷ଴ሻ

െ ൫Uሺଵ଴ሻUሺଷଶሻߙ2    ൅ UሺଵଵሻUሺଶଵሻ ൅ UሺଵଶሻUሺଶ଴ሻ൯  

൅ ߚ ቂ൫Uሺଵ଴ሻ൯
ଶ
Uሺଵଶሻ ൅ 3Uሺଵ଴ሻ൫Uሺଵ଴ሻ൯

ଶ
ቃ                                                 ሺ3.25ሻ 

      
The associated initial conditions are as follows: 

                ܱሺ߳ሻ: ܷሺ௜௝ሻሺݔ, 0,0ሻ ൌ 0; ݅ ൌ 1,2,3… . , ݆ ൌ 1,2,3….                                (3.26) 

                ܱሺ߳ߜሻ: ,ܷ௧መ
ሺଵଵሻሺݔ, 0,0ሻ  ൅  ,ܷఛ

ሺଵ଴ሻሺݔ, 0,0ሻ ൌ 0                   (3.27) 

                 ܱሺ߳ߜଶሻ: ,ܷ௧መ
ሺଵଶሻሺݔ, 0,0ሻ  ൅  ,ܷఛ

ሺଵଵሻሺݔ, 0,0ሻ ൌ 0                    (3.28) 

                 ܱሺ߳ଶሻ ∶ ,ܷ௧መ
ሺଶ଴ሻሺݔ, 0,0ሻ  ൅ ߱ଵ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଵ଴ሻሺݔ, 0,0ሻ ൌ 0                   (3.29) 

      ܱሺ߳ଶߜሻ:  ,ܷ௧መ
ሺଶଵሻሺݔ, 0,0ሻ  ൅ ߱ଵ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଵଵሻሺݔ, 0,0ሻ  ൅   ,ܷఛ

ሺଶ଴ሻሺݔ, 0,0ሻ ൌ 0               ሺ3.30ሻ   

           

ܱሺ߳ଶߜଶሻ:  ,ܷ௧መ
ሺଶଶሻሺݔ, 0,0ሻ  ൅ ߱ଵ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଵଶሻሺݔ, 0,0ሻ  ൅  ,ܷఛ

ሺଶଵሻሺݔ, 0,0ሻ ൌ 0                      ሺ3.31ሻ 

               

ܱሺ߳ଷሻ:  ,ܷ௧መ
ሺଷ଴ሻሺݔ, 0,0ሻ  ൅ ߱ଵ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଶ଴ሻሺݔ, 0,0ሻ ൅ ߱ଶ

ᇱ ሺ0ሻ ,ܷఛ
ሺଵ଴ሻሺݔ, 0,0ሻ ൌ 0                 ሺ3.32ሻ 

           

ܱሺ߳ଷߜሻ:  ,ܷ௧መ
ሺଷଵሻሺݔ, 0,0ሻ  ൅ ߱ଵ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଶଵሻሺݔ, 0,0ሻ ൅ ߱ଶ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଵଵሻሺݔ, 0,0ሻ  ൅ ,ܷఛ

ሺଷ଴ሻሺݔ, 0,0ሻ ൌ 0ሺ3.33ሻ 

         

ܱሺ߳ଷߜଶሻ   ∶ ,ܷ௧መ
ሺଷଶሻሺݔ, 0,0ሻ  ൅ ߱ଵ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଶଶሻሺݔ, 0,0ሻ ൅ ߱ଶ

ᇱ ሺ0ሻ ,ܷ௧መ
ሺଵଶሻሺݔ, 0,0ሻ  ൅  ,ܷఛ

ሺଷଵሻሺݔ, 0,0ሻ ൌ

   0                                                                                                                                          ሺ3.34ሻ   
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The associated Boundary Conditions are 

            ܷሺ௜௝ሻ ൌ   ,ܷ௫
ሺ௜௝ሻ

ൌ 0; ݔ ൌ 0,  ߨ                    (3.35) 

 
4.0  DYNAMIC DEFORMATION OF THE COLUMN 
 
Let  
  ഥ߱ ൌ തܽ௠ሺ1 െ  ሻ,  whereݔ2݉ݏ݋ܿ തܽ௠ is a constant,                                   (4.1) 
And let 

  ܷሺ௜௝ሻሺݐ, ߬, ሻݔ ൌ ∑ ܷ௡
ሺ௜௝ሻሺ̂ݐ ߬ሻሺ1 െ ሻஶݔ2݊ݏ݋ܿ

௡ୀଵ                                          (4.2) 

Solution of equation of order ࣕ࢐ࢾ, j=0,1,2 
 
Substituting (4.1) and (4.2) into (3.17) gives 
          

෍ሺ1 െ ሻܷ௡,௧መ௧መݔ2݊ݏ݋ܿ
ሺଵ଴ሻ

൅ ሼെ16݊ସ ൅ ଶ݊ߣ8 ൅ ሺ1 െ ሻሽܷ௡ݔ2݊ݏ݋ܿ
ሺଵ଴ሻ

ஶ

௡ୀଵ

ൌ െ8݉ߣଶ തܽ௠ܿݔ2݉ݏ݋                                                                      ሺ4.3ሻ 
Multiplying (4.3) through by cos2mx and integrating from 0 to π and for n = m, the result is, 

න෍ൣሼሺ1 െ ሽܷ௡,௧መ௧መݔ2݉ݏ݋ሻܿݔ2݊ݏ݋ܿ
ሺଵ଴ሻ

ஶ

௡ୀଵ

గ

଴

൅ ܷ௡
ሺଵ଴ሻሼሺെ16݊ସ ൅ ݔ2݉ݏ݋ܿݔ2݊ݏ݋ଶሻܿ݊ߣ8 ൅ ሺ1 െ ݔ൧݀ ݔ2݉ݏ݋ሻሽܿݔ2݊ݏ݋ܿ

ൌ െන ଶ݉ߣ8 തܽ௠ܿݔ݀ݔ2݉ݏ݋ ൌ
గ

଴

െ ଶ݉ߣ8 തܽ௠ න
ሺ1 ൅ ሻݔ4݉ݏ݋ܿ

2
ݔ݀

గ

଴

ൌ
െ8݉ߣଶ തܽ௠ ߨ

2
ൌ െ4݉ߣଶ തܽ௠ ߨ                                                                                       ሺ4.4ሻ 

The left hand side vanishes for all n except where n =m. Thus, for n=m, it easily follows that 

න෍ቂሼሺ1 െ ሽܷ௡,௧መ௧መݔ2݉ݏ݋ሻܿݔ2݊ݏ݋ܿ
ሺଵ଴ሻ

ஶ

௡ୀଵ

గ

଴

൅ ቄܷ௡
ሺଵ଴ሻሺെ16݊ସ ൅ ݔ2݊ݏ݋ଶሻܿ݊ߣ8

൅ ሺ1 െ ሻܷ௡ݔ2݊ݏ݋ܿ
ሺଵ଴ሻൟܿݔ2݉ݏ݋ ቃ ݔ݀                                               ሺ4.5ሻ 

It is to be noted that, when n=m, then 

න ܷ௡
ሺଵ଴ሻሺെ16݊ସ ൅ ݔ݀ݔ2݉ݏ݋ܿݔ2݊ݏ݋ଶሻܿ݊ߣ8

గ

଴

ൌ  ܷ௠
ሺଵ଴ሻሺെ16݉ସ ൅ ଶሻන݉ߣ8 ݔ݀ݔଶ2݉ݏ݋ܿ

గ

଴

ൌ
ߨ

2
ܷ௠
ሺଵ଴ሻ

ሺെ16݉ସ ൅  ଶሻ                                     ሺ4.6ሻ݉ߣ8

Thus, substituting (4.6) into (4.4), gives, 

  െ
గ

ଶ
ܷ
௠,௧መ௧መ
ሺଵ଴ሻ

൅
గ

ଶ
ሺെ16݉ସ ൅ ଶሻܷ௠݉ߣ8

ሺଵ଴ሻ
െ

గ

ଶ
ܷ௠
ሺଵ଴ሻ

ൌ െ8݉ߣଶ തܽ௠  ቀ
గ

ଶ
ቁ                ሺ4.7aሻ 

                      
And this yields,     

                   ܷ௠,௧መ௧መ
ሺଵ଴ሻ ൅ ሺ16݉ସ െ ଶ݉ߣ8 ൅ 1ሻܷ௠

ሺଵ଴ሻ ൅ ܷ௠
ሺଵ଴ሻ ൌ ଶ݉ߣ8             തܽ௠              ሺ4.7bሻ 

Let, 
       16݉ସ െ ଶ݉ߣ8 ൅ 1 ൌ ߠଶ                                                              ሺ4.7cሻ   
                           
Then (4.7b) becomes 

    ܷ௠,௧መ௧መ
ሺଵ଴ሻ

൅ ଶܷ௠ߠ
ሺଵ଴ሻ

൅ ܷ௠
ሺଵ଴ሻ

ൌ ଶ݉ߣ8 തܽ௠                                           ሺ4.7݀ሻ 

Initial conditions are 

ܷ௠
ሺଵ଴ሻሺ0,0ሻ ൌ 0; ܷ௠,௧መ

ሺଵ଴ሻሺ0,0ሻ ൌ 0 

Therefore, the solutions of (4.7d) is 

           ܷ௠
ሺଵ଴ሻ

ൌ ݐ̂ߠݏ݋ଵሺ߬ሻܿߙ ൅ ݐ̂ߠ݊݅ݏଵ ሺ߬ሻߚ ൅  ሺ4.7݁ሻ                                           ܤ

  where, ܤ ൌ
଼ఒ௠మ௔ത೘

ఏమ
                                     (4.7f) 

The use of initial conditions gives 
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    ଵሺ0ሻߙ ൌ  െ
଼ఒ௠మ௔ത೘

ఏమ
   ,  ଵߚ ൌ 0                                                       (4.7g) 

Thus 

    ܷሺଵ଴ሻ ൌ ܷ௠
ሺଵ଴ሻሺ1 െ  ሻݔ2݉ݏ݋ܿ                  (4.8) 

From (3.18), we have, 

ܱሺ߳ߜሻ ∶  
,ܷ௧መ௧መ
ሺଵଵሻ

൅ ,ܷ௫௫௫௫
ሺଵଵሻ

൅ 2ߣ ,ܷ௫௫
ሺଵଵሻ

൅ ܷሺଵଵሻ ൌ െ2
,ܷ௧መ ఛ

ሺଵ଴ሻ
െ 2

,ܷ௧መ
ሺଵ଴ሻ

 

Let    

ܷሺଵଵሻ ൌ ෍ܷ௡
ሺଵଵሻሺ̂ݐ, ߬ሻሺ1 െ ሻݔ2݊ݏ݋ܿ

ஶ

௡ୀଵ

 

෍ൣܷ
௡,௧መ௧መ
ሺଵଵሻሺ1 െ ሻݔ2݊ݏ݋ܿ ൅ ሺെ16݊ସ ൅ ଶሻܷ௡݊ߣ8

ሺଵଵሻܿݔ2݊ݏ݋ ൅ ሺ1 െ ሻ ܷ௡ݔ݊ݏ݋ܿ
ሺଵଵሻ

൧ܷ௡
ሺଵ଴ሻ

 

ஶ

௡ୀଵ

ൌ െ2ൣܷ௠,௧መ ఛ

ሺଵ଴ሻ
൅ ܷ௠,௧መ

ሺଵ଴ሻ
൧ሺ1 െ  ሻ                                   ሺ4.9aሻݔ2݉ݏ݋ܿ

                 
Multiplying both sides of (4.9a) through by cos2mx and integrating from 0 to π and for n=m, gives 

න෍ൣሼሺ1 െ ሽܷ௡,௧መ௧መݔ2݉ݏ݋ሻܿݔ2݊ݏ݋ܿ
ሺଵଵሻ

ஶ

௡ୀଵ

గ

଴

൅ ܷ௡
ሺଵଵሻሼሺെ16݊ସ ൅ ݔ2݉ݏ݋ܿݔ2݊ݏ݋ଶሻܿ݊ߣ8 ൅ ሺ1 െ ݔ൧݀ ݔ2݉ݏ݋ሻሽܿݔ2݊ݏ݋ܿ

ൌ െ2ൣܷ
௠,௧መ ఛ

ሺଵ଴ሻ
൅ ܷ

௠,௧መ
ሺଵ଴ሻ

൧න ሺ1 െ ݔ݀ݔ2݉ݏ݋ሻܿݔ2݉ݏ݋ܿ
గ

଴

 

 ൌ െ
గ

ଶ
ܷ௠,௧መ௧መ
ሺଵଵሻ ൅

గ

ଶ
ሺെ16݉ସ ൅ ଶሻܷ௠݉ߣ8

ሺଵଵሻ െ
గ

ଶ
ܷ௠
ሺଵଵሻ ൌ െ2൫ܷ

௠,௧መ ఛ

ሺଵ଴ሻ
൅ ܷ

௠,௧መ
ሺଵ଴ሻ

൯ ቀെ
గ

ଶ
ቁ    (4.9b) 

 
Further simplification gives 

  ܷ
௠,௧መ௧መ
ሺଵଵሻ

൅ ሺ16݉ସ െ ଶ݉ߣ8 ൅ 1ሻܷ௠
ሺଵଵሻ

ൌ െ2൫ܷ
௠,௧መ ఛ

ሺଵ଴ሻ
൅ ܷ

௠,௧መ
ሺଵ଴ሻ

൯                                      ሺ4.9cሻ 

i.e. 

  ܷ௠,௧መ௧መ
ሺଵଵሻ

൅ ߠଶܷ௠
ሺଵଵሻ

ൌ െ2൫ܷ௠,௧መ ఛ

ሺଵ଴ሻ
൅ ܷ௠,௧መ

ሺଵ଴ሻ
൯                                                                        ሺ4.10ሻ   

The initial conditions are 

ܷ௠ 
ሺଵଵሻሺ0,0ሻ ൌ 0; ܷ௠,௧መ

ሺଵଵሻሺ0,0ሻ ൅ ܷ௠,ఛ
ሺଵ଴ሻ

 

Substituting for ܷ௠
ሺଵ଴ሻ

on the right hand side (RHS) of (4.10), from (4.7e) gives 

        ܷ
௠,௧መ௧መ
ሺଵଵሻ

൅ ߠଶܷ௠
ሺଵଵሻ

ൌ െ2ሾെߙߠଵ
ᇱ ݐ̂ߠ݊݅ݏ ൅ ଵߚߠ

ᇱܿݐ̂ߠݏ݋ ൅ ሺെߙߠଵݐ̂ߠ݊݅ݏ ൅ ሻሿݐ̂ߠݏ݋ଵܿߚߠ

ൌ െ2ߠሾെሺߙଵ
ᇱ ൅ ݐ̂ߠ݊݅ݏଵሻߙ ൅ ሺߚଵ

ᇱ ൅  ሿ                      ሺ4.11aሻݐ̂ߠݏ݋ሻܿߚ
To ensure a uniformly valid solution in ̂ݐ, implies equating to zero the coefficients of ܿݐ̂ߠݏ݋ and ݐ̂ߠ݊݅ݏ on 
the RHS of (4.11a). Therefore, the coefficient of ܿݐ̂ߠݏ݋ gives 
  ଵߚ

ᇱ ൅ ߚ ൌ 0                       (4.11b) 
The integrating factor is ݁ఛ   ,  ,henݐ

   
ௗሺ௘ഓఉభሻ

ௗఛ
ൌ 0                   (4.11c)  

This gives,  
    ଵሺ߬ሻߚ ൌ ଵሺ߬ሻߚ ݀݊ܽ     ఛି݁ܣ ൌ 0                                                    (4.11d) 
Similarly, the coefficient of ݐ̂ߠ݊݅ݏ  gives, 
    ଵߙ

ᇱ ൅ ଵߙ ൌ 0                               (4.11e) 
This gives, 
    ଵߙ

ᇱ ሺ0ሻ ൌ െߙଵሺ0ሻ ൌ ଵሺ߬ሻߙ ݀݊ܽ ܤ ൌ  െ݁ܤ
ିఛ                               (4.11f) 

    ∴  ܷ௠
ሺଵ଴ሻ ൌ ݐ̂ߠݏ݋ଵሺ߬ሻܿߙ ൅  ܤ               (4.11g) 

The remaining equation in (4.11a) is; 

    ܷ௠,௧መ௧መ
ሺଵଵሻ ൅ ߠଶܷ௠

ሺଵଵሻ ൌ 0                                                      (4.11h) 

      ܷ௠
ሺଵଵሻ ൌ ݐ̂ߠݏ݋ଶሺ߬ሻܿߙ ൅  ݐ̂ߠ݊݅ݏଶሺ߬ሻߚ              (4.12a)             

From ܷ௠
ሺଵଵሻሺ0,0ሻ ൌ 0,   

  ଶሺ0ሻߙ ൌ 0                    (4.12b) 

From ܷ
௠,௧መ
ሺଵଵሻሺ0,0ሻ ൅ ܷ௠,ఛ

ሺଵ଴ሻ
ൌ 0 ,  

    ߠଶሺ0ሻߚ ൅ ଵߙ
ᇱ ሺ0ሻ ൌ 0 and ߚଶሺ0ሻ ൌ െ

ఈభ
ᇲ ሺ଴ሻ

ఏ
ൌ

ି஻

ఏ
                    (4.12c) 

   ∴ ܷ௠
ሺଵଵሻ

ൌ ܷ௠
ሺଵଵሻሺ1 െ  ሻݔ2݉ݏ݋ܿ            (4.12d) 
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From (3.19); the next equation is  

ܱሺ߳ߜଶሻ: ,ܷ௧መ௧መ
ሺଵଶሻ ൅ ,ܷ௫௫௫௫

ሺଵଶሻ ൅ 2ߣ ,ܷ௫௫
ሺଵଶሻ ൅ ܷሺଵଶሻ ൌ െ2 ,ܷ௧መ ఛ

ሺଵଵሻ െ 2 ,ܷ௧መ
ሺଵଵሻ െ ,ܷఛఛ 

ሺଵ଴ሻ   

Substituting for ܷ௠
ሺଵଵሻ

 and ܷ௠
ሺଵ଴ሻ

from (4.11g) and (4.12a) respectively on the RHS of (3.19), gives 

ܷ௠,௧መ௧መ
ሺଵଶሻ

൅ ߠଶܷ௠
ሺଵଶሻ

ൌ െ2ሾെߠ⍺ଶ
ᇱ ሺ߬ሻݐ̂ߠ݊݅ݏ ൅ ଶߚߠ

ᇱሺ߬ሻܿݐ̂ߠݏ݋ ൅ ሺെߙߠଶሺ߬ሻݐ̂ߠ݊݅ݏ ൅ ሻሿݐ̂ߠݏ݋ଶሺ߬ሻܿߚߠ

െ ⍺ଵ
ᇱᇱሺ߬ሻܿݐ̂ߠݏ݋                                                                               ሺ4.13aሻ 

         
ൌ ⍺ଶߠ2

ᇱ ሺ߬ሻݐ̂ߠ݊݅ݏ െ ଶߚߠ2
ᇱሺ߬ሻܿݐ̂ߠݏ݋ െ ݐ̂ߠ݊݅ݏଶሺ߬ሻߙߠ ൅ ݐ̂ߠݏ݋ଶሺ߬ሻܿߚߠ െ ⍺ଵ

ᇱᇱሺ߬ሻܿݐߠݏ݋ ෝ 

ൌ ൫2ߠ⍺ଶ
ᇱ ሺ߬ሻ െ ݐ̂ߠ݊݅ݏଶሻߙߠ2 ൅ ൫2ߚߠଶሺ߬ሻ െ ଶߚߠ2

ᇱሺ߬ሻ െ ⍺ଵ
ᇱᇱሺ߬ሻ൯ܿݐ̂ߠݏ݋൯             ሺ4.13bሻ   

To remove secular terms in the solution ofܷ௠
ሺଵଶሻ

, ie to ensure a uniformly valid solution in̂ݐ implies 
equating to zero the coefficients of ܿݐ̂ߠ݊݅ݏ ݀݊ܽ ݐ̂ߠݏ݋ on the RHS. These respectively give 

ݐ̂ߠݏ݋ܿ : െ 2ሺߚߠଶ
ᇱ ൅ ଶሻߚߠ െ ⍺ଵ

ᇱᇱ ൌ 0 
And 

ݐ̂ߠ݊݅ݏ ∶ െ2ሺെߠ⍺ଶ
ᇱ െ ଶሻߙߠ ൌ 0 

  ∴ ଶߚ
ᇱ ൅ ଶߚ ൌ

ି⍺భ
ᇲᇲ

ଶఏ
 ܽ݊݀  ቂߚଶ 

ᇱ ሺ0ሻ ൌ
ଷ஻

ଶఏ
ቃ            (4.13c) 

  ∴ ⍺ଶ
ᇱ ൅ ଶߙ ൌ 0                  (4.13d) 

Therefore, from (4.13), 
ଶሺ߬ሻߙ ≡ 0,                   (4.13e) 
And from (4.13d), 

  ଶሺ߬ሻߚ  ൌ ݁ିఛ ቂെ׬
௘ೞఈᇲᇲ

ଶఏ

ఛ

଴
 ݏ݀ ൅  ଶሺ0ሻ ቃߚ          (4.13f) 

i.e 

    ଶሺ߬ሻߚ ൌ ݁ିఛ ቂെ׬
௘ೞఈᇲᇲ

ଶఏ

ఛ

଴
ݏ݀ െ

஻

ఏ
ቃ           (4.13g) 

    ∴ ܷ௠
ሺଵଵሻ ൌ  ݐ̂ߠ݊݅ݏଶሺ߬ሻߚ                         (4.13h) 

Equating the left hand side (LHS) of (4.13a) to zero, 
i.e 

ܷ௠,௧መ௧መ
ሺଵଶሻ

൅ ߠଶܷ௠
ሺଵଶሻ

ൌ 0 

The Initial conditions are  

ܷ௠
ሺଵଶሻሺ0,0ሻ ൌ 0, ܷ௠,௧መ

ሺଵଶሻ ൅ ܷ௠,ఛ
ሺଵଵሻሺ0,0ሻ ൌ 0 

    ∴ ܷ௠
ሺଵଶሻሺ̂ݐ, ߬ሻ ൌ ଷሺ߬ሻߙ cos ߠ ݐ̂ ൅  ݐ̂ߠ݊݅ݏଷሺ߬ሻߚ                (4.13i) 

Applying the initial conditions, 
  ଷሺ0ሻߙ ൌ ଷሺ0ሻߚ     ,0 ൌ 0                       (4.13j) 

ܷ௠,௧መ
ሺଵଶሻሺ0,0ሻ ൌ ଷሺ0ሻߚߠ ൌ 0  

  ଷሺ0ሻߚ ൌ 0                       (4.13k) 

    ∴ ܷଵଶ ൌ ܷ௠
ሺଵଶሻሺ1 െ  ሻݔ2݉ݏ݋ܿ                                     (4.13l) 

 
From (3.20), 

ܱሺ߳ଶሻ ∶   ,ܷ௧መ௧መ
ሺଶ଴ሻ ൅ ,ܷ௫௫௫௫

ሺଶ଴ሻ ൅ 2ߣ ,ܷ௫௫
ሺଶ଴ሻ ൅ ܷሺଶ଴ሻ ൌ  െ൫ܷߙሺଵ଴ሻ൯

ଶ
െ 2߱ଵ

ᇱ
,ܷ௧መ௧መ
ሺଵ଴ሻ

 

Let,  

    ܷሺଶ଴ሻ ൌ ∑ ܷ௡
ሺଶ଴ሻሺ̂ݐ ߬ஶ

୬ୀଵ ሻሺ1 െ cos2nxሻ                                        ሺ4.14ሻ   
   
Substituting ሺ4.14ሻinto ሺ3.20ሻ݃݅ݏ݁ݒ ; 

෍൥
ܷ௡,௧መ௧መ
ሺଶ଴ሻሺ1 െ cos2nxሻ ൅ ሺെ16݊ସ ൅ ଶሻܷ௡݊ߣ8

ሺଶ଴ሻ ܿݔ2݊ݏ݋

൅ሺ1 െ ሻܷ௡ݔ2݊ݏ݋ܿ
ሺଶ଴ሻ

൩

௡ୀଵ

ൌ          െߙ൫ܷ௠
ሺଵ଴ሻ൯

ଶ
൤
3

2
െ ݔ2݉ݏ݋2ܿ ൅

1

2
൨ݔ4݉ݏ݋ܿ

െ 2߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଵ଴ሻሺ1 െ  ሻ                                                         ሺ4.15aሻݔ2݉ݏ݋ܿ

               
Multiplying both sides of (4.15a) through by cos2mx and integrating from 0 to π and for n=m, the result 
gives; 

ቂെ
ߨ

2
ܷ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ሺെ16݉ସ ൅ ଶሻܷ௠݉ߣ8

ሺଶ଴ሻ ቀ
ߨ

2
ቁ ൅ ቀ

ߨ

2
ܷ௠
ሺଶ଴ሻቁቃ

ൌ െߙ൫ܷ௠
ሺଵ଴ሻ൯

ଶ
ቂെ2 ቀ

ߨ

2
ቁ െ 2߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଵ଴ሻ ቀ

െߨ

2
ቁቃ   ሺ4.15bሻ 
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i.e, 
ߨ

2
ቂെܷ௠,௧መ௧መ

ሺଶ଴ሻ
 ൅ ሺെ16݉ସ ൅ ଶሻܷ௠݉ߣ8

ሺଶ଴ሻ
െ ܷ௠

ሺଶ଴ሻ
ቃ ൌ

ߨ

2
ቂ2⍺൫ܷ௠

ሺଵ଴ሻ
൯
ଶ
൅ 2߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଵ଴ሻ

ቃ  ሺ4.15cሻ 

                     
Simplification of (4.15c) gives, 

ܷ௠,௧መ௧መ
ሺଶ଴ሻ  ൅ ሺ16݉ସ െ ଶ݉ߣ8 ൅ 1ሻܷ௠

ሺଶ଴ሻ ൌ െ ቂ2⍺൫ܷ௠
ሺଵ଴ሻ൯

ଶ
൅ 2߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଵ଴ሻቃ ሺ4.15dሻ 

And this further gives, 

          ܷ௠,௧መ௧መ
ሺଶ଴ሻ  ൅ ଶܷ௠ߠ

ሺଶ଴ሻ ൌ െ ቂ2⍺൫ܷ௠
ሺଵ଴ሻ൯

ଶ
൅ 2߱ᇱܷ௠,௧መ௧መ

ሺଵ଴ሻቃ                                      ሺ4.16aሻ 

The initial conditions are, 

ܷ௠
ሺଶ଴ሻሺ0,0ሻ ൌ 0, ܷ௠,௧መ

ሺଶ଴ሻሺ0,0ሻ ൅ ߱ᇱሺ0ሻܷ௠,௧መ
ሺଵ଴ሻሺ0,0ሻ ൌ 0 

Next multiplying equation (4.15a) by cos4mx and integrating from 0 to π  and for n=m, the result gives; 

െ
గ

ଶ
ܷଶ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ሺെ256݉ସ ൅ ଶሻ݉ߣ32 ቀ

గ

ଶ
ቁܷଶ௠

ሺଶ଴ሻ െ ቀ
గ

ଶ
ቁ ଶܷ௠

ሺଶ଴ሻ ൌ  െߙ൫ܷ௠
ሺଵ଴ሻ൯

ଶ
ቀ
ଵ

ଶ
.
గ

ଶ
ቁ       ሺ4.16bሻ 

       
Simplifying (4.16b) gives; 

    ܷଶ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ሺ256݉ସ െ ଶ݉ߣ32 ൅ 1ሻܷଶ௠

ሺଶ଴ሻ ൌ
⍺

ଶ
൫ܷ௠

ሺଵ଴ሻ൯
ଶ
        ሺ4.16cሻ       

Let,  
    ߮ଶ ൌ ሺ256݉ସ ൅ ଶ݉ߣ32 ൅ 1ሻ ൐ 0                                         ሺ4.16dሻ   
        
Therefore, (4.16c) becomes 

    ܷଶ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ߮ଶܷ௠

ሺଶ଴ሻ ൌ
⍺

ଶ
൫ܷ௠

ሺଵ଴ሻ൯
ଶ
                                                 ሺ4.17ሻ 

The initial conditions are, 

ଶܷ௠
ሺଶ଴ሻሺ0,0ሻ ൌ 0;  ଶܷ௠,௧መ

ሺଶ଴ሻሺ0,0ሻ ൅ ߱ଵ
ᇱ

ଶܷ௠,௧መ
ሺଵ଴ሻሺ0,0ሻ ൌ 0 

On substituting for ܷ௠
ሺଵ଴ሻon the RHS of (4.16a), the simplification is 

ܷଶ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ଶܷ௠ߠ

ሺଶ଴ሻ ൌ െሾሼ2ߙሺߙଵܿݐ̂ߠݏ݋ ൅ ሻଶሽܤ ൅ ሼ2߱ଵ
ᇱ ሺെߙଵܿݐ̂ߠݏ݋ሻሽሿ ൌ 

   െ ቂ2ߙ ቄቀ
ఈభ
మ

ଶ
൅ ଶቁܤ ൅ ݐ̂ߠݏ݋ଵܿߙܤ2 ൅

ఈభ
మ

ଶ
ቅݐ̂ߠ2ݏ݋ଵܿߙ ൅ 2߱ᇱ

ଵሺെߙଵߠ
ଶܿݐ̂ߠݏ݋ሻቃ    ሺ4.18aሻ   

To ensure a uniformly valid solution in̂ݐ, we equate to zero, the coefficients of ܿݐ̂ߠ2ݏ݋on the RHS of 
(4.18a). That is,   
  െሾ2ߙܤଵ െ 2߱ᇱ

ଵߠ
ଶߙଵሿ ൌ 0                                   (4.18b) 

  ∴ ߱ᇱ
ଵ ൌ

஻

ఏమ
;  ߱ଵ ൌ ׬

஻

ఏమ
݀߬                                  (4.18c) 

The remaining part of equation (4.18a) for ܷ௠
ሺଶ଴ሻ is  

  ܷ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ଶܷ௠ߠ

ሺଶ଴ሻ ൌ ଴ݎ ൅  ݐ̂ߠ2ݏ݋ଵܿݎ                 (4.19a) 

where, ݎ଴ ൌ െ2ߙ ቀ
ఈభ
మ

ଶ
൅ , ଶቁܤ ଴ሺ0ሻݎ ൌ െ3ܤߙଶ 

ଵݎ ൌ  െߙߙଵ
ଶ , ଵሺ0ሻݎ ൌ െܤߙଶ, ଴ݎ

ᇱሺ0ሻ ൌ , ଶܤߙ2 ଵݎ
ᇱሺ0ሻ ൌ  ଶܤߙ2

  ∴ ܷ௠
ሺଶ଴ሻሺ̂ݐ, ߬ሻ ൌ ݐ̂ߠݏ݋ସሺ߬ሻܿߙ ൅ ݐ̂ߠ݊݅ݏସሺ߬ሻߚ ൅

௥బ

ఏమ
െ

௥భ௖௢௦ଶఏ௧መ

ଷఏమ
               ሺ4.19bሻ    

 From the initial condition,  

ܷ௠
ሺଶ଴ሻሺ0,0ሻ ൌ 0;   i.e,   ߙସሺ0ሻ ൅ 

௥బሺ଴ሻ

ఏమ
െ

௥భ

ଷఏమ
ൌ 0 

   ∴ ସሺ0ሻߙ ൌ
௥భ

ଷఏమ
െ

௥బሺ଴ሻ

ఏమ
ൌ

଼ఈ஻మ

ଷఏమ
                                                  (4.19c) 

Applying the initial condition, ܷ௠,௧መ
ሺଶ଴ሻሺ0,0ሻ ൅ ߱ᇱሺ0ሻ ൅ ܷ௠,௧መ

ሺଵ଴ሻሺ0,0ሻ yields,  

ସሺ0ሻߚ              ൌ 0                              (4.19d) 
Simplification of (4.17) yields,  

        ܷଶ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ߮ଶܷ௠

ሺଶ଴ሻ ൌ
⍺

ଶ
ቂቀ
ఈభ
మ

ଶ
൅ ଶቁܤ ൅ ݐ̂ߠݏ݋ଵܿߙܤ2 ൅

ఈభ
మ

ଶ
ቃݐ̂ߠݏ݋ܿ ሺ4.20aሻ 

               

∴ ܷଶ௠
ሺଶ଴ሻሺ̂ݐ, ߬ሻ ൌ ݐ̂߮ݏ݋ହሺ߬ሻܿߙ ൅ ݐ̂߮݊݅ݏହሺ߬ሻߚ

൅
⍺

2
቎
ሺ
ఈభ
మ

ଶ
൅ ଶሻܤ

߮ଶ
൅
ݐ̂ߠݏ݋ଵܿߙܤ2

ሺ߮ଶ െ ଶሻߠ
൅

ଵߙ
ଶܿݐ̂ߠ2ݏ݋

2ሺ߮ଶ െ ଶሻߠ
቏                    ሺ4.20bሻ 

From the initial conditions, 

ଶܷ௠
ሺଶ଴ሻሺ0,0ሻ ൌ 0;  ଶܷ௠,௧መ

ሺଶ଴ሻሺ0,0ሻ ൅ ߱ଵ
ᇱ

ଶܷ௠,௧መ
ሺଵ଴ሻሺ0,0ሻ ൌ 0 
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∴ ହሺ0ሻߙ ൅
⍺

2
቎
ሺ
ఈభ
మ

ଶ
൅ ଶሻܤ

߮ଶ
൅

ଵߙܤ2
ሺ߮ଶ െ ଶሻߠ

൅
ଵߙ
ଶ

2ሺ߮ଶ െ ଶሻߠ4
቏ ൌ 0 

        ∴ ହሺ0ሻߙ ൌ െ
⍺

ଶ
൥
ሺ
ഀభ
మ

మ
ା஻మሻ

ఝమ
൅

ଶ஻ఈభ

ሺఝమିఏమሻ
൅

ఈభ
మ

ଶሺఝమିସఏమሻ
ൌ 0൩ at τ=0 

i.e 

ହሺ0ሻߙ ൌ െ
⍺

ଶ
ቂ
ଷ஻మ

ଶఝమ
െ

ଶ஻మ

ሺఝమିఏమሻ
൅

஻మ

ଶሺఝమିସఏమሻ
ቃ =ܤଶ⍺ܵ଴ ܽ݊݀ ߚହ (0)= 0                    (4.20c)   

                       

where, ܵ଴ ൌ ቀെ
ଷఈ

ଶఝమ
൅

ఈ

ሺఝమିఏమሻ
െ

ఈ

ସሺఝమିସఏమሻ
ቁ 

  ∴ ܷሺଶ଴ሻ ൌ ܷ௠
ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠

ሺଶ଴ሻሺ1 െ              ሻ                    ሺ4.20dሻݔ4݉ݏ݋ܿ
From (3.21), 

ܱሺ߳ଶߜሻ ∶   ,ܷ௧መ௧መ
ሺଶଵሻ ൅ ,ܷ௫௫௫௫

ሺଶଵሻ ൅ 2ߣ ,ܷ௫௫
ሺଶଵሻ ൅ ܷሺଶଵሻ

ൌ  െ2ܷߙሺଵ଴ሻUሺଵଵሻ െ 2 ,ܷ௧መ ఛ
ሺଶ଴ሻ െ 2 ,ܷ௧መ

ሺଶ଴ሻ െ    2߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଵଵሻ

െ ߱ଵ
ᇱᇱ 

,ܷ௧መ
ሺଵ଴ሻ െ 2߱ଵ

ᇱ
,ܷ௧መ
ሺଵ଴ሻ

 

i.e 

,ܷ௧መ௧መ
ሺଶଵሻ

൅ ,ܷ௫௫௫௫
ሺଶଵሻ

൅ 2ߣ ,ܷ௫௫
ሺଶଵሻ

൅ ܷሺଶଵሻ ൌ  െ2⍺ܷ௠
ሺଵ଴ሻሺ1 െ ሻܷ௠ݔ2݉ݏ݋ܿ

ሺଵଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ െ 2ܷ௠,௧መ ఛ
ሺଶ଴ሻ ሺ1 െ

ሻݔ2݉ݏ݋ܿ െ 2ܷ௠,௧መ
ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ െ    2߱ଵ

ᇱܷ
௠,௧መ௧መ
ሺଵଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ െ ߱ଵ

ᇱᇱ ܷ௠,௧መ
ሺଵ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ െ

2߱ଵ
ᇱܷ

௠,௧መ
ሺଵ଴ሻሺ1 െ      ሻ                                                                                                          ሺ4.21ሻݔ2݉ݏ݋ܿ

Let  

ܷሺଶଵሻ ൌ ෍ܷ௡
ሺଶଵሻ

ሺ̂ݐ ߬

ஶ

୬ୀଵ

ሻሺ1 െ cos2nxሻ 

Substituting into ሺ4.21ሻ gives, 

෍ቂܷ௡,௧መ௧መ
ሺଶଵሻሺ1 െ cos2nxሻ ൅ ሺെ16݊ସ ൅ ଶሻܷ௡݊ߣ8

ሺଶଵሻ ܿݔ2݊ݏ݋ ൅          ሺ1 െ ሻܷ௡ݔ2݊ݏ݋ܿ
ሺଶଵሻቃ

௡ୀଵ

ൌ െ2ܷߙ௠
ሺଵ଴ሻܷ௠

ሺଵଵሻ ൤
3

2
െ ݔ2݉ݏ݋2ܿ ൅

1

2
൨ݔ4݉ݏ݋ܿ െ 2ܷ௠,௧መఛ

ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ

െ 2ܷ௠,௧መ
ሺଶ଴ሻሺ1 െ ሻ      െݔ2݉ݏ݋ܿ 2߱ଵ 

ᇱ ܷ௠,௧መ௧መ
ሺଵଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ െ ߱ଵ

ᇱᇱܷ௠,௧መ
ሺଵ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ

െ 2߱ଵ
ᇱܷ௠,௧መ

ሺଵ଴ሻሺ1 െ  ሻ                                                                ሺ4.22aሻݔ2݉ݏ݋ܿ

Multiplying both sides of (4.22) through by cos2mx and integrating from 0 to π and for n=m, gives; 

ቂെ
ߨ

2
ܷ௠,௧መ௧መ
ሺଶଵሻ ൅ ሺെ16݉ସ ൅ ଶሻܷ௠݉ߣ8

ሺଶଵሻ ቀ
ߨ

2
ቁ ൅ ቀെ

ߨ

2
ܷ௠
ሺଶଵሻቁቃ

ൌ           ൦
െ2ܷߙ௠

ሺଵ଴ሻܷ௠
ሺଵଵሻ ቀെ

ߨ

2
ቁ െ 2ܷ௠,௧መఛ

ሺଶ଴ሻ ቀെ
ߨ

2
ቁ െ 2ܷ௠,௧መ

ሺଶ଴ሻ

ሺെ
ߨ

2
ሻ െ 2߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଵଵሻ ቀെ

ߨ

2
ቁ െ ߱ଵ

ᇱᇱܷ௠,௧መ
ሺଵ଴ሻሺെ

ߨ

2
ሻ  െ 2߱ଵ

ᇱܷ௠,௧መ
ሺଵ଴ሻ ቀെ

ߨ

2
ቁ
൪         ሺ4.22bሻ 

Further simplification of (4.22b) yields, 

ܷ௠,௧መ௧መ
ሺଶଵሻ ൅ ሺ16݉ସ െ ଶ݉ߣ8 ൅ 1ሻܷ௠

ሺଶଵሻ

ൌ െ2ܷߙ௠
ሺଵ଴ሻܷ௠

ሺଵଵሻ െ 2ܷ௠,௧መఛ
ሺଶ଴ሻ െ  2ܷ௠,௧መ

ሺଶ଴ሻ െ 2߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଵଵሻ െ ߱ଵ
ᇱᇱܷ௠,௧መ

ሺଵ଴ሻ

െ 2߱ଵ
ᇱܷ௠,௧መ

ሺଵ଴ሻ
                                                                                                ሺ4.22cሻ 

The above finally yields, 

ܷ௠,௧መ௧መ
ሺଶଵሻ ൅ θଶܷ௠

ሺଶଵሻ ൌ

െ2ܷߙ௠
ሺଵ଴ሻܷ௠

ሺଵଵሻ െ 2ܷ௠,௧መఛ
ሺଶ଴ሻ െ 2ܷ௠,௧መ

ሺଶ଴ሻ െ 2߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଵଵሻ െ ߱ଵ
ᇱᇱܷ௠,௧መ

ሺଵ଴ሻ െ

2߱ଵ
ᇱܷ௠,௧መ

ሺଵ଴ሻ                                                                                                                                       ሺ4.23aሻ   

The initial conditions for (4.33a) are, 

ܷ௠
ሺଶଵሻሺ0,0ሻ ൌ 0; ܷ௠,௧መ

ሺଶଵሻሺ0,0ሻ  ൅ ߱ଵ
ᇱ ሺ0ሻܷ௠,௧መ

ሺଵଵሻሺݔ, 0,0ሻ  ൅ ܷ௠,ఛ
ሺଶ଴ሻሺ0,0ሻ ൌ 0 

Next, multiplying (4.22a) by cos4mx and integrating from 0 to ߨ for n =m, gives 

ቂെ
గ

ଶ
ܷଶ௠,௧መ௧መ
ሺଶଵሻ

൅ ሺെ256݉ସ ൅ ଶሻܷଶ௠݉ߣ32
ሺଶଵሻ

ቀ
గ

ଶ
ቁ െ

గ

ଶ
ܷଶ௠
ሺଶଵሻ

ሻቃ ൌ െ2ܷߙ௠
ሺଵ଴ሻ

ܷ௠
ሺଵଵሻ

ቀ
గ

ଶ
ቁ ቀ

ଵ

ଶ
ቁ െ 2ቀ ଶܷ௠,௧መఛ

ሺଶ଴ሻ
൅

ܷ௠,௧መ
ሺଶ଴ሻ൯                                                                                                                             ሺ4.23bሻ       

  ଶܷ௠,௧መ௧መ
ሺଶଵሻ ൅ ߮ଶܷଶ௠

ሺଶଵሻ ൌ ௠ܷߙ 
ሺଵ଴ሻܷ௠

ሺଵଵሻ ൅ 2ቀܷଶ௠,௧መఛ
ሺଶ଴ሻ ൅ ܷଶ௠,௧መ

ሺଶ଴ሻቁ                    ሺ4.24ሻ        

The initial conditions for (4.33b) are, 
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ܷଶ௠
ሺଶଵሻሺ0,0ሻ ൌ 0;  ଶܷ௠,௧መ

ሺଶଵሻሺ0,0ሻ  ൌ 0 

Substituting for ܷ௠
ሺଵ଴ሻ, ܷ௠

ሺଵଵሻܽ݊݀ ܷ௠
ሺଶ଴ሻin (4.24) yields 

ܷ௠,௧መ௧መ
ሺଶଵሻ ൅ θଶܷ௠

ሺଶଵሻ ൌ

െ2ܷߙ௠
ሺଵ଴ሻܷ௠

ሺଵଵሻ െ 2ܷ௠,௧መఛ
ሺଶ଴ሻ െ 2ܷ௠,௧መ

ሺଶ଴ሻ െ 2߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଵଵሻ െ ߱ଵ
ᇱᇱܷ௠,௧መ

ሺଵ଴ሻ െ

2߱ଵ
ᇱܷ௠,௧መ

ሺଵ଴ሻ                                                                                                                         ሺ4.25aሻ   

i.e, 

െ2ߙ ቀ
ఈభఉమ

ଶ
ݐ̂ߠ݊݅ݏ ൅ ቁݐ̂ߠ݊݅ݏଶߚܤ െ 2 ቀെߙߠସ

ᇱ ݐ̂ߠ݊݅ݏ ൅ ସߚߠ
ᇱܿݐ̂ߠݏ݋ ൅

ଶఏ௥భ
ᇲ௦௜௡ଶఏ௧መ

ଷఏమ
ቁ െ 2 ቀെߙߠସݐ̂ߠ݊݅ݏ ൅

ݐ̂ߠݏ݋ସܿߚߠ ൅
ଶఏ௥భ௦௜௡ଶఏ௧መ

ଷఏమ
ቁ െ 2߱ଵ

ᇱ ሺെߠଶሻߚଶݐ̂ߠ݊݅ݏ െ ߱ଵ
ᇱᇱሺെߙߠଵݐ̂ߠ݊݅ݏሻ െ

2߱ଵ
ᇱ ሺെߙଵݐ̂ߠ݊݅ݏߠሻ                                                                                                  ሺ4.25bሻ      

To ensure a uniformly valid solution in ,  This .ݐ̂ߠ݊݅ݏ ݀݊ܽ ݐ̂ߠݏ݋ܿ  we equate to zero the coefficients of ,ݐ̂
yields respectively, 
     െ2ߚߠସ

ᇱ െ ସߚߠ2 ൌ 0                                                     (4.25c) 
    ଶߚܤߙ  ൅ ସߙߠ2

ᇱ ൅ ସߙߠ2 ൅ ଶ߱ଵߠ2
ᇱ ଶߚ ൅ ߱ଵ

ᇱᇱߙߠଵ ൅ 2߱ଵ
ᇱ  (4.26d)     ߠଵߙ

    ∴ ସߚ
ᇱ ൅ ସߚ ൌ 0                                                     (4.26e) 

Solving (4.26e) yields, 
    ସሺ߬ሻߚ ൌ ସሺ0ሻ݁ߚ

ିఛ ൌ ସሺ0ሻߚ ݁ܿ݊݅ݏ 0 ൌ 0                          (4.26f) 
Solving (4.25d) yields, 

ସߙ
ᇱ ൅ ସߙ ൌ ଵሺ߬ሻߩ ൌ

ଵ

ଶఏ
ሺߚܤߙଶ െ ଶ߱ଵߠ2

ᇱ ଶߚ െ ߱ଵ
ᇱᇱߙߠଵ െ 2߱ଵ

ᇱ  ሻ                       ሺ4.26gሻߠଵߙ  

                             

    ସሺ߬ሻߙ ൌ ݁ିఛൣ׬ ݁௦ߩଵሺݏሻ݀ݏ ൅ ସሺ0ሻߙ
ఛ

଴
൧ 

    ∴ ସߙ
ᇱ ሺ0ሻ ൌ ଵሺ0ሻߩ െ    ସሺ0ሻߙ                            (4.26h) 

where 

    ସሺ0ሻߙ ൌ
଼ఈ஻మ

ଷఏమ
                         (4.26i) 

    ସߙ
ᇱ ሺ0ሻ ൌ

ିଵଷఈ஻మ

ଷఏమ
൅

ସ஻మ

ఏ
                        (4.26j) 

  ∴ ଵሺ0ሻߩ ൌ
ିହఈ஻మ

ଷఏమ
൅

ସ஻మ

ఏ
ൌ ଶܤ ቀ

ିହఈ

ଷఏమ
൅

ସ

ఏ
ቁ ൌ  ଶܸܤ                  (4.26k) 

where, ܸ ൌ ቀ
ିହఈ

ଷఏమ
൅

ସ

ఏ
ቁ 

The remaining equation in (4.25a) becomes, 

  ܷ௠,௧መ௧መ
ሺଶଵሻ ൅ θଶܷ௠

ሺଶଵሻ ൌ ଶݎ ൅ ݐ̂ߠ2ݏ݋ଷܿݎ ൅  ሺ4.26lሻ                                            ݐ̂ߠ2݊݅ݏସݎ  

              
with the initial conditions,  

ܷ௠
ሺଶଵሻሺ0,0ሻ ൌ 0;   ܷ௠,௧መ

ሺଶଵሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷ௠,௧መ

ሺଵଵሻ ൅ ܷ௠,ఛො
ሺଶ଴ሻሺ0,0ሻ ൌ 0 

where,  
ଶݎ ൌ ; ଶߙଵߙ  ଶሺ0ሻݎ    ൌ ଶሺ0ሻߙଵሺ0ሻߙ ൌ 0 

    ଷݎ ൌ ଷሺ0ሻݎ ; ଶߙଵߙߙ ൌ ଶሺ0ሻߙଵሺ0ሻߙߙ ൌ 0; ଷݎ    
ᇱሺ0ሻ ൌ 0, 

ସݎ ൌ ቂߙߙଵߚଶ ൅
଼ఈ

ଷఏ
ሺߙଵߙଵ

ᇱ ൅ ଵߙ
ଶሻቃ ସሺ0ሻݎ ; ൌ ቂߙሺെܤሻ ቀ

ି஻

ఏ
ቁ ൅

଼ఈ

ଷఏ
ሺെܤ. ܤ ൅ ଶሻቃܤ ൌ

ఈ஻మ

ఏ
ସݎ,  

ᇱሺ0ሻ ൌ
ିହఈ஻మ

ଶఏ
 

The solution of (4.26l) becomes  

  ܷ௠
ሺଶଵሻሺ̂ݐ, ߬ሻ ൌ ݐ̂ߠݏ݋଺ܿߙ ൅ ݐ̂ߠ݊݅ݏ଺ߚ ൅

௥మ

ఏమ
െ ቀ

௥య௖௢௦ଶఏ௧መା௥ర௦௜௡ଶఏ௧መ

ଷఏమ
ቁ                ሺ4.27aሻ    

with the initial conditions,  ߙ଺ሺ0ሻ ൅
௥మ

ఏమ
െ

௥య

ଷఏమ
ൌ 0 

    ∴ ଺ሺ0ሻߙ ൌ
௥యିଷ௥మ

ଷఏమ
ൌ ଺ሺ0ሻߚ         ,0 ൌ 0                                               ሺ4.27bሻ  

From (4.24), 
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ܷଶ௠,௧መ௧መ
ሺଶଵሻ ൅ ߮ଶ

ଶܷ௠
ሺଶଵሻ ൌ ߙ  ൤

ଶߚଵߙ
2

ݐ̂ߠ2݊݅ݏ ൅ ൨ݐ̂ߠ݊݅ݏଶߚܤ ൅ 2ቀܷଶ௠,௧መఛ
ሺଶ଴ሻ ൅ ܷଶ௠,௧መ

ሺଶ଴ሻቁ

ൌ ߙ  ൤
ଶߚଵߙ
2

ݐ̂ߠ2݊݅ݏ ൅ ൨ݐ̂ߠ݊݅ݏଶߚܤ

൅ 2 ቂെ߮ߙହ
ᇱ ݐ̂߮݊݅ݏ ൅ ହߚ

ᇱ߮ܿݐ̂߮ݏ݋ ൅
⍺

2
ቊ
െ2ߙߠଵ

ᇱݐ̂ߠ݊݅ݏܤ

߮ଶ െ ଶߠ
െ
ଵߙሺߠ2

ଶሻᇱݐ̂ߠ2݊݅ݏ

2ሺ߮ଶ െ ଶሻߠ4
ቋ

൅ ൛ሼെ߮ߙହݐ̂߮݊݅ݏ ൅ ݐ̂߮ݏ݋ହܿߚ

൅
⍺

2
ቊ
െ2ߙߠଵݐ̂ߠ݊݅ݏܤ

߮ଶ െ ଶߠ
െ
ଵߙߠ2

ଶݐ̂ߠ2݊݅ݏ

2ሺ߮ଶ െ ଶሻߠ4
ቋൡቑ                                                                ሺ4.28aሻ 

To ensure a uniformly valid solution in ,  ݐ̂߮݊݅ݏ ݀݊ܽݐ̂߮ݏ݋ܿ we equate to zero the coefficient of ,ݐ̂
  ହߚ2߮

ᇱ ൅ ହߚ2߮ ൌ 0  ⇨ ହߚ 
ᇱ ൅ ହߚ ൌ 0   ⇨ ହߚ 

ᇱሺ0ሻ ൌ െߚହሺ0ሻ                 ሺ4.28bሻ     
  െ2߮ߙହ

ᇱ െ ହߙ2߮ ൌ 0  ⇨ ହߙ 
ᇱ ൅ ହߙ ൌ 0 ⇨ ହߙ 

ᇱ ሺ0ሻ ൌ െߙହሺ0ሻ              ሺ4.28cሻ     
  ହߚ ൌ ହሺ0ሻ݁ߚ

ିఛ ൌ ହߙ , 0 ൌ ହሺ0ሻ݁ߙ
ିఛ ൌ 0                                             (4.28d) 

The remaining equation of (4.27a) is:  

ܷଶ௠,௧መ௧መ
ሺଶଵሻ ൅ ߮ଶܷଶ௠

ሺଶଵሻ ൌ   ቂߚܤߙଶ ൅
⍺

ଶ
ቀ
ିଶఏ஻

ఝమିఏమ
ቁ ሺߙଵ

ᇱ ൅ ଵሻቃߙ ݐ̂ߠ݊݅ݏ ൅ ቂ
ఈఈభఉమ

ଶ
൅

⍺

ଶ
ቄ
ିఏሺఈభ

మሻᇲାఈభ
మ

ଶሺఝమିସఏమሻ
ቅቃ ݐ̂ߠ2݊݅ݏ ൌ

ݐ̂ߠ݊݅ݏହݎ ൅               ሺ4.29aሻ                                                                                                                         ݐ̂ߠ2݊݅ݏ଺ݎ
where, 

  ହݎ ൌ ቂߚܤߙଶ െ
ିଶఏ஻

ሺఝమିఏమሻ
ሺߙଵ

ᇱ ൅ ሻቃߙ ൌ ଵߙ ଶ, sinceߚܤߙ
ᇱ ൅ ߙ ൌ 0,  

  ଵߙ
ᇱ ൌ ହሺ0ሻݎ ;ܤ ൌ

ିఈ஻మ

ఏ
଺ݎ , ൌ ቂ

ఈఈభఉమ

ଶ
൅

⍺

ଶ
ቄ
ିఏሺఈభ

మሻᇲାఈభ
మ

ଶሺఝమିସఏమሻ
ቅቃ 

∴ ଺ሺ0ሻݎ ൌ ቂ
ఈఈభሺ଴ሻఉమሺ଴ሻ

ଶ
൅

⍺

ଶ
ቄ
ିఏሺఈభ

మሺ଴ሻሻᇲାఈభ
మሺ଴ሻ

ଶሺఝమିସఏమሻ
ቅቃ ൌ

஻మఈ

ଶఏ
൅

஻మఏఈ

ସሺఝమିସఏమሻ
ൌ ଶܤ ଵܵ              ሺ4.29bሻ   

where,  ଵܵ ൌ ቀ
ఈ

ଶఏ
൅

ఈఏ

ସሺఝమିସఏమሻ
ቁ 

  ∴ ܷଶ௠
ሺଶଵሻ ൌ ݐ̂߮ݏ݋଻ሺ߬ሻܿߙ  ൅ ݐ̂߮݊݅ݏ଻ሺ߬ሻߚ ൅

௥ఱ௖௢௦ఏ௧መ

ఝమିఏమ
൅

௥ల௖௢௦ఏ௧መ

ఝమିସఏమ
                   (4.30) 

The initial conditions for (4.30) are 

    ܷଶ௠
ሺଶଵሻሺ0,0ሻ ൌ 0;   ܷଶ௠,௧መ

ሺଶଵሻሺ0,0ሻ ൅ ܷଶ௠,ఛො
ሺଶ଴ሻ ሺ0,0ሻ ൌ 0;  

⇒ െ߮ߙ଻ሺ0ሻݐ̂߮݊݅ݏ ൅ ݐ̂߮ݏ݋଻ሺ0ሻܿߚ߮ ൅
ఏ௥ఱሺ଴ሻ௖௢௦ఏ௧መ

ఝమିఏమ
൅

ଶఏ௥లሺ଴ሻ௖௢௦ఏ௧መ

ఝమିସఏమ
൅ ହߙ

ᇱ ሺ0ሻܿݐ̂߮ݏ݋ ൅
⍺

ଶ
ቂ
ఈభ
ᇲఈభ

ఝమ
൅

ଶ஻ఏఈభ
ᇲ ௖௢௦ఏ௧መ

ఝమିఏమ
൅

ଶ ఈభ
ᇲఈభ௖௢௦ଶఏ௧መ

ଶሺఝమିସఏమሻ
ቃ ൌ 0                                                                                                              ሺ4.31aሻ                

  ∴ ଻ሺ0ሻߙ ൌ 0                                                                                                 (4.31b) 
Similarly, the following is obtained 

଻ሺ0ሻߚ߮ ൅
ఏ௥ఱሺ଴ሻ

ఝమିఏమ
൅

ଶఏ௥లሺ଴ሻ

ఝమିସఏమ
൅ ହߙ

ᇱ ሺ0ሻ ൅
⍺

ଶ
ቂ
ఈభ
ᇲ ሺ଴ሻఈభሺ଴ሻ

ఝమ
൅

ଶ஻ఏఈభ
ᇲ ሺ଴ሻ

ఝమିఏమ
൅

ఈభ
ᇲ ሺ଴ሻఈభሺ଴ሻ

ሺఝమିସఏమሻ
ቃ ൌ 0    ሺ4.32aሻ   

                                         

଻ሺ0ሻߚ ൌ െ
1

߮
ቈ
ହሺ0ሻݎߠ

߮ଶ െ ଶߠ
൅

଺ሺ0ሻݎߠ2

߮ଶ െ ଶߠ4
൅ ହߙ

ᇱ ሺ0ሻ

൅
⍺

2
ቆ
ଵߙ
ᇱ ሺ0ሻߙଵሺ0ሻ

߮ଶ
൅
ଵߙߠܤ2

ᇱ ሺ0ሻ

߮ଶ െ ଶߠ
൅
ଵߙ
ᇱ ሺ0ሻߙଵሺ0ሻ

ሺ߮ଶ െ ଶሻߠ4
ቇ቉                        ሺ4.32bሻ 

i.e 

଻ሺ0ሻߚ ൌ ଶܤ ൬
଴ܵߙ
߮

൅
ߙ

2߮ଷ
൅

ߙ

ሺ߮ଶߙ2 െ ଶሻߠ4
െ

ߙ

ሺ߮ଶߙ െ ଶሻߠ
െ

ߙߠ2 ଵܵ

߮ሺ߮ଶ െ ଶሻߠ4
൰    ሺ4.32cሻ 

So far, it follows that 

  ܷሺଶଵሻ ൌ ܷ௠
ሺଶଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠

ሺଶଵሻሺ1 െ  ሻ                               ሺ4.33ሻݔ4݉ݏ݋ܿ  
From (3.23), 

ܱሺ߳ଶߜଶሻ ∶   ,ܷ௧መ௧መ
ሺଶଶሻ ൅ ,ܷ௫௫௫௫

ሺଶଶሻ ൅ 2ߣ ,ܷ௫௫
ሺଶଶሻ ൌ െ ,ܷఛఛ

ሺଶ଴ሻ  െ 2߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଵଶሻ െ  2 ,ܷ௧መ ఛ

ሺଶଵሻ  െ 2߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଵଶሻെ 2߱ଵ

ᇱᇱ
,ܷ௧መ
ሺଵଵሻ െ

 2 ,ܷ௧መ
ሺଶଵሻ െ  2߱ଵ

ᇱ
,ܷ௧መ
ሺଵଵሻ െ  ⍺ ቄ൫Uሺଵଵሻ൯

ଶ
൅ Uሺଵ଴ሻቅ      

⇒ ,ܷ௧መ௧መ
ሺଶଶሻ ൅ ,ܷ௫௫௫௫

ሺଶଶሻ ൅ 2ߣ ,ܷ௫௫
ሺଶଶሻ ൌ െ ቂܷ௠,ఛఛ

ሺଶ଴ሻሺ1 െ cos2mxሻ ൅ ܷଶ௠,ఛఛ
ሺଶ଴ሻ ሺ1 െ cos4mxሻ ൅ 2߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଵଶሻሺ1 െ

ሻݔ2݉ݏ݋ܿ ൅ 2ቄ ܷ௠,௧መ ఛ
ሺଶଵሻ ሺ1 െ ሻݔ2݉ݏ݋ܿ ൅  ܷଶ௠,௧መ ఛ

ሺଶଵሻ ሺ1 െ ሻቅ൅ 2߱ଵݔ2݉ݏ݋ܿ
ᇱᇱܷ௠,௧መ

ሺଵଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅

2ቄܷ௠,௧መ
ሺଶଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠,௧መ

ሺଶଵሻሺ1 െ ሻቅݔ4݉ݏ݋ܿ ൅ ൅   2߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଵଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ⍺ ൫ܷ௠ 
ሺଵଵሻ൯

ଶ
ቄ
ଷ

ଶ
െ
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2cos2mx ൅
ଵ

ଶ
cos4mxቅ ൅ 2ቄܷ௠ 

ሺଵ଴ሻܷ௠
ሺଵଶሻቅ ቄ

ଷ

ଶ
െ 2cos2mx ൅

ଵ

ଶ
cos4mxቅቃ ሺ4.34ሻ     

           
Let  

 Uሺଶଶሻ ൌ ෍ܷ௡
ሺଶଶሻሺ̂ݐ ߬ሻሺ1 െ ሻݔ2݊ݏ݋ܿ

ஶ

௡ୀଵ

 

The LHS of (4.34) simplifies to, 

∑ ቂܷ௡,௧መ௧መ
ሺଶଶሻሺ1 െ cos2nxሻ ൅ ሺെ16݊ସ ൅ ଶሻܷ௡݊ߣ8

ሺଶଶሻ ൅ ܷ௡
ሺଶଶሻሺ1ܿݔ2݊ݏ݋ሻቃ ൌ௡ୀଵ  (ሺ4.34 ݂݋ ܵܪܴ

Multiplying (4.30) through by cos2mx and integrating from 0 to π and for n=m, we have, 

      െ
ߨ

2
ܷ௠,௧መ௧መ
ሺଶଶሻ ൅ ሺെ16݉ସ ൅ ଶሻܷ௠݉ߣ8

ሺଶଶሻ ቀ
ߨ

2
ቁ ൅ ቀെ

ߨ

2
ܷ௠
ሺଶଶሻቁ

ൌ   െ ቂቀെ
ߨ

2
ቁܷ௠,ఛఛ

ሺଶ଴ሻ ൅ 2߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଵଶሻ ቀെ
ߨ

2
ቁ ൅ 2ܷ௠,௧መఛ 

ሺଵଶሻ ቀെ
ߨ

2
ቁ൅ 2߱ଵ

ᇱᇱܷ௠,௧መ
ሺଵଵሻ ቀെ

ߨ

2
ቁ

൅ 2ܷ௠,௧መ
ሺଶଵሻ ቀെ

ߨ

2
ቁ ൅ ൅ 2߱ଵ

ᇱܷ௠,௧መ
ሺଵଵሻ ቀെ

ߨ

2
ቁ ൅  ൫ܷ௠ߙ

ሺଵଵሻ൯
ଶ
ቀെ2.

െߨ

2
ቁ

൅ αܷ௠ 
ሺଵ଴ሻܷ௠

ሺଵଶሻ ቀെ2.
െߨ

2
ቁቃ                                                           ሺ4.35aሻ 

Further simplification of (4.35a) gives 

      െ
ߨ

2
ܷ௠,௧መ௧መ
ሺଶଶሻ ൅ ሺ16݉ସ െ ଶ݉ߣ8 ൅ 1ሻܷ௠

ሺଶଶሻ

ൌ  െ
ߨ

2
ቂെܷ௠,ఛఛ

ሺଶ଴ሻ െ 2߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଵଶሻ െ 2ܷ௠,௧መఛ 
ሺଶଵሻ െ 2߱ଵ

ᇱᇱܷ௠,௧መ
ሺଵଵሻ െ 2ܷ௠,௧መ

ሺଶଵሻ െ  2߱ଵ
ᇱܷ௠,௧መ

ሺଵଵሻ

൅ ሺܷ௠ߙ2
ሺଵଵሻሻଶ ൅ ௠ܷߙ2

ሺଵ଴ሻܷ௠
ሺଵଶሻ൧                                               ሺ4.35bሻ 

Further simplification of (4.35b) yields 

ܷ௠,௧መ௧መ
ሺଶଶሻ ൅ ଶܷ௠ߠ

ሺଶଶሻ ൌ െ ቂܷ௠,ఛఛ
ሺଶ଴ሻ ൅ 2߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଵଶሻ ൅ 2ܷ௠,௧መఛ 

ሺଶଵሻ ൅ 2߱ଵ
ᇱᇱܷ௠,௧መ

ሺଵଵሻ ൅ 2ܷ௠,௧መ
ሺଶଵሻ ൅  2߱ଵ

ᇱܷ௠,௧መ
ሺଵଵሻ െ 2ቄሺܷ௠

ሺଵଵሻሻଶ ൅

ܷ௠
ሺଵ଴ሻܷ௠

ሺଵଶሻൟቃ                                                                                                                 ሺ4.35cሻ   

The initial conditions for (4.35c) are 

  ܷ௠
ሺଶଶሻሺ0,0ሻ ൌ 0;   ܷ௠,௧መ

ሺଶଶሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷ௠,௧መ

ሺଵଶሻ
൅ ܷ௠,ఛ

ሺଶଵሻ
ሺ0,0ሻ ൌ 0 

Next from equation (4.34) for n=2m, let  

ܷሺଶଶሻ ൌ ෍ܷ௡
ሺଶଶሻሺ1 െ ሻݔ4݉ݏ݋ܿ

ஶ

௡ୀଵ

 

Multiplying (4.34) through by cos4mx and integrating from 0 to π and for n = 2m, gives 

െ
ߨ

2
ܷଶ௠,௧መ௧መ
ሺଶଶሻ ൅

ߨ

2
ሺെ256݉ସ ൅ ଶሻܷଶ௠݉ߣ32

ሺଶଶሻ െ
ߨ

2
ܷଶ௠
ሺଶଶሻ ߙ

2
ቄ൫ܷ௠

ሺଵଵሻ൯
ଶ
൅ ൫ܷ௠ 

ሺଵ଴ሻܷ௠
ሺଵଶሻ൯ ቀ

π

2
ቁቅ ሺ4.36aሻ 

This further gives 

  ଶܷ௠,௧መ௧መ
ሺଶଶሻ ൅ ߮ଶܷଶ௠

ሺଶଶሻ ൌ െ
ఈ

ଶ
ቄ൫ܷ௠

ሺଵଵሻ൯
ଶ
൅ ൫ܷ௠ 

ሺଵ଴ሻܷ௠
ሺଵଶሻ൯ቅ                         ሺ4.36bሻ   

The initial conditions are 

  ܷ௠
ሺଶଶሻሺ0,0ሻ ൌ 0;   ܷଶ௠,௧መ

ሺଶଶሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷଶ௠,௧መ

ሺଵଶሻ ൅ ܷ௠,ఛ
ሺଶଵሻሺ0,0ሻ ൌ 0 

On substituting for terms in (4.35c) and simplifying, the result is  

ܷଶ௠,௧መ௧መ
ሺଶଶሻ ൅ ߠଶܷ௠

ሺଶଶሻ ൌ

െ ቂቄߙସ
ᇱᇱܿݐ̂ߠݏ݋ ൅

௥బ
ᇲᇲ

ఏమ
െ

௥భ
ᇲᇲ௖௢௦ଶఏ௧መ

ଷఏమ
ቅ ൅ 2߱ଵ

ᇱ ሼെߠଶߙଷݐ̂ߠ݊݅ݏ ൅ ߠଷߚ
ଶܿݐ̂ߠݏ݋ሽ ൅ 2 ቄെߙߠ଺

ᇱ ݐ̂ߠ݊݅ݏ ൅ ଺ߚߠ
ᇱܿݐ̂ߠݏ݋ െ

ଶఏ௥య
ᇲ௦௜௡ଶఏ௧መାଶఏ௥ర

ᇲ௖௢௦ଶఏ௧መ

ଷఏమ
ቅ ൅ 2߱ଵ

ᇱ ሺߚߠଶܿݐ̂ߠݏ݋ሻ ൅ 2 ቄെߙ଺ݐ̂ߠ݊݅ݏߠ ൅ ݐ̂ߠݏ݋ܿߠ଺ߚ ൅ ቀ
ଶఏ௥య௦௜௡ఏ௧መିଶఏ௥ర௖௢௦ఏ௧መି

ଷఏమ
ቁቅ ൅

2߱ଵ
ᇱ ሼߚߠଶܿݐ̂ߠݏ݋ሽ ൅

ߙ2 ቄ
ఉమ

ଶ
ሺ1 െ ሻݐ̂ߠ2ݏ݋ܿ ൅

ቀ
ఈభఉమ

ଶ
ݐ̂ߠ2݊݅ݏ ൅  ቁቅቃ                                                                                 ሺ4.37aሻݐ̂ߠ2݊݅ݏଶߚܤ      

To ensure a uniformly valid solution in̂ݐ; equate to zero the coefficients of ܿݐ̂ߠ݊݅ݏ ݀݊ܽ ݐ̂ߠݏ݋ of (4.37a) 
and this yields respectively 
   െߙସ

ᇱᇱ ൅ 2߱ଵ
ᇱ ଷߚߠ െ ଺ߚߠ2

ᇱ െ 2߱ଵ
ᇱᇱߚߠଶ െ ߠ଺ߚ2 െ 2߱ଵ

ᇱ ଶߚߠ ൌ 0            ሺ4.37bሻ 
and  
        2߱ଵ

ᇱ ଷߙଶߠ ൅ ଺ߙߠ2
ᇱ ൅ ߠ଺ߙ2 െ ଶߚܤߙ2 ൌ 0                       (4.37c) 

Simplification of (4.37b) gives 

  ଺ߚ
ᇱ ൅ ଺ߚ ൌ  

ଵ

ଶఏ
ሾߙସ

ᇱᇱ െ 2߱ଵ
ᇱ ଷߚଶߠ ൅ 2߱ଵ

ᇱᇱߚଶ ൅ 2߱ଵ
ᇱ ଶሿߚߠ ൌ             ଶሺ߬ሻ            ሺ4.37dሻߩ
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  ଺ሺ߬ሻߚ ൌ ݁ିఛሾ׬ ݁ఛ ଶሺ߬ሻ݀߬ߩ ൅ ଺ሺ0ሻሿߚ ൌ ݁ିఛሾ׬ ݁ఛ      ଶሺ߬ሻ݀߬ሿ                   ሺ4.37eሻߩ
Similarly, simplification of (4.37c) yields 

  ଺ߙ
ᇱ ൅ ଺ߙ ൌ

ଵ

ଶఏ
ሾെ2߱ଵ

ᇱ ଷߙଶߠ ൅ ଶሿߚܤߙ2 ൌ   ଷሺ߬ሻ                                        ሺ4.37fሻߩ

Therefore  
  ଺ߙ ൌ ݁ିఛሾ׬ ݁ఛ ଷሺ߬ሻ݀߬ߩ ൅  ଺ሺ0ሻሿ                                                               ሺ4.37gሻߙ  
The remaining part of equation (4.37a) is 

  ܷ௠,௧መ௧መ
ሺଶଶሻ ൅ ߠଶܷ௠

ሺଶଶሻ ൌ ଻ݎ ൅ ݎ଼ ݐ̂ߠ2ݏ݋ܿ ൅  ሺ4.38ሻ                                       ݐ̂ߠ2݊݅ݏଽݎ         

଻ݎ ൌ െ ቂ
௥బ
ᇲᇲ

ఏమ
െ

ଶ௥ర
ᇲ

ଷఏ
൅ , ଶቃߚߙ ݎ଼ ൌ ቂ

௥భ
ᇲᇲ

ଷఏమ
െ

ସ௥ర

ଷఏ
െ ଽݎ   ,ଶቃߚߙ ൌ െ ቂ

ଶ௥య
ᇲ

ଷఏమ
െ

ସ௥య

ଷఏ
െ  ଶቃߚଵߙߙ

It is to be recalled that, ݎ଴ ൌ െ2ߙሺ
ఈభ
మ

ଶ
൅  ଶሻܤ

  ° ∴ ଴ݎ
ᇱ ൌ െ2ߙߙଵߙଵ

ᇱ , ଴ݎ
ᇱᇱ ൌ െ2ߙሺߙଵ

ᇱ ଶ ൅ ଵߙଵߙ
ᇱᇱሻ,   ݎ଴

ᇱሺ0ሻ ൌ ,ଶܤߙ2 ଴ݎ
ᇱᇱሺ0ሻ ൌ െ4ܤߙଶ 

ସݎ ൌ ଶߚଵߙߙ ൅
଼ఈ

ଷఏ
ሺߙଵߙଵ

ᇱ ൅ ଵߙ
ᇱ ଶሻ, ݎସ

ᇱ ൌ ଵߙሺߙ
ᇱߚଶ ൅ ଵߙ

ᇱߚଶ
ᇱሻ ൅

଼ఈ

ଷఏ
ሺߙଵ

ᇱߙଵ
ᇱ ൅ ଵߙଵߙ

ᇱᇱ ൅ ଵߙଵߙ2
ᇱ ሻ 

ସݎ
ᇱሺ0ሻ ൌ

ିହఈ஻మ

ଶఏ
଻ሺ0ሻݎ ,  ൌ

ଵ଻ఈ஻మ

ଷఏమ
െ

ఈ஻

ఏ
ଵݎ  , ൌ െߙଵߙଵ

ଶ; ݎଵ
ᇱ ൌ ଵߙଵߙߙ2

ᇱ ଵݎ ;
ᇱᇱ ൌ െ2ߙሺߙଵ

ᇱ ଶ ൅ ଵߙଵߙ
ᇱᇱሻ 

ଵݎ
ᇱሺ0ሻ ൌ െ2ߙߙଵሺ0ሻߙଵ

ᇱ ሺ0ሻ ൌ ଵݎ ;ଶܤߙ2
ᇱᇱሺ0ሻ ൌ െ4ܤߙଶ,  ଼ݎ ሺ0ሻ ൌ ቀ

ିସఈ஻మ

ଷఏమ
൅

ସఈ஻మ

ଷఏమ
൅

ఈ஻

ଷఏ
ቁ ൌ

ఈ஻

ఏ
ଷݎ ,  ൌ

ଷሺ0ሻݎ ;ଶߙଵߙߙ ൌ 0, ଷݎ
ᇱ ൌ ଵߙሺߙ

ᇱߙଵ ൅ ଶߙଵߙ
ᇱ ሻ; ݎଷ

ᇱሺ0ሻ ൌ 0 , ଶߚ
ᇱ ൌ

ଷ஻

ଶఏ
ଽሺ0ሻݎ  , ൌ

ଷఏ஻మ

ଶఏ
 

    ∴ ܷ௠
ሺଶଶሻ

ൌ ߠݏ݋଼ܿߙ ൅ ߠ݊݅ݏ଼ߚ ൅
଻ݎ
ଶߠ3

൅
ݎ଼ ߠ2ݏ݋ܿ

ଶߠ
൅
ݐ̂ߠ2݊݅ݏଽݎ

ଶߠ
                            ሺ4.39aሻ 

The initial conditions are 

ܷ௠
ሺଶଶሻሺ0,0ሻ ൌ 0 ;  ܷ௠

ሺଶଶሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷ௠,௧መ

ሺଵଶሻሺ0,0ሻ  ൅ ܷ௠,ఛ
ሺଶଵሻሺ0,0ሻ ൌ 0 

 

  ሺ0ሻ଼ߙ ൌ ቀ
௥ఴሺ଴ሻ

ଷఏమ
െ

௥ళሺ଴ሻ

ఏమ
ቁ ൌ

ସఈ஻

ଷఏయ
െ

ଵ଻ఈ஻మ

ଷఏర
                                                    ሺ4.39bሻ   

        

Similarly, ଼ߚߠሺ0ሻ ൅
ଶఏ௥వሺ଴ሻ

ఏమ
ൌ 0 

  ∴ ሺ0ሻ଼ߚ ൌ
ିଶఏ௥వሺ଴ሻ

ఏమ
ൌ

ିଷఈ஻మ

ఏయ
                                                      (4.39c) 

From equation (3.23), 
 

ܱሺ߳ଷሻ   ∶   ,ܷ௧መ௧መ
ሺଷ଴ሻ

൅ ,ܷ௫௫௫௫
ሺଷ଴ሻ

൅ 2ߣ ,ܷ௫௫
ሺଷ଴ሻ

൅ ܷሺଷ଴ሻ

ൌ   െ ሺ߱ଵ
ᇱ ሻଶ

,ܷ௧መ௧መ
ሺଵ଴ሻ

െ 2൫߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଶ଴ሻ

൅ ߱ଶ
ᇱ

,ܷ௧መ௧መ
ሺଶ଴ሻ

൯ െ 2⍺Uሺଶ଴ሻUሺଵ଴ሻ ൅ β൫Uሺଵ଴ሻ൯
ଷ
 

Then, substituting on the RHS of (3.23) yields, 

,ܷ௧መ௧መ
ሺଷ଴ሻ

൅ ,ܷ௫௫௫௫
ሺଷ଴ሻ

൅ 2ߣ ,ܷ௫௫
ሺଷ଴ሻ

൅ ܷሺଷ଴ሻ

ൌ   െ ሺ߱ଵ
ᇱ ሻଶܷ௠,௧መ௧መ

ሺଵ଴ሻሺ1 െ ሻݔ2݉ ݏ݋ܿ

െ 2ቂ߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଶ଴ሻ ൅ ሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ߱ଵ
ᇱܷଶ௠,௧መ௧መ

ሺଶ଴ሻ ሺ1 െ ሻቃݔ2݉ݏ݋ܿ െ 2߱ଶ
ᇱ

,ܷ௧መ௧መ
ሺଵ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ

െ 2⍺ ቂܷ௠ 
ሺଵ଴ሻሺ1 െ  ሻቄܷ௠ݔ2݉ݏ݋ܿ

ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ

൅ ଶܷ௠ 
ሺଶ଴ሻሺ1 െ ሻൟቃ൅β൫U௠ݔ4݉ݏ݋ܿ

ሺଵ଴ሻ൯
ଷ
ሺ1 െ  ሻଷ        ሺ4.40ሻݔ2݉ݏ݋ܿ

Therefore, on further simplifications, (4.40) becomes 

,ܷ௧መ௧መ
ሺଷ଴ሻ ൅ ,ܷ௫௫௫௫

ሺଷ଴ሻ ൅ 2ߣ ,ܷ௫௫
ሺଷ଴ሻ ൅ ܷሺଷ଴ሻ ൌ   െ ሺ߱ଵ

ᇱ ሻଶܷ௠,௧መ௧መ
ሺଵ଴ሻሺ1 െ ሻݔ2݉ ݏ݋ܿ െ 2ቂ߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅

߱ଵ
ᇱܷଶ௠,௧መ௧መ

ሺଶ଴ሻ ሺ1 െ ሻݔ4݉ݏ݋ܿ ൅ ߱ଶ
ᇱ ܷ௠ 

ሺଵ଴ሻሺ1 െ ሻ൧ݔ2݉ݏ݋ܿ െ 2⍺ ቂܷ௠ 
ሺଵ଴ሻܷ௠ 

ሺଶ଴ሻ ቄ
ଷ

ଶ
െ ݔ2݉ݏ݋2ܿ ൅

ଵ

ଶ
ቅݔ4݉ݏ݋ܿ ൅

ܷ௠ 
ሺଵ଴ሻܷ௠ 

ሺଶ଴ሻ ቄ1 െ
ଵ

ଶ
ݔ2݉ݏ݋ܿ െ ݔ4݉ݏ݋ܿ ൅

ଵ

ଶ
ቅቃ൅β൫U௠ݔ6݉ݏ݋ܿ

ሺଵ଴ሻ൯
ଷ
ቂ
ହ

ଶ
െ

ଵହ

ସ
ݔ2݉ݏ݋ܿ ൅

ଷ

ଶ
ݔ4݉ݏ݋ܿ ൅

ଵ

ସ
  ቃ                                                                                            ሺ4.41ሻݔ6݉ݏ݋ܿ

 Let  

ܷሺଷ଴ሻ ൌ ෍ܷ௡
ሺଷ଴ሻሺ1 െ ሻݔ2݊ݏ݋ܿ

ஶ

௡ୀଵ

 

Therefore, (4.41) becomes 

෍ቂܷ௡,௧෡௧መ
ሺଷ଴ሻሺ1 െ ሻݔ2݊ݏ݋ܿ ൅ ሺെ16݊ସ ൅ ଶ݊ߣ8 ൅ 1ሻܷ௡

ሺଷ଴ሻܿݔ2݊ݏ݋ቃ ൌ ሺ4.41ሻ ܵܪܴ

ஶ

௡ୀଵ

 

Multiplying (4.41) through by cos2mx and integrating from 0 to π and for n =m, the result is 
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െ
గ

ଶ
ܷ௠,௧መ௧መ
ሺଷ଴ሻ ൅ ሺെ16݉ସ ൅ ଶ݉ߣ8 ൅ 1ሻܷ௠

ሺଷ଴ሻ ቀെ
గ

ଶ
ቁ ൌ െ ቂሺ߱ଵ

ᇱ ሻଶܷ௠,௧መ௧መ
ሺଵ଴ሻ ቀെ

గ

ଶ
ቁ ൅ 2߱ᇱܷ௠,௧መ௧መ

ሺଶ଴ሻ
ቀെ

గ

ଶ
ቁ ൅

2߱ଶ
ᇱ ܷ

௠,௧መ௧መ
ሺଵ଴ሻ

ቀെ
గ

ଶ
ቁ ൅  ௠ܷߙ2

ሺଵ଴ሻܷ௠
ሺଶ଴ሻ ቀെ2.െ

గ

ଶ
ቁ െ  ௠ܷߙ

ሺଵ଴ሻ
ଶܷ௠
ሺଶ଴ሻ ቀെ

గ

ଶ
ቁ െ

ଵହ

ସ
൫U௠

ሺଵ଴ሻ൯
ଷ
ቀെ

గ

ଶ
ቁቃ                                                                                               ሺ4.42aሻ  

i.e,                        

െ
గ

ଶ
ቂܷ௠,௧መ௧መ

ሺଷ଴ሻ ൅ ሺ16݉ସ െ ଶ݉ߣ8 ൅ 1ሻܷ௠
ሺଷ଴ሻቃ ൌ

െ
గ

ଶ
ቂെሺ߱ଵ

ᇱ ሻଶܷ௠,௧መ௧መ
ሺଵ଴ሻ െ 2߱ᇱ

ଵܷ௠,௧መ௧መ
ሺଶ଴ሻ െ 2߱ଶ

ᇱ ܷ௠,௧መ௧መ
ሺଵ଴ሻ െ  2ܷ௠ൣߙ2

ሺଵ଴ሻܷ௠
ሺଶ଴ሻ ൅ ܷ௠ 

ሺଵ଴ሻ
ଶܷ௠
ሺଶ଴ሻ൧ െ

ଵହ

ସ
൫U௠ߚ

ሺଵ଴ሻ൯
ଷ
ቃ                                         ሺ4.42bሻ           

       

∴  ܷ௠,௧መ௧መ
ሺଷ଴ሻ ൅  ଶܷ௠ߠ

ሺଷ଴ሻ ൌ െሺ߱ଵ
ᇱ ሻଶܷ௠,௧መ௧መ

ሺଵ଴ሻ െ 2߱ᇱ
ଵܷ௠,௧መ௧መ

ሺଶ଴ሻ െ 2߱ଶ
ᇱ ܷ௠,௧መ௧መ

ሺଵ଴ሻ െ  2ܷ௠ൣߙ2
ሺଵ଴ሻܷ௠

ሺଶ଴ሻ ൅ ܷ௠ 
ሺଵ଴ሻܷଶ௠

ሺଶ଴ሻ൧ െ
ଵହ

ସ
൫U௠ߚ

ሺଵ଴ሻ൯
ଷ
                                                                                ሺ4.43ሻ       

The initial conditions are  

ܷ௠
ሺଷ଴ሻሺ0,0ሻ ൌ 0;    ܷ௠,௧መ

ሺଷ଴ሻሺ0,0ሻ ൅ ߱ᇱሺ0ሻܷ௠,௧መ
ሺଶ଴ሻሺ0,0ሻ ൅ ߱ଶ

ᇱ ሺ0ሻ ఛܷ
ሺଵ଴ሻሺ0,0ሻ ൌ 0 

Multiplying (4.41) through by cos4mx and integrating from 0 to π and for n=2m, the result gives 

െ
ߨ

2
ቂܷଶ௠,௧መ௧መ

ሺଷ଴ሻ ൅ ሺ256݉ସ െ ଶ݉ߣ32 ൅ 1ሻܷଶ௠
ሺଷ଴ሻቃ

ൌ 2 ቂ߱ଵ
ᇱܷଶ௠,௧መ௧መ

ሺଶ଴ሻ
ቀെ

ߨ

2
ቁቃ ൅ ߙ2 ൤ܷ௠ 

ሺଵ଴ሻ
ܷ௠
ሺଶ଴ሻ

.
1

2
ቀെ

ߨ

2
ቁ ൅ ܷ௠ 

ሺଵ଴ሻ
ܷଶ௠
ሺଶ଴ሻ

ቀെ
ߨ

2
ቁ൨

െ ൫U௠ߚ
ሺଵ଴ሻ൯

ଷ
.
3

2
ቀെ

ߨ

2
ቁ 

∴   ܷଶ௠,௧መ௧መ
ሺଷ଴ሻ ൅ ߮ଶܷଶ௠

ሺଷ଴ሻ ൌ

െ2ቂെ߱ଵ
ᇱܷଶ௠,௧መ௧መ

ሺଶ଴ሻ
ቃ ൅  ௠ܷൣߙ2

ሺଵ଴ሻ
ܷ௠
ሺଶ଴ሻ

െ ܷ௠ 
ሺଵ଴ሻ

ଶܷ௠
ሺଶ଴ሻ

൧ െ
ଷ

ଶ
൫U௠ߚ

ሺଵ଴ሻ൯
ଷ
                           ሺ4.44ሻ   

                            
The initial conditions are 

ܷଶ௠
ሺଷ଴ሻሺ0,0ሻ ൌ 0; ܷଶ௠

ሺଷ଴ሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷଶ௠,௧መ

ሺଶ଴ሻሺ0,0ሻ ൌ 0 

Multiplying (4.41) through by cos6mx and integrating from 0 to π and for n=3m and get, 

ܷଷ௠,௧መ௧መ
ሺଷ଴ሻ ൅ ሺ1296݉ସ െ ଶ݉ߣ72 ൅ 1ሻܷଷ௠

ሺଷ଴ሻ ൌ  ௠ܷߙ
ሺଵ଴ሻ

ଶܷ௠
ሺଶ଴ሻ െ

1

4
൫U௠ߚ

ሺଵ଴ሻ൯
ଷ
       ሺ4.45aሻ 

Let 
ଶߗ ൌ 1296݉ସ െ ଶ݉ߣ72 ൅ 1 ൐ 0 for all m 

  ∴ ܷଷ௠,௧መ௧መ
ሺଷ଴ሻ ൅ ଶߗ

ଷܷ௠
ሺଷ଴ሻ ൌ  ௠ܷߙ

ሺଵ଴ሻܷଶ௠
ሺଶ଴ሻ െ

ଵ

ସ
൫U௠ߚ

ሺଵ଴ሻ൯
ଷ
              (4.45b) 

The initial conditions for (4.45b) are 

ଷܷ௠
ሺଷ଴ሻሺ0,0ሻ ൌ 0;  ଷܷ௠,௧መ

ሺଷ଴ሻሺ0,0ሻ ൌ 0 

Further simplification of  (4.43) gives 

ܷ௠,௧መ௧መ
ሺଷ଴ሻ ൅  ଶܷ௠ߠ

ሺଷ଴ሻ ൌ െሺ߱ଵ
ᇱ ሻଶሺെߠଶߙଵܿݐ̂ߠݏ݋ሻ െ 2߱ᇱ

ଵ ቀെߙସߠ
ଶܿݐ̂ߠݏ݋ ൅

ସ௥భ௖௢௦ଶఏ௧መ

ଷ
ቁ െ 2߱ଶ

ᇱ ሺെߠଶߙଵܿݐ̂ߠݏ݋ሻ െ

ߙ2 ቂቀ
ఈభఈర

ସ
൅

஻௥బ

ఏమ
ቁ ൅ ቀ

ఈభ௥బ

ఏమ
െ

ఈభ௥భ

଺ఏమ
൅ ସቁߙܤ ݐ̂ߠݏ݋ܿ ൅ ቀ

ఈభఈర

ସ
െ

஻௥భ

ଷఏమ
ቁ ݐ̂ߠ2ݏ݋ܿ െ

ఈభ௥భ

଺ఏమ
ቃݐ̂ߠ3ݏ݋ܿ െ ߙ2 ቎

ఈఈభ
మ஻

ଶሺఝమିఏమሻ
൅

ቐ
ఈఈభ

మቆ
ഀభ
మ

మ
ା஻మቇ

ଶఝమ
൅

ఈఈభ
య

଼ሺఝమିସఏమሻ
ቑ ݐ̂ߠݏ݋ܿ ൅

ఈభఈఱ

ଶ
ሺ߮ݏ݋ܿ ൅ ݐሻ̂ߠ ൅

ఈఈభ
మ஻௖௢௦ଶఏ௧መ

ଶሺఝమିఏమሻ
൅

ఈభఉఱ

ଶ
ሺ߮݊݅ݏ ൅ ݐሻ̂ߠ ൅

ఈభఈఱ

ଶ
ሺ߮ݏ݋ܿ െ

ݐሻ̂ߠ ൅
ఈభఉఱ

ଶ
ሺ߮݊݅ݏ െ ݐሻ̂ߠ ൅

ఈఈభ
య௖௢௦ଷఏ௧መ

଼ሺఝమିସఏమሻ
቏ െ

ଵହఉ

ସ
ቂቀܤଷ ൅

ଷఈభ
మ஻

ଶ
ቁቃ ൅ 3 ቀ

ఈభ
య

ସ
൅ ܤଵߙ

ଶቁ ݐ̂ߠݏ݋ܿ ൅
ଷఈభ

మ

ଶ
ݐ̂ߠ2ݏ݋ܿܤ ൅

ఈభ
య

ସ
 ሺ4.45cሻ                                                                                                                         ݐ̂ߠ3ݏ݋ܿ  

                     
 To ensure a uniformly valid solution in ̂ݐ, equate to zero the coefficients of ܿݐ̂ߠݏ݋ and this yields  
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ሺ߱ଵ
ᇱ ሻଶߠଶ ൅ 2߱ଵ

ᇱ ߠସߙ
ଶ ൅ 2߱ଶ

ᇱ ଵߙଶߠ െ ߙ2 ቀ
ఈభ௥బ

ఏమ
െ

ఈభ௥భ

଺ఏమ
൅ ସቁߙܤ െ ቐ

ఈమఈభቆ
ഀభ
మ

మ
ା஻మቇ

ఝమ
൅

ఈభ
యఈభ

ସሺఝమିସఏమሻ
ቑ െ

ସହఉ

ସ
ቀ
ఈభ
య

ସ
൅ ܤଵߙ

ଶቁ ൌ 0    

∴ ߱ଶ
ᇱ ൌ െ

ଵ

ଶఏమఈభ
቎ሺ߱ଵ

ᇱ ሻଶߠଶ ൅ 2߱ଵ
ᇱ ߠସߙ

ଶ െ ߙ2 ቀ
ఈభ௥బ

ఏమ
െ

ఈభ௥భ

଺ఏమ
൅ ସቁߙܤ െ ቐ

ఈమఈభቆ
ഀభ
మ

మ
ା஻మቇ

ఝమ
൅

ఈభ
యఈభ

ସሺఝమିସఏమሻ
ቑ െ

ସହఉ

ସ
ቀ
ఈభ
య

ସ
൅ ܤଵߙ

ଶቁ቏                                                                                                           ሺ4.46ሻ   

The remaining equation in (4.45c) is  

ܷ௠,௧መ௧መ
ሺଷ଴ሻ ൅  ଶܷ௠ߠ

ሺଷ଴ሻ ൌ ଵ଴ݎ ൅ ݐ̂ߠ2ݏ݋ଵଵܿݎ ൅ ݐ̂ߠ3ݏ݋ଵଶܿݎ ൅ ሺ߮ݏ݋ଵଷܿݎ ൅ ݐሻ̂ߠ ൅ ሺ߮݊݅ݏଵସݎ ൅ ሺ߮ݏ݋ଵହܿݎ ൅ݐሻ̂ߠ െ

ݐሻ̂ߠ ൅ ሺ߮݊݅ݏଵ଺ݎ െ                    ሺ4.47ሻ                                                                                                    ݐሻ̂ߠ
Solving (4.47) gives 

ܷ௠
ሺଷ଴ሻሺ̂ݐ, ߬ሻ ൌ ݐ̂ߠݏ݋ଽሺ߬ሻܿߙ ൅ ݐ̂ߠ݊݅ݏଽሺ߬ሻߚ ൅

ଵ଴ݎ
ଶߠ

െ
ݐ̂ߠݏ݋ଵଵܿݎ

ଶߠ3
െ
ݐ̂ߠ3ݏ݋ଵଶܿݎ

ଶߠ8

െ
1

߮ሺ2ߠ ൅ ߮ሻ
ሾݎଵଷܿݏ݋ሺ߮ ൅ ݐሻ̂ߠ ൅ ሺ߮݊݅ݏଵସݎ ൅ ሿݐሻ̂ߠ

൅
1

߮ሺ2ߠ െ ߮ሻ
ሾ ݎଵହܿݏ݋ሺ߮ െ ݐሻ̂ߠ ൅ ሺ߮݊݅ݏଵ଺ݎ െ  ሿ                    ሺ4.48ሻݐሻ̂ߠ

                                                                                                               
The initial conditions are 

ܷ௠
ሺଷ଴ሻሺ0,0ሻ ൌ 0 ,      ܷ௠,௧መ

ሺଷ଴ሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷ௠,௧መ

ሺଶ଴ሻሺ0,0ሻ ൅ ߱ଶ
ᇱ ሺ0ሻܷ௠,ఛ

ሺଵ଴ሻሺ0,0ሻ ൌ 0 

where  

ଽሺ0ሻߙ ൌ ൤െ
ଵ଴ݎ
ଶߠ

൅
ଵଵݎ
ଶߠ3

൅
ଵଶݎ
ଶߠ8

൅
ଵଷݎ

߮ሺ2ߠ ൅ ߮ሻ
െ

ଵହݎ
߮ሺ2ߠ െ ߮ሻ

൨ ߬ ݐܽ ൌ 0 

and 

ଽሺ0ሻߚ ൌ
1

ߠ
ቈ
ଵସሺ߮ݎ ൅ ሻߠ

߮ሺ2ߠ ൅ ߮ሻ
െ
ଵ଺ሺ߮ݎ െ ሻߠ

߮ሺ2ߠ െ ߮ሻ
቉ ߬ ݐܽ  ൌ 0 

and where, 

ଵ଴ݎ ൌ െ ቈ2ߙ ൬
ସߙଵߙ
4

൅
଴ݎܤ
ଶߠ

൰ ൅
ଵߙଶߙ

ଶܤ

߮ଶ െ ଶߠ
െ
ߚ15

4
ቆܤଷ ൅

ଵߙ3
ଶܤ

2
ቇ቉ 

ଵ଴ሺ0ሻݎ ൌ ଷܤ ቆ
ଶߙ10

ଶߠ3
െ

ଶߙ

߮ଶ െ ଶߠ
൅
ߚ75

8
ቇ 

ଵ଴ݎ
ᇱ ሺ0ሻ ൌ ଷܤ ቈ

ହܵߙ
2

െ
ଶߙ8

ଶߠ3
െ
ଶߙ4

ߠ
െ

ଶߙ2

ሺ߮ଶ െ ଶሻߠ
െ
ߚ45

4
቉ 

ଵଵݎ ൌ െቆ
ଵ߱ଵݎ8

ᇱ

3
൅ ߙ2 ൬

ସߙଵߙ
4

൅
଴ݎܤ
ଶߠ3

൰ ൅
ଵߙଶߙ

ଶܤ

߮ଶ െ ଶߠ
൅
ଵߙߚ45

ଶܤ

2
ቇ 

ଵଵሺ0ሻݎ ൌ ଷܤ ቆ
ߙ8

ଶߠ3
൅
ଶߙ2

ଶߠ3
െ
ߚ45

8
൅

ଶߙ

߮ଶ െ ଶߠ
ቇ 

ଵଵݎ
ᇱ ሺ0ሻ ൌ ଷܤ ቈ

ଶߙ4

ଶߠ3
െ
ߙ16

ଶߠ3
െ
ହܵߙ
2

െ
ߙ2

ሺ߮ଶ െ ଶሻߠ
െ
ߚ45

4
቉ 

ଵଶݎ ൌ
ఈఈభ௥భ

ଷఏమ
െ

ఈభ
యఈమ

ସሺఝమିఏమሻ
െ

ଵହఉఈభ
య

ଵ଺
ଵଶሺ0ሻݎ ,  ൌ ଷܤ ቂ

ఈమ

ଷఏమ
൅

ఈమ

ସሺఝమିఏమሻ
൅

ଵହఉ

ଵ଺
ቃ ଵଶݎ

ᇱ ሺ0ሻ ൌ ଷܤ ቂ
ଷఈమ

ସሺఝమିఏమሻ
െ

ఈమ

ଷఏమ
൅

ସହఉ

ସ
ቃ  , 

ଵଷݎ ൌ െߙߙଵߙହ ൌ ଵଷሺ0ሻݎ  ,ଵହݎ ൌ ଵହሺ0ሻݎ ൌ ଵଷݎ ,  ଶܵ଴ߙଷܤ
ᇱ ሺ0ሻ ൌ ଵହݎ

ᇱ ሺ0ሻ ൌ െ2ܵߙ଴ܤ
ଷ 

ଵସݎ ൌ െߙߙଵߚହ ൌ ଵସሺ0ሻݎ , ଵ଺ݎ ൌ ଵ଺ሺ0ሻݎ ൌ ହሺ0ሻߚ ݁ܿ݊݅ݏ 0 ൌ ଵ଺ݎ  , 0
ᇱ ሺ0ሻ ൌ ଵସݎ

ᇱ ሺ0ሻ ൌ 0 
Substituting in (4.44) gives 

ܷଶ௠,௧መ௧መ
ሺଷ଴ሻ

൅ ߮ଶܷଶ௠
ሺଷ଴ሻ

ൌ

2߱ଵ
ᇱ ቂെ߮ଶߙହܿݐ̂߮ݏ݋ െ ߮ଶߚହݐ̂߮݊݅ݏ ൅

ఈ

ଶ
ቄ
ିଶఏమ஻ఈభ௖௢௦ఏ௧መ

ఝమିఏమ
െ

ଶఈభ
మఏమ௖௢௦ଶఏ௧መ

ఝమିସఏమ
ቅቃ ൅

ߙ2 ቎
ቀ
ఈభఈర

ସ
൅

஻௥బ

ఏమ
ቁ ൅ ቀ

ఈభ௥బ

ఏమ
െ

ఈభ௥భ

଺ఏమ
൅ ସቁߙܤ ݐ̂ߠݏ݋ܿ ൅ ቀ

ఈభఈర

ସ
൅

஻௥భ

ଷఏమ
ቁ ݐ̂ߠ2ݏ݋ܿ

െ
ఈభ௥భ

଺ఏమ
ݐ̂ߠ3ݏ݋ܿ

቏ െ ߙ2 ቎
ఈఈభ

మ஻

ଶሺఝమିఏమሻ
൅ ቐ

ఈఈభቆ
ഀభ
మ

మ
ା஻మቇ

ଶఝమ
൅
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ఈభ
యఈ

଼ሺఝమିସఏమሻ

ቋ ݐ̂ߠݏ݋ܿ  ൅
ఈభఈఱ

ଶ
ሺ߮ݏ݋ܿ ൅ ݐሻ̂ߠ ൅

ఈఈభ
మ஻௖௢௦ଶఏ௧መ

ଶሺఝమିఏమሻ
൅

ఈభఉఱ

ଶ
ሺ߮݊݅ݏ ൅ ݐሻ̂ߠ ൅

ఈభఈఱ

ଶ
ሺ߮ݏ݋ܿ െ ݐሻ̂ߠ ൅

 
ఈభఉఱ

ଶ
ሺ߮݊݅ݏ െ ݐሻ̂ߠ ൅

ఈభ
యఈ௖௢௦ଷఏ௧መ

଼ሺఝమିସఏమሻ
቏ െ 

ଷఉ

ଶ
ቂቀܤଷ ൅

ଷఈభ
మ஻

ଶ
ቁ ൅ 3 ቀ

ఈభ
య

ସ
 ൅ ܤଵߙ

ଶቁ ݐ̂ߠݏ݋ܿ  ൅
ଷఈభ

మ஻

ଶ
ݐ̂ߠ2ݏ݋ܿ ൅

ఈభ
య

ସ
 ቃ                                                                                                                          ሺ4.49ሻݐ̂ߠ3ݏ݋ܿ  

To ensure a uniformly valid solution in ̂ݐ, needs equating to zero the coefficients of ܿݐ̂߮ݏ݋ and ݐ̂߮݊݅ݏ. A 
further simplification of (4.49) gives 

ܷଶ௠,௧መ௧መ
ሺଷ଴ሻ ൅ ߮ଶܷଶ௠

ሺଷ଴ሻ ൌ ଵ଻ݎ ൅ ݐ̂ߠݏ݋ଵ଼ܿݎ ൅ ݐ̂ߠ2ݏ݋ଵଽܿݎ ൅   ሺ4.50ሻ                          ݐ̂ߠ3ݏ݋ଶ଴ܿݎ

where,   

ଵ଻ݎ ൌ ቈ2ߙ ൬
ସߙଵߙ
4

൅
଴ݎܤ
ଶߠ

൰ െ
ଵߙଶߙ

ଶܤ

߮ଶ െ ଶߠ
െ
ߚ3

2
ቆܤଷ ൅

ଵߙ3
ଶܤ

2
ቇ቉ 

ଵ଻ሺ0ሻݎ ൌ ଷܤ ቆെ
ଶߙ22

ଶߠ3
൅

ଶߙ

߮ଶ െ ଶߠ
൅
ߚ15

4
ቇ 

ଵ଻ݎ     
ᇱ ሺ0ሻ ൌ ଷܤ ቈ

െܵହߙ

2
൅
ଶߙ20

ଶߠ3
൅

ଶߙ2

2ሺ߮ଶ െ ଶሻߠ
൅
ߚ9

2
቉ 

ଵ଼ݎ ൌ ቎
െ2ߠଶ߱ଵ

ᇱߙܤଵߙ

߮ଶ െ ଶߠ
൅ ߙ2 ቀ

଴ݎଵߙ
ଶߠ

െ
ଵݎଵߙ
ଶߠ6

൅ ସቁߙܤ െ
ଵߙଶߙ ቀ

ఈభ
మ

ଶ
൅ ଶቁܤ

߮ଶ
െ

ଵߙଶߙ
ଷ

4ሺ߮ଶ െ ଶሻߠ4
െ
9

2
ቆ
ଵߙ
ଷ

4
൅ ܤଵߙ

ଶቇ቏ 

ଵ଼ሺ0ሻݎ ൌ ଷܤ ቆ
ߙ2

߮ଶ െ ଶߠ
൅
ଶߙ18

ଶߠ6
൅
ଶߙ3

߮ଶ
൅

ଶߙ

4ሺ߮ଶ െ ଶሻߠ4
൅
45

2
ቇ 

ଵ଼ݎ
ᇱ ሺ0ሻ ൌ ଷܤ ቈ2ܵߙହ െ 2 െ

ଶߙ43

ଶߠ
െ
ଶߙ5

2߮ଶ
െ

ଶߙ3

4ሺ߮ଶ െ ଶሻߠ
െ
63

8
቉ 

ଵଽݎ ൌ ቈ
െ2߱ଵ

ᇱ ଵߙ
ଶߠߙଶ

߮ଶ െ ଶߠ
൅ ߙ2 ൬

ସߙଵߙ
4

െ
ଵݎܤ
ଶߠ3

൰ ൅
ଵߙଶߙ

ଶܤ

2ሺ߮ଶ െ ଶሻߠ
െ െ

ଵߙ9
ଶߚܤ

4
቉ 

ଵଽሺ0ሻݎ ൌ ଷܤ ቆ
െ2ߙ

߮ଶ െ ଶߠ
െ
ଶߙ4

ଶߠ3
൅
ଶߙ2

ଶߠ3
൅

ଶߙ

2ሺ߮ଶ െ ଶሻߠ
െ
ߚ9

4
ቇ 

ଵଽݎ
ᇱ ሺ0ሻ ൌ ଷܤ ቈ

ߙ4

ሺ߮ଶܤ െ ଶሻߠ4
െ
ܵହ
2
൅
ଶߙ4

ଶߠ3
െ

ଶߙ

ሺ߮ଶ െ ଶሻߠ4
൅
ߚ9

2
቉ 

ଶ଴ݎ ൌ ቂെ
ఈఈభ௥భ

ଷఏమ
െ

ఈభ
యఈమ

ସሺఝమିସఏమሻ
െ

ଷఉఈభ
య

଼
ቃ , ݎଶ଴ሺ0ሻ ൌ ଷܤ ቀെ

ఈమ

ଷఏమ
൅

ఈమ

ସሺఝమିఏమሻ
൅

ଷఉ

଼
ቁ 

ଶ଴ݎ
ᇱ ሺ0ሻ ൌ ଷܤ ቈ

ଶߙ

ଶߠ
൅

ଶߙ3

4ሺ߮ଶ െ ଶሻߠ4
െ
ߚ9

8
቉ 

The solution of (4.50) is  

ܷଶ௠
ሺଷ଴ሻ ൌ ݐ̂߮ݏ݋ଵ଴ܿߙ ൅ ݐ̂߮݊݅ݏଵ଴ߚ ൅

௥భళ

ఝమ
൅

௥భఴ௖௢௦ఏ௧መ

ሺఝమିఏమሻ
൅

௥భవ௖௢௦ଶఏ௧መ

ሺఝమିସఏమሻ
൅

௥మబ௖௢௦ଷఏ௧መ

ሺఝమିଽఏమሻ
               ሺ4.51aሻ   

The initial conditions for (4.51) are 

ଶܷ௠
ሺଷ଴ሻሺ0,0ሻ ൌ 0; ܷଶ௠,௧መ

ሺଷ଴ሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷଶ௠,௧መ

ሺଶ଴ሻሺ0,0ሻ ൌ 0 

∴ ଵ଴ሺ0ሻߙ ൌ െ ቂ
௥భఴ

ሺఝమିఏమሻ
൅

௥భవ

ሺఝమିସఏమሻ
൅

௥మబ

ሺఝమିଽఏమሻ
ቃ ߬ ݐܽ  ൌ ଵ଴ሺ0ሻߚ   ,0 ൌ 0                  ሺ4.51bሻ 

Substituting in (4.45b) the following is obtained 

ܷଷ௠,௧መ௧መ
ሺଷ଴ሻ ൅ ଶߗ

ଷܷ௠
ሺଷ଴ሻ ൌ ߙ ቎

ఈఈభ
మ஻

ଶሺఝమିఏమሻ
൅ ቐ

ఈఈభቆ
ഀభ
మ

మ
ା஻మቇ

ଶఝమ
൅

ఈభ
యఈ

଼ሺఝమିସఏమሻ
ቑ ݐ̂ߠݏ݋ܿ ൅

ఈభఈఱ

ଶ
cosሺ߮ ൅ ሻߠ ݐ̂ ൅

ఈఈభ
మ஻௖௢௦ଶఏ௧መ

ଶሺఝమିఏమሻ
൅

ఈభఉఱ

ଶ
sinሺ߮ ൅ ሻߠ ݐ̂ ൅

ఈభఈఱ

ଶ
cosሺ߮ െ ሻߠ ݐ̂ ൅

ఈభఉఱ

ଶ
sinሺ߮ െ ሻߠ ݐ̂ ൅

ఈభ
యఈ௖௢௦ଷఏ௧መ

଼ሺఝమିସఏమሻ
቏ െ

ఉ

ସ
ቂቀܤଷ ൅

ଷఈభ
మ஻

ଶ
ቁ ൅

3 ቀ
ఈభ
య

ସ
൅ ܤଵߙ

ଶቁ ݐ̂ߠݏ݋ܿ ൅
ଷఈభ

మ

ଶ
ݐ̂ߠ2ݏ݋ܿܤ ൅

ఈభ
య

ସ
 ቃ                                                  ሺ4.52aሻݐ̂ߠ3ݏ݋ܿ  

               
Rewriting (4.52a) gives 

ܷଷ௠,௧መ௧መ
ሺଷ଴ሻ ൅ ଶߗ

ଷܷ௠
ሺଷ଴ሻ ൌ ଶଵݎ ൅ ݐ̂ߠݏ݋ଶଶܿݎ ൅ ݐ̂ߠ2ݏ݋ଶଷܿݎ ൅ ݐ̂ߠ3ݏ݋ଶସܿݎ ൅ ଶହݎ cosሺ߮ ൅ ሻߠ ݐ̂ ൅ ଶ଺ݎ sinሺ߮ ൅ ሻߠ ݐ̂

൅ ଶ଻ݎ cosሺ߮ െ ሻߠ ݐ̂ ൅ ଶ଼ݎ sinሺ߮ െ ሻߠ   ሺ4.52bሻ                                       ݐ̂
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The initial conditions are 

ଷܷ௠
ሺଷ଴ሻሺ0,0ሻ ൌ 0;  ଷܷ௠,௧መ

ሺଷ଴ሻሺ0,0ሻ ൌ 0 

where, 

ଶଵݎ ൌ ቄ
ఈమఈభ

మ஻

ଶሺఝమିఏమሻ
െ

ఉ

ସ
ቀܤଷ ൅

ଷఈభ
మ஻

ଶ
ቁቅ, ݎଶଵሺ0ሻ ൌ ଷܤ ቀ

ఈమఈభ
మ

ଶሺఝమିఏమሻ
െ

ହఉ

଼
ቁ 

ଶଶݎ ൌ ቐ
ଵߙଶߙ ቀ

ఈభ
మ

ଶ
൅ ଶቁܤ

2߮ଶ
൅

ଵߙ
ଷߙଶ

8ሺ߮ଶ െ ଶሻߠ4
െ
ߚ3

4
ቆ
ଵߙ
ଷ

4
൅ ܤଵߙ

ଶቇቑ ;  

ଶଶሺ0ሻݎ ൌ ଷܤ ቀ
ଵହఉ

ଵ଺
െ

ଷఈమ

ସఝమ
െ

ఈమ

଼ሺఝమିସఏమሻ
ቁ,    ݎଶଶ

ᇱ ሺ0ሻ ൌ ଷܤ ቀ
ହఈమ

ସఝ
൅

ଷఈమ

଼ሺఝమିସఏమሻ
െ

ଶଵఉ

ଵ଺
ቁ 

ଶଷݎ ൌ ቄ
ఈమఈభ

మ஻

ଶሺఝమିఏమሻ
െ

ଷఈభ
మ஻

଼
ቅ, ݎଶଷሺ0ሻ ൌ ଷܤ ቀ

ఈమ

ଶሺఝమିఏమሻ
െ

ଷఉ

଼
ቁ 

ଶଷݎ
ᇱ ሺ0ሻ ൌ ଷܤ ቀ

ଷఉ

ସ
െ

ఈమ

ሺఝమିఏమሻ
ቁ,ݎଶସ ൌ ቀ

ఈమఈభ
య஻

଼ሺఝమିఏమሻ
െ

ଷఈభ
యఉ

ଵ଺
ቁ 

ଶସሺ0ሻݎ ൌ ଷܤ ቀ
ఉ

ଵ଺
െ

ఈమ

଼ሺఝమିସఏమሻ
ቁ, ݎଶସ

ᇱ ሺ0ሻ ൌ ଷܤ ቀ
ଷఈమ

଼ሺఝమିఏమሻ
െ

ଷఉ

ଵ଺
ቁ, ݎଶହ ൌ

ఈఈభఈఱ

ଶ
ൌ ଶହሺ0ሻݎ   ,ଶ଻ݎ ൌ ଶ଻ሺ0ሻݎ ൌ

ଶହݎ   ,ଶܵ଴ߙଶܤ
ᇱ ሺ0ሻ ൌ ଶ଻ݎ

ᇱ ሺ0ሻ ൌ ⍺ܵ଴ܤ
ଷ 

ଶ଺ݎ ൌ
ఈఈభఉఱ

ଶ
ൌ ; ଶ଼ݎ ଶ଺ሺ0ሻݎ ൌ ଶ଼ሺ0ሻݎ ൌ ଶ଺ݎ ,0

ᇱ ሺ0ሻ ൌ ଶ଼ݎ
ᇱ ሺ0ሻ ൌ 0 

∴ ଷܷ௠
ሺଷ଴ሻሺ̂ݐ, ߬ሻ ൌ ݐ̂ߗݏ݋ଵଵሺ߬ሻܿߙ ൅ ݐ̂ߗ݊݅ݏଵଵሺ߬ሻߚ ൅

ݐ̂ߠݏ݋ଶଶܿݎ

ଶߗ െ ଶߠ
൅
ݐ̂ߠ2ݏ݋ଶଷܿݎ

ଶߗ െ ଶߠ4
൅
ݐ̂ߠ3ݏ݋ଶସܿݎ

ଶߗ െ ଶߠ9

൅ ቊ
ଶହݎ cosሺ߮ ൅ ሻߠ ݐ̂ ൅ ଶ଺ݎ sinሺ߮ ൅ ሻߠ ݐ̂

ଶߗ െ ሺ߮ ൅ ሻଶߠ
ቋ

൅ ቊ
ଶ଻ݎ cosሺ߮ െ ሻߠ ݐ̂ ൅ ଶ଼ݎ sinሺ߮ െ ሻߠ ݐ̂

ଶߗ െ ሺ߮ െ ሻଶߠ
ቋ                                      ሺ4.52ܾሻ 

ଵଵሺ0ሻߙ ൌ െ ൤
ଶଶݎ

ଶߗ െ ଶߠ
൅

ଶଷݎ
ଶߗ െ ଶߠ4

൅
ଶସݎ

ଶߗ െ ଶߠ9
൅

ଶହݎ
ଶߗ െ ሺ߮ ൅ ሻଶߠ

൅
ଶ଻ݎ

ଶߗ െ ሺ߮ ൅ ሻଶߠ
൨ฬ ߬ ൌ 0 

                      (4.52c) 

    ଵଵሺ0ሻߚ ൌ
ିଵ

ఆ
ቂ
௥మల ሺఝାఏሻ

ఆమିሺఝାఏሻమ
൅

௥మఴሺఝିఏሻ

ఆమିሺఝାఏሻమ
ቃቚ ߬ ൌ 0                                  ሺ4.53ሻ   

So far, it follows that 

ܷሺଷ଴ሻ ൌ ܷ௠
ሺଷ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ଶܷ௠

ሺଷ଴ሻሺ1 െ ሻݔ4݉ݏ݋ܿ ൅ ଷܷ௠
ሺଷ଴ሻሺ1 െ  ሻݔ6݉ݏ݋ܿ

From (3.24), 

ܱሺ߳ଷߜሻ   ∶   ,ܷ௧መ௧መ
ሺଷଵሻ ൅ ,ܷ௫௫௫௫

ሺଷଵሻ ൅ ߣ2  ,ܷ௫௫
ሺଷଵሻ ൅ ܷሺଷଵሻ

ൌ  െሺ߱ଵ
ᇱ ሻଶ ,ܷ௧መ௧መ

ሺଵଵሻ െ 2ቀ߱ଵ
ᇱ

,ܷ௧መ ఛ
ሺଶଵሻ ൅ ߱ଶ

ᇱ
,ܷ௧መ ఛ
ሺଵଵሻቁ  െ  2 ,ܷ௧መ ఛ

ሺଷ଴ሻ ൅  2ቀ߱ଵ
ᇱ

,ܷ௧መ௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱ
,ܷ௧௧෡
ሺଵ଴ሻቁ

െ ቀ߱ଵ
ᇱᇱ

,ܷ௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱᇱା
,ܷ௧መ
ሺଵ଴ሻቁ െ 2 ቄ ௧ܷመ

ሺଷ଴ሻ ൅  ቀ߱ଵ
ᇱ

,ܷ௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱା
,ܷ௧መ
ሺଵ଴ሻቁቅ

െ ൫Uሺଵ଴ሻUሺଶଵሻߙ ൅ UሺଵଵሻUሺଶ଴ሻ൯  ൅ ൫Uሺଵ଴ሻ൯ߚ3
ଶ
൫Uሺଵଵሻ൯ 

Substituting on the RHS of (3.24) gives 

U,୲መ୲መ
ሺଷଵሻ ൅ U,୶୶୶୶

ሺଷଵሻ ൅ 2λU,୶୶
ሺଷଵሻ ൅ Uሺଷଵሻ ൌ  െ ቂሺ߱ଵ

ᇱ ሻଶܷ௠,௧መ
ሺଵଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅  2 ቄ߱ଵ

ᇱ ቀܷ௠,௧መఛ 
ሺଶଵሻ ሺ1 െ ሻݔ2݉ݏ݋ܿ ൅

ܷଶ௠,௧መఛ 
ሺଶଵሻ ሺ1 െ ሻቁݔ4݉ݏ݋ܿ ൅ ߱ଶ

ᇱ ܷଶ௠,௧መఛ 
ሺଵଵሻ ሺ1 െ ሻቅݔ2݉ݏ݋ܿ ൅ 2ቄܷ௠,௧መఛ 

ሺଷ଴ሻ ሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ଶܷ௠,௧መఛ 
ሺଷ଴ሻ ሺ1 െ ሻݔ4݉ݏ݋ܿ ൅

ܷଷ௠,௧መఛ 
ሺଷ଴ሻ ሺ1 െ ሻൟݔ6݉ݏ݋ܿ െ 2 ቄ߱ଵ

ᇱ ቀܷ௠,௧መ௧መ
ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠,௧መ௧መ

ሺଶ଴ሻ ሺ1 െ ሻቁݔ4݉ݏ݋ܿ ൅ ߱ଶ
ᇱ ܷ௠,௧መ௧መ

ሺଵ଴ሻሺ1 െ

ሻቅݔ2݉ݏ݋ܿ ൅ ቄ߱ଵ
ᇱᇱܷ௠,௧መ

ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ଶܷ௠,௧መ
ሺଶ଴ሻሺ1 െ ሻݔ4݉ݏ݋ܿ ൅ ߱ଶ

ᇱᇱܷ௠,௧መ
ሺଵ଴ሻሺ1 െ ሻቅ൅2ݔ2݉ݏ݋ܿ ቄ U୫,୲መ

ሺଷ଴ሻሺ1 െ

cos2mxሻ ൅ Uଶ୫,୲መ
ሺଷ଴ሻሺ1 െ cos4mxሻ ൅ Uଷ୫,୲መ

ሺଷ଴ሻሺ1 െ cos6mxሻ ൅ ωଵ
ᇱ ቀ U୫,୲መ

ሺଶ଴ሻሺ1 െ cos2mxሻ ൅  Uଶ୫୲መ
ሺଶ଴ሻሺ1 െ

cos4mxሻ ൅ ωଶ
ᇱ U୫,୲መ

ሺଵ଴ሻሺ1 െ cos2mxሻቁቅ ൅ ⍺ ቄ U୫
ሺଵ଴ሻሺ1 െ cos2mxሻ ቀU୫

ሺଶଵሻሺ1 െ cos2mxሻ ൅Uଶ୫
ሺଶଵሻሺ1 െ

cos4mxሻቁ ൅  U୫
ሺଵଵሻሺ1 െ cos2mxሻ ቀU୫

ሺଶ଴ሻሺ1 െ cos2mxሻ ൅Uଶ୫
ሺଶ଴ሻሺ1 െ cos4mxሻቁቅ െ 3β ቄ൫U୫ 

ሺଵ଴ሻ൯
ଶ
U୫ 
ሺଵଵሻሺ1 െ

cos2mxሻଷቅቃ                                                                                                                  ሺ4.54ሻ  

Further simplification of (4.54) yields   

,ܷ௧መ௧መ
ሺଷଵሻ

൅ ,ܷ௫௫௫௫
ሺଷଵሻ

൅ ሺଷଵሻܷߣ2  ൅ ܷሺଷଵሻ ൌ  െ ቂሺ߱ଵ
ᇱ ሻଶܷ௠,௧መ௧መ

ሺଶଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ 2 ቄ߱ଵ
ᇱ ቀܷ௠,௧መఛ 

ሺଶଵሻ ሺ1 െ ሻݔ2݉ݏ݋ܿ ൅

ܷଶ௠,௧መఛ 
ሺଶଵሻ ሺ1 െ ሻቁ߱ଶݔ4݉ݏ݋ܿ

ᇱ ܷ௠,௧መఛ 
ሺଵଵሻ ሺ1 െ ሻቅݔ2݉ݏ݋ܿ ൅ 2ቄܷ௠,௧መఛ 

ሺଷ଴ሻ ሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠,௧መఛ 
ሺଷ଴ሻ ሺ1 െ ሻݔ4݉ݏ݋ܿ ൅

ܷଷ௠,௧መఛ 
ሺଷ଴ሻ ሺ1 െ ሻൟݔ6݉ݏ݋ܿ െ 2ቄ߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ଶܷ௠,௧መ௧መ

ሺଶ଴ሻ ሺ1 െ ሻݔ4݉ݏ݋ܿ ൅ ߱ଶ
ᇱ ܷ௠,௧መ௧መ

ሺଵ଴ሻሺ1 െ ሻቅݔ2݉ݏ݋ܿ ൅

ቄ߱ᇱ
ଵ
ᇱ
ܷ௠,௧መ
ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠,௧መ

ሺଶ଴ሻሺ1 െ ሻݔ4݉ݏ݋ܿ ൅ ߱ଶ
ᇱᇱܷ௠,௧መ

ሺଵ଴ሻሺ1 െ  ሻቅݔ2݉ݏ݋ܿ  
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൅2 ቄܷ௠,௧መ
ሺଷ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠,௧መ

ሺଷ଴ሻሺ1 െ ሻݔ4݉ݏ݋ܿ ൅ ܷଷ௠,௧መ
ሺଷ଴ሻሺ1 െ ሻݔ6݉ݏ݋ܿ ൅ ߱ଵ

ᇱ ቀܷ௠,௧መ
ሺଶ଴ሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅

ܷଶ௠,௧መ
ሺଶ଴ሻሺ1 െ ሻቁݔ4݉ݏ݋ܿ ൅ ߱ଶ

ᇱ ቀܷ௠,௧መ
ሺଵ଴ሻሺ1 െ ሻቁቅݔ2݉ݏ݋ܿ ൅ ߙ  ቄܷ௠ 

ሺଵ଴ሻܷ௠ 
ሺଶଵሻ ቀ

ଷ

ଶ
െ ݔ2݉ݏ݋2ܿ ൅

ଵ

ଶ
ቁݔ4݉ݏ݋ܿ ൅

ܷ௠ 
ሺଵ଴ሻ

ଶܷ௠ 
ሺଶଵሻ ቀ1 െ

ଵ

ଶ
ݔ2݉ݏ݋ܿ െ ݔ4݉ݏ݋ܿ ൅

ଵ

ଶ
ቁቅݔ6݉ݏ݋ܿ ൅ ߙ ቄܷ௠ 

ሺଵଵሻܷ௠ 
ሺଶ଴ሻ ቀ

ଷ

ଶ
െ ݔ2݉ݏ݋2ܿ ൅

ଵ

ଶ
ቁݔ4݉ݏ݋ܿ ൅

ܷ௠ 
ሺଵଵሻ

ଶܷ௠ 
ሺଶ଴ሻ ቀ1 െ

ଵ

ଶ
ݔ2݉ݏ݋ܿ െ ݔ4݉ݏ݋ܿ ൅

ଵ

ଶ
ቁቅݔ6݉ݏ݋ܿ െ  ൫ܷ௠ߚ3

ሺଵ଴ሻ൯
ଶ
ܷ௠ 
ሺଵଵሻ ቀ

ହ

ଶ
െ

ଵହ

ସ
ݔ2݉ݏ݋ܿ െ

ଷ

ଶ
ݔ4݉ݏ݋ܿ െ

ଵ

ସ
 ቁቃ                                                                                                                           ሺ4.55ሻݔ6݉ݏ݋ܿ  

              
Let  

ܷሺଷଵሻ෍ܷሺଷଵሻሺ1 െ ሻݔ2݊ݏ݋ܿ

ஶ

௡ୀଵ

 

The LHS of (4.55) becomes 

෍ቂܷ௡,௧መ௧መ
ሺଷଵሻሺ1 െ ሻݔ2݊ݏ݋ܿ ൅ ሺെ16݊ସ ൅ ଶ݊ߣ8 ൅ 1ሻܷ௡

ሺଷଵሻܿݔ2݊ݏ݋ቃ

ஶ

௡ୀଵ

 

Multiplying (4.55) through cos2mx and integrating from 0 to π and from n=m, gives 

െ
గ

ଶ
ቂܷ௠,௧መ௧መ

ሺଷଵሻ ൅ ሺ16݉ସ െ ଶ݉ߣ8 ൅ 1ሻܷ௠
ሺଷଵሻቃ ൌ

 െ ቎ሺ߱ଵ
ᇱ ሻଶܷ௠,௧መ௧መ

ሺଵଵሻ ቀെ
గ

ଶ
ቁ ൅    2 ቄ߱ଵ

ᇱܷ௠,௧መఛ 
ሺଶଵሻ ቀെ

గ

ଶ
ቁ ൅ ߱ଶ

ᇱ ܷ௠,௧መఛ 
ሺଵଵሻ ቀെ

గ

ଶ
ቁቅ ൅ 2 ቄ ܷ௠,௧መ ఛ

ሺଷ଴ሻ ቀെ
గ

ଶ
ቁቅ െ

2ቐ
߱ଵ
ᇱܷ௠,௧መ௧መ

ሺଶ଴ሻ

൅߱ଶ
ᇱ ܷ௠,௧መ௧መ

ሺଵ଴ሻ ቀെ
గ

ଶ
ቁ
ቑ ൅ ቄ߱ଵ

ᇱܷ௠,௧መఛ 
ሺଶ଴ሻ

ቀെ
గ

ଶ
ቁ ൅ ߱ଶ

ᇱᇱܷ௠,௧መ
ሺଵ଴ሻ

ቀെ
గ

ଶ
ቁቅ ൅ 2 ቄ ܷ௠,௧መ

ሺଷ଴ሻ
ቀെ

గ

ଶ
ቁ ൅ ߱ଵ

ᇱܷ௠,௧መఛ 
ሺଶ଴ሻ

ቀെ
గ

ଶ
ቁ ൅

߱ଶ
ᇱ ܷ௠,௧መ

ሺଵ଴ሻ ቀെ
గ

ଶ
ቁቅ ൅

ߙ ቄെ2ܷ௠ 
ሺଵ଴ሻܷ௠ 

ሺଶଵሻ ቀെ
గ

ଶ
ቁ െ ܷ௠ 

ሺଵ଴ሻܷ௠ 
ሺଶଵሻ ቀെ

గ

ଶ
ቁ െ 2ܷ௠ 

ሺଵଵሻܷ௠ 
ሺଶଵሻ ቀെ

గ

ଶ
ቁ െ 2ܷ௠ 

ሺଵଵሻܷ௠ 
ሺଶ଴ሻ ቀെ

గ

ଶ
ቁ െ

ܷ௠ 
ሺଵଵሻ

ଶܷ௠ 
ሺଶ଴ሻ ቀെ

గ

ଶ
ቁቅ ൅  ൫ܷ௠ߚ3

ሺଵ଴ሻ൯
ଶ
ܷ௠ 
ሺଵଵሻ ቀെ

ଵହ

ସ
ቁ቏                                                                  ሺ4.56ሻ 

A further simplification of (4.56) yields 

ܷ௠,௧መ௧መ
ሺଷଵሻ ൅ ଶܷ௠ߠ

ሺଷଵሻ ൌ ሺ߱ଵ
ᇱ ሻଶܷ௠,௧መ௧መ

ሺଵଵሻ െ 2ቄ߱ଵ
ᇱܷ௠,௧መఛ 

ሺଶଵሻ ൅ ߱ଶ
ᇱ ܷ௠,௧መఛ 

ሺଵଵሻ ቅ െ 2ቄ ܷ௠,௧መ ఛ
ሺଷ଴ሻ ቅ ൅ 2ቄ߱ଵ

ᇱܷ௠,௧መ௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱ ܷ௠,௧መ௧መ
ሺଵ଴ሻቅ െ

ቄ߱ଵ
ᇱܷ௠,௧መ

ሺଶ଴ሻ ൅ ߱ଶ
ᇱᇱܷ௠,௧መ

ሺଵ଴ሻቅ െ 2ቄ ܷ௠,௧መ
ሺଷ଴ሻ ൅ ߱ଵ

ᇱܷ௠,௧መ
ሺଶ଴ሻ ൅ ߱ଶ

ᇱ ܷ௠,௧መ
ሺଵ଴ሻቅ ൅  ቄ2ܷ௠ߙ

ሺଵ଴ሻܷ௠ 
ሺଶଵሻ ൅ ܷ௠ 

ሺଵ଴ሻܷ௠ 
ሺଶଵሻ ൅ 2ܷ௠ 

ሺଵଵሻܷ௠ 
ሺଶଵሻ ൅

ܷ௠ 
ሺଵଵሻ

ଶܷ௠ 
ሺଶ଴ሻൟ െ

ସହ

ସ
 ൫ܷ௠ߚ

ሺଵ଴ሻ൯
ଶ
ܷ௠ 
ሺଵଵሻ                                                                                            ሺ4.57ሻ               

       
The initial conditions for (4.57) are 

ܷ௠
ሺଷଵሻሺ0,0ሻ ൌ 0; 

ܷ௠,௧መ
ሺଷଵሻሺ0,0ሻ ൅ ߱ଵ

ᇱ ሺ0ሻܷ௠,௧መ
ሺଶଵሻሺ0,0ሻ ൅ ߱ଶ

ᇱ ሺ0ሻܷ௠,௧መ
ሺଵଵሻሺ0,0ሻ ൅ ܷ௠,ఛ

ሺଷ଴ሻሺ0,0ሻ ൌ 0 

Multiplying (4.55) through by cos4mx and integrating from 0 to π and for n=2m gives 

െ
ߨ

2
ቂܷ௠,௧መ௧መ

ሺଷଵሻ ൅ ሺ256݉ସ െ ଶ݉ߣ32 ൅ 1ሻܷଶ௠
ሺଷ଴ሻቃ

ൌ  െ ൤2߱ଵ
ᇱܷଶ௠,௧መఛ 

ሺଶଵሻ ቀെ
ߨ

2
ቁ ൅ 2ܷଶ௠,௧መఛ 

ሺଷ଴ሻ ቀെ
ߨ

2
ቁ െ 2߱ଵ

ᇱܷଶ௠,௧መ௧መ
ሺଶ଴ሻ ቀെ

ߨ

2
ቁ ൅ ߱ଵ

ᇱᇱܷଶ௠,௧መ
ሺଶ଴ሻ ቀെ

ߨ

2
ቁ

൅ 2ܷଶ௠,௧መ
ሺଷ଴ሻ ቀെ

ߨ

2
ቁ ൅ 2߱ଵ

ᇱܷଶ௠,௧መ
ሺଶ଴ሻ ቀെ

ߨ

2
ቁ

൅ ߙ ൜
1

2
ܷ௠ 
ሺଵ଴ሻܷ௠ 

ሺଶଵሻ ቀെ
ߨ

2
ቁ െ ܷ௠ 

ሺଵ଴ሻ
ଶܷ௠ 
ሺଶଵሻ ቀെ

ߨ

2
ቁ ൅

1

2
ܷ௠ 
ሺଵଵሻܷ௠ 

ሺଶ଴ሻ ቀെ
ߨ

2
ቁ

െ ܷ௠ 
ሺଵଵሻܷଶ௠ 

ሺଶ଴ሻ ቀെ
ߨ

2
ቁൠ െ  ൫ܷ௠ߚ3

ሺଵ଴ሻ൯
ଶ
ܷ௠ 
ሺଵଵሻ ൬

3

2
൰൨                 ሺ4.58ሻ 

                                            

⇒ ܷଶ௠,௧መ௧መ
ሺଷଵሻ ൅ ߮ଶ

ଶܷ௠
ሺଷ଴ሻ ൌ  െ ቂ2߱ଵ

ᇱܷଶ௠,௧መఛ 
ሺଶଵሻ ൅ 2ܷଶ௠,௧መఛ 

ሺଷ଴ሻ െ 2߱ଵ
ᇱܷଶ௠,௧መ௧መ

ሺଶ଴ሻ ൅ ߱ଵ
ᇱᇱܷଶ௠,௧መ

ሺଶ଴ሻ ൅ 2ܷଶ௠,௧መ
ሺଷ଴ሻ ൅ 2߱ଵ

ᇱܷଶ௠,௧መ
ሺଶ଴ሻ ൅

ߙ  ቄ
ଵ

ଶ
ܷ௠ 
ሺଵ଴ሻܷ௠ 

ሺଶଵሻ െ ܷ௠ 
ሺଵ଴ሻ

ଶܷ௠ 
ሺଶଵሻ ൅

ଵ

ଶ
ܷ௠ 
ሺଵଵሻܷ௠ 

ሺଶ଴ሻ െ ܷ௠ 
ሺଵଵሻܷଶ௠ 

ሺଶ଴ሻቅ െ
ଽ

ସ
 ൫ܷ௠ߚ

ሺଵ଴ሻ൯
ଶ
ܷ௠ 
ሺଵଵሻቃ               ሺ4.59ሻ               

   
The initial conditions are 
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ܷଶ௠
ሺଷଵሻሺ0,0ሻ ൌ 0; ܷଶ௠

ሺଷଵሻሺ0,0ሻ ൅ ߱ଵ
ᇱ ሺ0ሻܷଶ௠,௧መ

ሺଶ଴ሻሺ0,0ሻ ൌ 0 

Multiplying (4.56) through by cos6mx and integrating from 0 to π and for n=3m, the result is 

െ
గ

ଶ
ቂܷ௠,௧መ௧መ

ሺଷଵሻ ൅ ሺ1296݉ସ െ ଶ݉ߣ72 ൅ 1ሻܷଶ௠
ሺଷଵሻቃ ൌ

 െ ቂ2ܷଷ௠,௧መఛ 
ሺଷ଴ሻ ቀെ

గ

ଶ
ቁ ൅ 2 ଷܷ௠,௧መ

ሺଷ଴ሻ ቀെ
గ

ଶ
ቁ ൅ ߙ ቄ

ଵ

ଶ
ܷ௠ 
ሺଵ଴ሻ

ଶܷ௠ 
ሺଶଵሻ ቀെ

గ

ଶ
ቁ ൅

ଵ

ଶ
ܷ௠ 
ሺଵଵሻ

ଶܷ௠ 
ሺଶ଴ሻ ቀെ

గ

ଶ
ቁቅ െ

ߚ3 ቀെ
ଵ

ସ
ቁ ൫ܷ௠ 

ሺଵ଴ሻ൯
ଶ
ܷ௠ 
ሺଵଵሻቃ        ሺ4.60ሻ                        

A further simplification of (4.60) yields 

ܷଷ௠,௧መ௧መ
ሺଷଵሻ ൅ ଶߗ

ଷܷ௠
ሺଷ଴ሻ ൌ

െ ቂ2ܷଷ௠,௧መఛ 
ሺଷ଴ሻ

൅ 2ܷଷ௠,௧መ
ሺଷ଴ሻ

൅ ߙ ቄ
ଵ

ଶ
ܷ௠ 
ሺଵ଴ሻ

ଶܷ௠ 
ሺଶଵሻ

൅
ଵ

ଶ
ܷ௠ 
ሺଵଵሻ

ܷଶ௠ 
ሺଶ଴ሻ

ቅ ൅
ଷ

ସ
 ൫ܷ௠ߚ

ሺଵ଴ሻ
൯
ଶ
ܷ௠ 
ሺଵଵሻ

ቃ    ሺ4.61ሻ   

          
The initial conditions for (4.61) are 

ܷଷ௠
ሺଷଵሻሺ0,0ሻ ൌ 0;  ܷଷ௠,௧መ

ሺଷଵሻሺ0,0ሻ ൌ 0 

Further simplification of terms in (4.57) yields 

ܷ௠,௧መ௧መ
ሺଷଵሻ ൅ ଶܷ௠ߠ

ሺଷଵሻ ൌ ሺ߱ଵ
ᇱ ሻଶߠଶߚଶݐ̂ߠ݊݅ݏ െ 2 ቂ߱ଵ

ᇱ ሺെߙߠ଺
ᇱ ݐ̂ߠ݊݅ݏ ൅ ଺ߚߠ

ᇱܿݐ̂ߠݏ݋ሻ െ ቀ
ିଶఏ௥య

ᇲ௦௜௡ଶఏ௧መାଶఏ௥ర
ᇲ௖௢௦ଶఏ௧መ

ଷఏమ
ቁቃ െ

2߱ଶ
ᇱ ଶߚ

ᇱݐ̂ߠݏ݋ܿߠ െ 2 ቂെߙଽ
ᇱݐ̂ߠ݊݅ݏߠ ൅ ଽߚ

ᇱݐ̂ߠݏ݋ܿߠ ൅
ଶ௥భభ

ᇲ ௦௜௡ଶఏ௧መ

ଷఏ
൅

ଷ௥భమ
ᇲ ௦௜௡ଷఏ௧መ

଼ఏ
െ

ଵ

ఝሺଶఏାఝሻ
ሼെݎଵଷ

ᇱ ሺ߮ ൅ ሺ߮݊݅ݏሻߠ ൅

ݐሻ̂ߠ ൅ ଵସݎ
ᇱ ሺ߮ ൅ ሺ߮ݏ݋ሻܿߠ ൅ ሽݐሻ̂ߠ ൅

ଵ

ఝሺଶఏିఝሻ
ሼെݎଵହ

ᇱ ሺ߮ െ ሺ߮݊݅ݏሻߠ െ ݐሻ̂ߠ ൅ ଵ଺ݎ
ᇱ ሺ߮ െ ሺ߮ݏ݋ሻܿߠ െ ሽቃݐሻ̂ߠ ൅

2߱ଵ
ᇱ ቄെߠଶߙସܿݐ̂ߠݏ݋ ൅

ସ௥భ௖௢௦ଶఏ௧መ

ଷ
ቅ ൅ 2߱ଶ

ᇱ ሺെߙଵߠ
ଶܿݐ̂ߠݏ݋ሻ െ ߱ଵ

ᇱ ቄെߙߠସݐ̂ߠ݊݅ݏ ൅
ଶ௥భ௦௜௡ଶఏ௧መ

ଷఏ
ቅ െ

߱ଶ
ᇱᇱሺെߙଵݐ̂ߠ݊݅ݏߠሻ െ 2 ቊെߙଽݐ̂ߠ݊݅ݏ ൅ ݐ̂ߠݏ݋ଽܿߚ ൅

ଶ௥భభ௦௜௡ଶఏ௧መ

ଷఏ
൅

ଷ௥భమ௦௜௡ଷఏ௧መ

଼ఏ
െ

ଵ

ఝሺଶఏାఝሻ
ሼെሺ߮ ൅ ሺ߮݊݅ݏଵଷݎሻߠ ൅

ݐሻ̂ߠ ൅ ଵସሺ߮ݎ ൅ ሺ߮ݏ݋ሻܿߠ ൅ ሽݐሻ̂ߠ ൅
ଵ

ఝሺଶఏିఝሻ
ሼെሺ߮ ൅ ሺ߮݊݅ݏଵହݎሻߠ െ ݐሻ̂ߠ ൅ ሺ߮ െ ሺ߮ݏ݋ଵ଺ܿݎሻߠ െ ሽൠݐሻ̂ߠ െ

2߱ଵ
ᇱ ቄെߙߠସݐ̂ߠ݊݅ݏ ൅

ଶ௥భ௦௜௡ଶఏ௧መ

ଷఏ
ቅ െ 2߱ଶ

ᇱ ሺെߙߠଵݐ̂ߠ݊݅ݏሻ ൅ ߙ2 ቄቀ
ఈభఈల

ଶ
െ

஻௥మ

ఏమ
ቁ ൅ ቀ

ఈభ௥మ

ଶ
െ

஻௥య

଺ఏమ
൅ ଺ቁߙܤ ݐ̂ߠݏ݋ܿ ൅

ቀ
஻ఉలିఈభఈర

଺ఏమ
ቁ ݐ̂ߠ݊݅ݏ ൅ ቀ

ఈభఈల

ଶ
െ

஻௥య

ଷఏమ
ቁ ݐ̂ߠ2ݏ݋ܿ ൅ ቀ

ఈభఉల

ଶ
െ

஻௥ర

ଷఏమ
ቁ ݐ̂ߠ݊݅ݏ െ

ఈభ௥య

଺ఏమ
ݐ̂ߠ3ݏ݋ܿ െ

ఈభ௥ర

଺ఏమ
ቅݐ̂ߠ3݊݅ݏ ൅

⍺ ቄቀ
ఈభ௥ల

ଶሺఝమିସఏమሻ
൅

஻௥ఱ

ఝమିఏమ
ቁ ݐ̂ߠ݊݅ݏ ൅ ቀ

ఈభ௥ఱ

ଶሺఝమିସఏమሻ
െ

஻௥ల

ఝమିସఏమ
ቁ ݐ̂ߠ2݊݅ݏ ൅

ఈభ௥ల௦௜௡ଷఏ௧መ

ଶሺఝమିସఏమሻ
൅ ݐ̂߮ݏ݋଻ܿߙܤ ൅ ݐ̂߮݊݅ݏ଻ߚܤ ൅

ఈభఈళ

ଶ
ሺ߮ݏ݋ܿ ൅ ݐሻ̂ߠ ൅

ఈభఉళ

ଶ
ሺ߮݊݅ݏ ൅ ݐሻ̂ߠ ൅

ఈభఈళ

ଶ
ሺ߮ݏ݋ܿ െ ݐሻ̂ߠ ൅

ఈభఉళ

ଶ
ሺ߮݊݅ݏ െ ቅݐሻ̂ߠ ൅ ߙ2 ቄ

ఉమఈర

ଶ
ݐ̂ߠ2݊݅ݏ ൅

ఉమ௥బ

ఏమ
ݐ̂ߠ݊݅ݏ െ

ఉమ௥భ

଺ఏమ
ሺݐ̂ߠ3݊݅ݏ െ   ሻቅ                                       ሺ4.62ሻݐ̂ߠ݊݅ݏ

                                    
To ensure a uniformly valid solution in t̂ , demands equating to zero the coefficients of sinθ t̂ and cosθ t̂ 
in (4.62) as further expanded. The coefficient of sinθ t̂ leads to 
  αଽ

ᇱ ൅ αଽ ൌ hଵሺτሻ                            (4.63a) 

hଵሺτሻ ൌ െ
ଵ

ଶ஘
ቂ2ωଵ

ᇱ θα଺
ᇱ ൅ ωଶ

ᇱᇱαଵθ ൅ ωଵ
ᇱ θαସ ൅ 2ωଵ

ᇱ θαସ ൅ 2ωଶ
ᇱ θαଵ ൅ 2α ቀ

୆ஒలି஑భ୰ర

଺஘మ
ቁቃ ሺ4.63ሻ 

                        
  ∴ αଽ ൌ eିதሾ׬ eୱhଵሺsሻds ൅ αଽሺ0ሻሿ                       (4.64) 
The coefficient of cosθ t̂ yields 
  βଽ

ᇱ ൅ βଽ ൌ hଶሺτሻ                (4.65) 

hଶሺτሻ ൌ െ
ଵ

ଶ஘
ቂ2ωଵ

ᇱ θβ଺
ᇱ ൅ 2ωଶ

ᇱ βଶ
ᇱ θ ൅ 2ωଵ

ᇱ θଶαସ ൅ 2ωଶ
ᇱ αଵθ

ଶ െ 2α ቀ
஑భ୰మ

஘మ
െ

஑భ୰య

଺஘మ
൅ Bα଺ቁቃ ሺ4.66ሻ 

             
  ∴ βଽ ൌ eିதሾ׬ eୱhଶሺsሻds ൅ βଽሺ0ሻሿ                         (6.67) 
The remaining equation in (4.63) 

U୫,୲መ୲መ
ሺଷଵሻ ൅ θଶU୫

ሺଷଵሻ ൌ rଶଽ ൅ rଷ଴sin2θt̂ ൅ rଷଵcos2θt̂ ൅ rଷଶcos3θt̂ ൅ rଷଷcos3θt̂ ൅ rଷସcosφt̂ ൅ rଷହsinφt̂

൅ rଷ଺ cosሺφ ൅ θሻ t̂ ൅ rଷ଻ sinሺφ ൅ θሻ t̂ ൅ rଷ଼ cosሺφ െ θሻ t̂
൅ rଷଽ sinሺφ െ θሻ t̂                                                                   ሺ4.68ሻ 

The initial conditions are 

U୫
ሺଷଵሻሺ0,0ሻ ൌ 0; U୫,୲መ

ሺଷଵሻሺ0,0ሻ൅ωଵ
ᇱ ሺ0ሻU୫,୲መ

ሺଶଵሻሺ0,0ሻ൅ωଶ
ᇱ ሺ0ሻU୫,୲መ

ሺଵଵሻሺ0,0ሻ ൅ U୫,த
ሺଷ଴ሻሺ0,0ሻ ൌ 0 

where, 

rଶଽ ൌ 2α ൬
αଵα଺
2

൅
rଶB

θଶ
൰ ;   rଶଽሺ0ሻ ൌ 0 
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rଷ଴ ൌ ቈ
െ4rଷ

ᇱ

3θ
െ
4rଵ

ᇱ

3θ
െ
4rଵଵ

ᇱ

3θ
െ
2ωଵ

ᇱ rଵ
3θ

െ
4rଵଵ
3θ

െ
4ωଵ

ᇱ rଵ
3θ

൅ 2α ൬
αଵβ଺
2

െ
rସB

3θଶ
൰ ൅ α ൬

αଵrହ
2ሺφଶ െ θଶሻ

൅
Br଺

φଶ െ 4θଶ
൰

൅ αβଶαସ ൅
αଶαଵBβଶ
2ሺφଶ െ θଶሻ

െ
45

4
βBαଵβଶ቉ 

rଷ଴ሺ0ሻ ൌ Bଷ ቀ
ି଼⍺

ଷ஘୆
െ

ସୗమభ

ଷ஘
൅

ଶ஑

ଷ஘య
െ

ସୗర

ଷ஘
൅

ସ஑

ଷ஘య
െ

ଶ஑మ

ଷ஘య
൅

஑మ

ଶ஘ሺ஦మି஘మሻ
൅

஑మ

ଶ஘୆ሺ஦మି஘మሻ
െ

ସହ

ସ஘
ቁ ൌ BଷSଶହ,  

ܵଶହ ൌ ቆെ
8⍺

ߠܤ3
െ
4ܵଶଵ
ߠ2

൅
ߙ2

ଷߠ
െ
4ܵସ
ߠ3

െ
ଶߙ2

ଷߠ
൅

ଶߙ

ሺ߮ଶߠ2 െ ଶሻߠ
൅

ଵܵ

ሺ߮ଶ െ ଶሻߠ
൅

ଶߙ

ሺ߮ଶܤߠ2 െ ଶሻߠ
െ
ߚ45

ߠ4
ቇ 

rଷଵ ൌ ቂ
଼னభ

ᇲ ୰భ

ଷ
൅ 2α ቀ

஑భ஑ల

ଶ
െ

୆୰య

ଷ஘మ
ቁቃ , rଷଵሺ0ሻ ൌ

ି଼஑୆య

ଷ஘మ
 

rଷଶ ൌ ቂെ
஑஑భ୰య

ଷ஘మ
ቃ , rଷଶሺ0ሻ ൌ 0 

rଷଷ ൌ

ۏ
ێ
ێ
ۍ
െ3rଵଶ

ᇱ

4θ
െ
3rଵଶ
4θ

െ
ααଵrସ
3θଶ

൅
ααଵr଺

2ሺφଶ െ 4θଶሻ
െ
αβଶrଵ
3θଶ

൅
αଶαଵ

ଶβଶ
8ሺφଶ െ 4θଶሻ

െ
45

16
βBαଵβଶ ے

ۑ
ۑ
ې

rଷଷሺ0ሻ

ൌ Bଷ ቆെ
3S଺ଵ
4θ

െ
3Sହ
3θ

൅
αଶ

3θଷ
െ

αSଵ
2θሺφଶ െ θଶሻ

ቇ ൌ BଷSଶ଺ 

ܵଶ଺ ൌ ቆെ
3 ଵܵ଺

ߠ3
െ
3ܵହ
ߠ3

൅
ଶߙ

ଷߠ3
െ

ߙ ଵܵ

2ሺ߮ଶ െ ଶሻߠ4
ቇ 

 
    rଷସ ൌ ሾαBα଻ሿ ,   rଷସሺ0ሻ ൌ 0 , 

    rଷହ ൌ ሾαBβ଻ሿ ,   rଷହሺ0ሻ ൌ
஑మ

ଷ஦య
൅

஑మୗబ

஦
൅

஑మ

ଶ஦ሺ஦మିସ஘మሻ
െ

஑మ

஦ሺ஦మିସ஘మሻ
 

    rଷ଺ ൌ ቂ
ଶ୰భర
ᇲ ሺ஦ା஘ሻ

஦ሺଶ஘ା஦ሻ
െ

ଶ୰భరሺ஦ା஘ሻ

஦ሺଶ஘ା஦ሻ
൅

஑஑భ஑ళ

ଶ
െ

஑ஒమஒఱ

ଶ
ቃ ,  rଷ଺ሺ0ሻ ൌ 0 

rଷ଻ ൌ ቈെ
2rଵଷ

ᇱ ሺφ ൅ θሻ

φሺ2θ ൅ φሻ
൅
2rଵଷሺφ ൅ θሻ

φሺ2θ ൅ φሻ
൅
ααଵβ଻
2

൅ α ൬
βଶαହ
2

൰቉ 

rଷ଻ሺ0ሻ ൌ Bଷ ൬
6αሺφ ൅ θሻS଴
φሺ2θ ൅ φሻ

൅
αSଶଷ
2

െ
S଴α

2θ
൰ ൌ BଷSଶ଻ 

ܵଶ଻ ൌ ൬
ሺ߮ߙ6 ൅ ሻܵ଴ߠ
߮ሺ2ߠ ൅ ߮ሻ

െ
ସଷܵߙ
2

െ
଴ܵߙ
ߠ2

൰ 

rଷ଼ ൌ ቂ
ିଶ୰భల

ᇲ ሺ஦ି஘ሻ

஦ሺଶ஘ି஦ሻ
൅

ଶ୰భలሺ஦ି஘ሻ

஦ሺଶ஘ି஦ሻ
൅

஑஑భ஑ళ

ଶ
൅

஑ஒమஒఱ

ଶ
ቃ ,  rଷ଼ሺ0ሻ ൌ 0 

rଷଽ ൌ ቈ
2rଵହ

ᇱ ሺφ െ θሻ

φሺ2θ െ φሻ
൅
2rଵହሺφ െ θሻ

φሺ2θ െ φሻ
൅
ααଵβ଻
2

െ α൬
βଶαହ
2

൰቉ 

rଷଽሺ0ሻ ൌ Bଷ ቆ
4αሺφ െ θሻS଴
φሺ2θ ൅ φሻ

െ
2αሺφ െ θሻS଴
φሺ2θ െ φሻ

െ
αଶSଷ
2φ

൅
αS଴
2θ

ቇ ൌ BଷSଶଽ 

ܵଶଽ ൌ ൬െ
ߙ3

ଶሺ߮ଶߠ െ ଶሻߠ
െ

ߙ2

ሺ߮ଶ െ ଶሻߠ
൰ 

Solving (4.69), the following is obtained 

U୫
ሺଷଵሻ ൌ αଵଶcosθt̂ ൅ βଵଶsinθt̂ ൅

 ୰మవ

஘మ
൅

୰యబୱ୧୬ଶ஘୲መା୰యభୡ୭ୱଶ஘୲መ

஘మିସ஘మ
൅

୰యమୡ୭ୱଷ஘୲መା୰యయୱ୧୬ଷ஘୲መ

஘మିଽ஘మ
൅

୰యరୡ୭ୱ஦୲መା୰యఱୱ୧୬஦୲መ

஘మି஦మ
൅

୰యలୡ୭ୱ ሺ஦ା஘ሻ୲መା୰యళୱ୧୬ሺ஦ା஘ሻ୲መ

஦ሺଶ஘ି஦ሻ
൅

୰యఴୡ୭ୱ ሺ஦ି஘ሻ୲መା୰యవୱ୧୬ሺ஦ି஘ሻ୲መ

஦ሺଶ஘ି஦ሻ
                                            ሺ4.69ሻ   

                     

αଵଶሺ0ሻ ൌ െ ቂ
 ୰మవ

஘మ
൅

୰యభ

஘మିସ஘మ
൅

୰యమ

஘మିଽ஘మ
൅

୰యర

஘మି஦మ
െ

୰యల

஦ሺଶ஘ି஦ሻ
൅

୰యఴ

஦ሺଶ஘ି஦ሻ
െ

ଶ஑୆య

ଷ஘ర
൅

ଵ

ଶ஘మ
ቀ
୆మ

஘ర
൅

ଵ଺஑୆య

ଷ஘మ
െ

ଵ଴஑మ୆య

஘మ
൅

ଷ஑మ୆య

ଶ஦మ
൅

஑మ୆య

ସሺ஦మିସ஘మሻ
൅

ଶଶହஒ୆య

ଵ଺
ቁ ൅ ቀαଽ

ᇱ ൅
୰భబ
ᇲ

஘మ
െ

୰భభ
ᇲ

ଷ஘మ
െ

୰భమ
ᇲ

଼஘మ
െ

୰భయ
ᇲ

஦ሺଶ஘ା஦ሻ
൅

୰భఱ
ᇲ

஦ሺଶ஘ି஦ሻ
ቁቃቚ τ ൌ

0                                                                                                                                       ሺ4.70aሻ     

βଵଶሺ0ሻ ൌ
െ1

ߠ
൤
 2θrଷ଴
θଶ െ 4θଶ

൅
rଷଷߠ3

θଶ െ 9θଶ
൅

߮rଷହ
θଶ െ φଶ

൅
ሺ߮ ൅ ሻrଷ଻ߠ
߮ሺ2ߠ െ ߮ሻ

൅
ሺ߮ െ ሻrଷଽߠ
φሺ2θ െ φሻ

൨ ߬ ݐܽ 

ൌ 0                                                                                                ሺ4.70bሻ 
Substituting in (4.59) gives 
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    Uଶ୫,୲መ୲መ
ሺଷଵሻ ൅ φଶUଶ୫ 

ሺଷଵሻ ൌ  െ ቎2ωଵ
ᇱ ቄെφα଻

ᇱ sinφt̂ ൅ φβ଻
ᇱ cosφt̂ ൅

஘୰ఱ
ᇲ ୡ୭ୱ஘୲መ

஦మି஘మ
൅

ଶ஘୰ల
ᇲ ୡ୭ୱଶ஘୲መ

஦మିସ஘మ
ቅ ൅ 2 ቄെφαଵ଴

ᇱ sinφt̂ ൅

φβଵ଴
ᇱ cosφt̂ െ

஘୰భఴ
ᇲ ୱ୧୬஘୲መ

஦మି஘మ
െ

ଶ஘୰భవ
ᇲ ୱ୧୬ଶ஘୲መ

஦మିସ஘మ
െ

ଷ஘୰మబ
ᇲ ୱ୧୬ଷ஘୲መ

஦మିଽ஘మ
ቅ െ αωଵ

ᇱ ቄ
ଶ୆஑భ஘

మୡ୭ୱ஘୲መ

஦మି஘మ
െ

ଶ஘஑భ
మୡ୭ୱଶ஘୲መ

஦మିସ஘మ
ቅ ൅ αሺωଵ

ᇱᇱ ൅

2ωଵ
ᇱ ሻ ቄ

୆஑భ஘ୱ୧୬஘୲መ

஦మି஘మ
െ

஘஑భ
మୱ୧୬ଶ஘୲መ

஦మିସ஘మ
ቅ ൅ 2 ቄെφαଵ଴sinφt̂ ൅ φβଵ଴cosφt̂ െ

஘୰భఴୱ୧୬஘୲መ

஦మି஘మ
െ

ଶ஘୰భవୱ୧୬ଶ஘୲መ

஦మିସ஘మ
െ

ଷ஘୰మబୱ୧୬ଷ஘୲መ

஦మିଽ஘మ
ቅ ൅

⍺

ଶ
ቄቀ

஑భ஑ల

ଶ
൅

୰మ୆

஘మ
ቁ ൅ ቀ

஑భ୰మ

஘మ
െ

஑భ୰య

଺஘మ
൅ Bα଺ቁ cosθt̂ ൅ ቀBβ଺ െ

஑భ୰ర

଺஘మ
ቁ sinθt̂ ൅ ቀ

஑భஒల

ଶ
െ

୰ర୆

ଷ஘మ
ቁ sin2θt̂ െ

஑భ୰య

଺஘మ
cos3θt̂ െ

஑భ୰ర

଺஘మ
sin3θt̂ቅ െ α ቄቀ

஑భ୰ల

ଶሺ஦మିସ஘మሻ
൅

୆୰ఱ

஦మି஘మ
ቁ sinθt̂ ൅

஑భ஑ళ

ଶ
cosሺφ ൅ θሻt̂ ൅

஑భஒళ

ଶ
sinሺφ ൅ θሻt̂ ൅

஑భ஑ళ

ଶ
cosሺφ െ θሻt̂ ൅

஑భஒళ

ଶ
sinሺφ െ θሻt̂ ൅ ቀ

஑భ୰ఱ

ଶሺ஦మି஘మሻ
൅

୆୰ల

஦మିସ஘మ
ቁ sin2θt̂ ൅

஑భ୰ల

ଶሺ஦మିସ஘మሻ
sin3θt̂ ൅ Bα଻cosφt̂ ൅

Bβ଻sinφt̂ቅ  ൅
஑

ଶ
ቄ
ஒమ஑రୱ୧୬ଶ஘୲መ

ଶ
൅

ஒమ୰బୱ୧୬஘୲መ

஘మ
െ

ஒమ୰భ

଺஘మ
ሺsin3θt̂ െ sinθt̂ሻቅ െ α ൝

஑ஒమ

ଶ
൭
ಉభ
మ

మ
ା୆మ

஦మ
൱ െ

஑஑భ
మஒమ

଼ሺ஦మିସ஘మሻ
sinθt̂ ൅

஑஑భ୆ஒమ

ଶሺ஦మି஘మሻ
sin2θt̂ ൅

஑஑భ
మஒమ

଼ሺ஦మିସ஘మሻ
sin3θt̂ൡ ൅

ଽஒ

ସ
ቂቄβଶ ቀB

ଶ ൅
஑భ
మ

ଶ
ቁ െ

ஒమ஑భ
మ

ସ
ቅ sinφt̂ ൅ βଶBαଵsin2θt̂ ൅

ஒమ஑భ
మ

ସ
sin3θt̂ቃ቏                          ሺ4.71ሻ  

To ensure uniformly valid solution in t̂needs equating the coefficients of cosφt̂ and sinφt̂ to zero. 
Equating the coefficient of cosφt̂ yields 

 െ2ωଵ
ᇱ φβ଻

ᇱ െ 2φβଵ଴
ᇱ െ 2βଵ଴φ ൅ Bαଵα଻ ൌ 0 

  ∴ βଵ଴
ᇱ ൅ βଵ଴ ൌ

ଵ

ଶ஦
ሾെ2ωଵ

ᇱ φβ଻
ᇱ ൅ Bαଵα଻ሿ         (4.72a) 

  ∴ βଵ଴
ᇱ ൅ βଵ଴ ൌ hଷሺτሻ                         (4.72b) 

where, 

  hଷሺτሻ ൌ
ଵ

ଶ஦
ሾെ2ωଵ

ᇱ φβ଻
ᇱ ൅ Bαଵα଻ሿ                                 (4.72c) 

It therefore follows that, 
    βଵ଴ ൌ eିதሾ׬ hଷሺsሻe

ୱds ൅ βଵ଴ሺ0ሻሿ      (4.72d) 
The coefficient of sinφt̂ leads to  

 2ωଵ
ᇱ φα଻

ᇱ ൅ 2φαଵ଴
ᇱ ൅ 2αଵ଴φ ൅ Bβ଻α ൌ 0 

αଵ଴
ᇱ ൅ αଵ଴ ൌ hସሺτሻ               (4.72e) 

  hସሺτሻ ൌ െ
ଵ

ଶ஦
ሾ2ωଵ

ᇱ φα଻
ᇱ ൅ Bβ଻αሿ                                   (4.72f) 

  ∴ αଵ଴ ൌ eିதሾ׬ hସሺsሻe
ୱds ൅ αଵ଴ሺ0ሻሿ         (4.72g) 

The remaining equation in (4.71) is 

Uଶ୫,୲መ୲መ
ሺଷଵሻ ൅ φଶUଶ୫ 

ሺଷଵሻ ൌ rସ଴cosθt̂ ൅ rସଵsinθt̂ ൅ rସଶcos2θt̂ ൅ rସଷsin2θt̂ ൅ rସସcos3θt̂ ൅ rସହsin3θt̂ ൅

rସ଺ cosሺφ ൅ θሻ t̂ ൅ rସ଻ sinሺφ ൅ θሻ t̂ ൅ rସ଼ cosሺφ െ θሻ t̂ ൅ rସଽ sinሺφ െ θሻ t̂     
         (4.73) 
The initial conditions are 

Uଶ୫
ሺଷଵሻሺ0,0ሻ ൌ 0; Uଶ୫,୲መ

ሺଷଵሻሺ0,0ሻ൅ωଵ
ᇱ ሺ0ሻUଶ୫,୲መ

ሺଶଵሻሺ0,0ሻ ൅ Uଶ୫,த
ሺଷ଴ሻ ሺ0,0ሻ ൌ 0 

where, 

rସ଴ ൌ
െ2θrହ

ଵωଵ
ᇱ

φଶ െ θଶ
൅
2αωଵ

ᇱ Bαଵθ
ଶ

φଶ െ θଶ
െ
α

2
ቆ൬
αଵα଺
2

൅
rଶB

θଶ
൰ ൅ ቀ

αଵrଶ
θଶ

െ
αଵrଷ
6θଶ

ቁ ൅ Bα଺ቇ 

rସ଴ሺ0ሻ ൌ Bଷ ൬
െ3α

θଶሺφଶ െ θଶሻ
െ

2α

ሺφଶ െ θଶሻ
൰ 

rସଵ ൌ ൥
2θrଵ଼

ଵ

φଶ െ θଶ
൅
ሺωଵ

ᇱᇱ ൅ 2ωଵ
ᇱ ሻαBαଵθ

φଶ െ θଶ
൅

2θrଵ଼
φଶ െ θଶ

െ
α

2
ቀBβ଺ െ

αଵrସ
6θଶ

ቁ ൅ α ൬
αଵr଺

2ሺφଶ െ 4θଶሻ
൅

Brହ
φଶ െ θଶ

൰

െ
αβଶr଴
2θଶ

െ
αβଶrଵ
12θଶ

൅ ൝
αଶβଶ
2φଶ

ቆ
αଵ
ଶ

2
൅ Bଶቇ െ

αଶαଵBβଶ
8ሺφଶ െ 4θଶሻ

൅
9β

4
൭βଶ ቆB

ଶ ൅
αଵ
ଶ

2
ቇ൱ൡ൩ 

rସଵሺ0ሻ ൌ Bଷ ቆ
2θSଶସ

ሺφଶ െ θଶሻ
െ

2α

θሺφଶ െ θଶሻ
൅

2θS଻
φଶ െ θଶ

െ
2αଶ

9θସ
െ

αSଵ
2ሺφଶ െ 4θଶሻ

൅
αଶ

θሺφଶ െ θଶሻ
െ
17αଶ

12θଷ

െ
3αଶ

ሺ4θ െ φଶሻ
െ

αଶ

8θሺφଶ െ 4θଶሻ
െ
45β

16θ
ቇ 
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rସଶ ൌ ቂ
ସ஘னభ

ᇲ ୰ల

ሺ஦మିସ஘మሻ
െ

ଶ஘஑னభ
ᇲ ஑భ

మ

ሺ஦మିସ஘మሻ
ቃ , rସଶሺ0ሻ ൌ Bଷ ቀ

ଶ஑

஘ሺ஦మିସ஘మሻ
െ

ସୗభర

஘ሺ஦మିସ஘మ
ቁ 

rସଷ ൌ ቈ
4θωଵ

ᇱ rଵଽ
ሺφଶ െ 4θଶሻ

൅
ሺωଵ

ᇱᇱ ൅ 2ωଵ
ᇱ ሻαθαଵ

ଶ

φଶ െ 4θଶ
൅

4θrଵଽ
ሺφଶ െ 4θଶሻ

െ
α

2
൬
αଵβ଺
2

െ
Brସ
3θଶ

൰ ൅ α ൬
αଵrହ

2ሺφଶ െ θଶሻ
൅

Br଺
φଶ െ 4θଶ

൰

൅
αଶαଵBβଶ
2ሺφଶ െ θଶሻ

൅
9

4
ββଶBαଵ቉ 

rସଷሺ0ሻ ൌ Bଷ ቆ
4θSଵ଴

ሺφଶ െ 4θଶሻ
൅

2α

θሺφଶ െ θଶሻ
൅

4θS଼
φଶ െ 4θଶ

൅
αଶ

6θଷ
൅

2αଶ

2θሺφଶ െ θଶሻ
൅

αSଵ
ሺφଶ െ θଶሻ

൅
9β

4θ
ቇ 

rସସ ൌ ቂ
஑

ଶ
ቀ
஑మ୰య

଺஘మ
ቁቃ ,   rସସሺ0ሻ ൌ 0 

rସହ ൌ ቈ
6θrଶ଴

ᇱ

ሺφଶ െ 9θଶሻ
൅

6θrଶ଴
ሺφଶ െ 9θଶሻ

൅
α

2
ቀ
αଵrସ
6θଶ

ቁ ൅
⍺αଵr଺

2ሺφଶ െ 4θଶሻ
൅
αβଶrଵ
12

൅
αଶαଵ

ଶβଶ
8ሺφଶ െ 4θଶሻ

൅
9

16
ββଶαଵ

ଶB቉ 

rସହሺ0ሻ ൌ Bଷ ቆ
6θSଷସ

ሺφଶ െ 4θଶሻ
൅

6θSଽ
ሺφଶ െ θଶሻ

െ
αଶ

12θଷ
െ

αSଵ
2ሺφଶ െ θଶሻ

െ
αଶ

12θ
െ
9β

16θ
ቇ 

rସ଺ ൌ ቂ
஑భ஑ళ

ଶ
ቃ , rସ଺ሺ0ሻ ൌ 0 , rସ଻ ൌ ቂ

஑஑భஒళ

ଶ
ቃ ,rସ଻ሺ0ሻ ൌ െαBଷSସଷ 

rସ଼ ൌ ቂ
஑஑భ஑ళ

ଶ
ቃ, rସ଼ሺ0ሻ ൌ 0 , rସଽ ൌ ቂ

஑஑భஒళ

ଶ
ቃ, rସଽሺ0ሻ ൌ െαBଷSସଷ 

ܵସଷ ൌ
଴ܵߙ
߮

൅
ߙ

2߮ଷ
൅

ߙ

ሺ߮ଶߙ2 െ ଶሻߠ4
െ

ߙ

ሺ߮ଶߙ െ ଶሻߠ
െ

ߙߠ2 ଵܵ

߮ሺ߮ଶ െ ଶሻߠ4
 

∴ Uଶ୫
ሺଷଵሻ ൌ αଵଷcosφt̂ ൅ βଵଷsinφt̂ ൅

rସଶcosθt̂ ൅ rସଷsinθt̂

φଶ െ θଶ
൅
rସସcos2θt̂ ൅ rସହsin2θt̂

φଶ െ 4θଶ

൅
rସ଺cos3θt̂ ൅ rସ଻sin3θt̂

φଶ െ 9θଶ
െ
rସ଼cos ሺφ ൅ θሻt̂ ൅ rସଽsinሺφ ൅ θሻt̂

θሺ2φ ൅ θሻ

൅
rହ଴cos ሺφ െ θሻt̂ ൅ rଷଽsinሺφ െ θሻt̂

θሺ2φ െ θሻ
                             ሺ4.74ሻ 

                                                   
where, from the first initial condition 

αଵଷሺ0ሻ ൌ െ ൤
 rସଶ

φଶ െ θଶ
൅

rସସ
φଶ െ 4θଶ

൅
rସ଺

φଶ െ 9θଶ
െ

rସ଼
θሺ2φ ൅ θሻ

൅
rହ଴

θሺ2φ െ θሻ
൨ ߬ ݐܽ  ൌ 0ሺ4.75ሻ 

                          
 and from the second initial condition, it follows that 
 

ቂβଵଷሺ0ሻφ ൅
஘ ୰రయ

஦మି஘మ
൅

ଶ஘୰రఱ

஦మିସ஘మ
൅

ଷ஘୰రళ

஦మିଽ஘మ
െ

ሺ஘ା஦ሻ୰రవ

஘ሺଶ஦ା஘ሻ
൅

ሺ஘ି஦ሻ୰ఱభ

஘ሺଶ஦ି஘ሻ
൅ αଵ଴

ᇱ ሺ0ሻ ൅
୰భళ
ᇲ

஦మ
൅

୰భఴ
ᇲ

஦మି஘మ
൅

୰భవ
ᇲ

஦మିସ஘మ
൅

୰మబ
ᇲ

஦మିଽ஘మ
ቃ ൌ

0       

∴ βଵଷሺ0ሻ ൌ െ
ଵ

஦
ቂ
஘ ୰రయ

஦మି஘మ
൅

ଶ஘୰రఱ

஦మିସ஘మ
൅

ଷ஘୰రళ

஦మିଽ஘మ
െ

ሺ஘ା஦ሻ୰రవ

஘ሺଶ஦ା஘ሻ
൅

ሺ஘ି஦ሻ୰ఱభ

஘ሺଶ஦ି஘ሻ
൅ αଵ଴

ᇱ ሺ0ሻ ൅
୰భళ
ᇲ

஦మ
൅

୰భఴ
ᇲ

஦మି஘మ
൅

୰భవ
ᇲ

஦మିସ஘మ
൅

୰మబ
ᇲ

஦మିଽ஘మ
ቃ                                                                                                    ሺ4.75bሻ   

Substituting in (4.61) 

Uଷ୫,୲መ୲መ
ሺଷଵሻ ൅ ΩଶUଷ୫

ሺଷଵሻ ൌ െ ቂ2Uଷ୫,୲መத 
ሺଷ଴ሻ ൅ 2Uଷ୫,୲መ

ሺଷ଴ሻ ൅ α ቄ
ଵ

ଶ
U୫ 
ሺଵ଴ሻUଶ୫ 

ሺଶଵሻ ൅
ଵ

ଶ
U୫ 
ሺଵଵሻUଶ୫ 

ሺଶ଴ሻቅ ൅
ଷ

ସ
β൫U୫ 

ሺଵ଴ሻ൯
ଶ
U୫ 
ሺଵଵሻቃ   ሺ4.75cሻ  

Further simplification of  ሺ4.75cሻyields 

Uଷ୫,୲መ୲መ
ሺଷଵሻ ൅ ΩଶUଷ୫

ሺଷଵሻ ൌ െ ൥2 ቄെΩαଵଵ
ᇱ sinΩt̂ ൅ Ωβଵଵ

ᇱ cosΩt̂ െ
஘୰మమ

ᇲ ୱ୧୬஘୲መ

Ωమି஘మ
െ

ଶ஘୰మయ
ᇲ ୱ୧୬ଶ஘୲መ

Ωమିସ஘మ
െ

ଷ஘୰మర
ᇲ ୱ୧୬ଷ஘୲መ

Ωమିଽ஘మ
െ

ሺ஦ା஘ሻ୰మఱ
ᇲ ୱ୧୬ሺ஦ା஘ሻ୲መ

Ωమିሺ஦ା஘ሻమ
൅

ሺ஦ା஘ሻ୰మల
ᇲ ୡ୭ୱሺ஦ା஘ሻ୲መ

Ωమିሺ஦ା஘ሻమ
െ

ሺ஦ି஘ሻ୰మళ
ᇲ ୱ୧୬ሺ஦ି஘ሻ୲መ

Ωమିሺ஦ି஘ሻమ
൅

ሺ஦ି஘ሻ୰మఴ
ᇲ ୡ୭ୱሺ஦ି஘ሻ୲መ

Ωమିሺ஦ି஘ሻమ
ቅ ൅ 2 ቄെΩαଵଵsinΩt̂ ൅

ΩβଵଵcosΩt̂ െ
஘୰మమୱ୧୬஘୲መ

Ωమି஘మ
െ

ଶ஘୰మయୱ୧୬ଶ஘୲መ

Ωమିସ஘మ
െ

ଷ஘୰మరୱ୧୬ଷ஘୲መ

Ωమିଽ஘మ
െ

ሺ஦ା஘ሻ୰మఱୱ୧୬ሺ஦ା஘ሻ୲መ

Ωమିሺ஦ା஘ሻమ
൅

ሺ஦ା஘ሻ୰మలୡ୭ୱሺ஦ା஘ሻ୲መ

Ωమିሺ஦ା஘ሻమ
െ

ሺ஦ି஘ሻ୰మళୱ୧୬ሺ஦ି஘ሻ୲መ

Ωమିሺ஦ି஘ሻమ
൅

ሺ஦ି஘ሻ୰మఴୡ୭ୱሺ஦ି஘ሻ୲መ

Ωమିሺ஦ି஘ሻమ
ቅ ൅

஑

ଶ
ቄቀ

஑భ୰ల

ଶሺ஦మିସ஘మሻ
൅

୆୰ఱ

஦మି஘మ
ቁ sinθt̂ ൅

஑భ஑ళ

ଶ
cosሺφ ൅ θሻt̂ ൅

஑భஒళ

ଶ
sinሺφ ൅

θሻt̂ ൅
஑భ஑ళ

ଶ
cosሺφ െ θሻt̂ ൅

஑భஒళ

ଶ
sinሺφ െ θሻt̂ ൅ ቀ

஑భ୰ఱ

ଶሺ஦మି஘మሻ
൅

୆୰ల

஦మିସ஘మ
ቁ sin2θt̂ ൅

஑భ୰ల

ଶሺ஦మିସ஘మሻ
sin3θt̂ ൅

Bα଻sinφt̂ ൅ Bβ଻sinφt̂ቅ ൅
஑

ଶ
൝
ஒమ஑

ଶ
൭
୆మା

ಉభ
మ

మ

஦మ
൱ െ

஑஑భ
మஒమ

଼ሺ஦మିସ஘మሻ
sinθt̂ ൅

஑஑భ୆ஒమ

ଶሺ஦మି஘మሻ
sin2θt̂ ൅

஑஑భ
మஒమ

଼ሺ஦మିସ஘మሻ
sin3θt̂ െ

ஒమஒఱ

ଶ
cosሺφ ൅ θሻt̂ൡ ൅

ଷஒ

ସ
ቄቀβଶ ቀB

ଶ ൅
஑భ
మ

ଶ
ቁ െ

ஒమ஑భ
మ

ସ
ቁ sinθt̂ ൅ βଶBαଵsin2θt̂ ൅

ஒమ஑భ
మ

ସ
sin3θt̂ቅ൩                 ሺ4.76ሻ
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To ensure uniformly valid solution in t̂, needs equating the coefficients of cosΩt̂ and sinΩt̂ to zero. The 
coefficients of cosΩt̂ yields 

   െ2Ωβଵଵ
ᇱ െ 2Ωβଵଵ െ

஑୆ஒళ

ଶ
ൌ 0               (4.77a) 

  ∴ βଵଵ
ᇱ ൅ βଵଵ ൌ െ

஑୆஑ళ

ଶΩ
ൌ hହሺτሻ             (4.77b) 

where 

  hହሺτሻ ൌ െ
஑୆஑ళ

ଶΩ
                  (4.77c) 

  ∴ βଵଵ ൌ eିதሾ׬ hହሺτሻe
ୱds ൅ βଵଵሺ0ሻሿ           (4.77d) 

The coefficients of sinΩt̂  yields  

  െ2Ω⍺ଵଵ
ᇱ െ 2Ωαଵଵ െ

஑୆ஒళ

ଶ
ൌ 0              (4.77e) 

 
where 

   h଺ሺτሻ ൌ
஑୆ஒళ

ସΩ
                                (4.77f) 

  ∴ lim αଵଵ ൌ eିதሾ׬ h଺ሺτሻe
ୱds ൅ αଵଵሺ0ሻሿ           (4.77g) 

The remaining equation (4.76) is:  

Uଷ୫,୲መ୲መ
ሺଷଵሻ ൅ ΩଶUଶ୫ 

ሺଷଵሻ ൌ rହ଴sinθt̂ ൅ rହଵsin2θt̂ ൅ rହଶsin3θt̂ ൅ rହଷ cosሺφ ൅ θሻ t̂ ൅ rହସ sinሺφ ൅ θሻ t̂

൅ rହହ cosሺφ െ θሻ t̂ ൅ rହ଺ sinሺφ െ θሻ t̂                                    ሺ4.78ሻ 
                                            
The initial conditions are 

Uଷ୫
ሺଷଵሻሺ0,0ሻ ൌ 0; Uଷ୫,୲መ

ሺଷଵሻሺ0,0ሻ ൅ Uଷ୫,த
ሺଷ଴ሻ ሺ0,0ሻ ൌ 0 

rହ଴ ൌ
2θrଶଶ

ଵ

Ωଶ െ θଶ
൅

2θrଶଶ
Ωଶ െ θଶ

െ
ααଵr଺

4ሺφଶ െ 4θଶሻ
െ

Bαrହ
2ሺφଶ െ 4θଶሻ

െ
αଶβଶ
4

ቌ

஑భ
మ

ଶ
൅ Bଶ

φଶ
ቍ ൅

αଶαଵβଶ
16ሺφଶ െ 4θଶሻ

െ
3αββଶ
8

ቆBଶ ൅
αଵ
ଶ

2
ቇ ൅

3αβαଵ
ଶ

32
 

rହ଴ሺ0ሻ ൌ Bଷ ቆ
2θSଵ଻

ሺΩଶ െ θଶሻ
൅

2θSଵଵ
ሺΩଶ െ θଶሻ

൅
αSଵ

4ሺφଶ െ 4θଶሻ
൅

αଶ

2θሺφଶ െ 4θଶሻ
൅

3αଶ

8θφଶ
൅

αଶ

16Bሺφଶ െ 4θଶሻ

൅
9αβ

16θ
൅
3αβ

32B
ቇ 

rହଵ ൌ
4θrଶଷ

ଵ

Ωଶ െ 4θଶ
൅

4θrଶଷ
Ωଶ െ 4θଶ

െ
ααଵrହ

4ሺφଶ െ θଶሻ
െ

Bαr଺
2ሺφଶ െ 4θଶሻ

െ
αଶαଵBβଶ

4ሺφଶ െ 4θଶሻ
െ
ααଵβଶB

2
 

rହଵሺ0ሻ ൌ Bଷ ቆ
4θSଵ଼

ሺΩଶ െ 4θଶሻ
൅

4θSଵଶ
ሺΩଶ െ 4θଶሻ

൅
αଶ

2θሺφଶ െ θଶሻ
െ

αSଵ
2ሺφଶ െ 4θଶሻ

െ
α

2θ
ቇ 

 

rହଶ ൌ
6θrଶସ

ଵ

Ωଶ െ 9θଶ
൅

6θrଶସ
φଶ െ 9θଶ

െ
ααଵr଺

4ሺφଶ െ 4θଶሻ
െ

αଶβଶαଵ
ଶ

16ሺφଶ െ 4θଶሻ
൅
ααଵ

ଶβଶ
8

 

rହଶሺ0ሻ ൌ Bଷ ቆ
6θSଵଽ

ሺΩଶ െ 9θଶሻ
൅

6θSଵଷ
ሺΩଶ െ 9θଶሻ

൅
αSଵ

4ሺφଶ െ 4θଶሻ
െ

αଶ

16θሺφଶ െ 4θଶሻ
൅
α

8θ
ቇ 

rହଷ ൌ െ
ଶ୰మల
ᇲ ሺ஦ା஘ሻ

Ωమିሺ஦ା஘ሻమ
െ

ଶ୰మలሺ஦ା஘ሻ

Ωమିሺ஦ା஘ሻమ
െ

஑஑భ஑ళ

ସ
 , rହଷሺ0ሻ ൌ 0 

rହସ ൌ
ଶ୰మఱ
ᇲ ሺ஦ା஘ሻ

Ωమିሺ஦ା஘ሻమ
൅

ଶ୰మఱሺ஦ା஘ሻ

Ωమିሺ஦ା஘ሻమ
െ

஑஑భஒళ

ସ
 , rହସሺ0ሻ ൌ Bଷ ቀ

଺஑ୗబ ሺ஦ା஘ሻ

Ωమିሺ஦ା஘ሻమ
൅

஑ୗరయ

ସ
ቁ 

rହହ ൌ
ିଶ୰మఴ

ᇲ ሺ஦ି஘ሻ

Ωమିሺ஦ି஘ሻమ
െ

ଶ୰మఴሺ஦ି஘ሻ

Ωమିሺ஦ି஘ሻమ
െ

஑஑భ஑ళ

ସ
 , rହହሺ0ሻ ൌ

ିସ஑ୗబ୆
య

Ωమିሺ஦ି஘ሻమ
 

rହ଺ ൌ
ଶ୰మళ
ᇲ ሺ஦ି஘ሻ

Ωమିሺ஦ି஘ሻమ
൅

ଶ୰మళሺ஦ି஘ሻ

Ωమିሺ஦ି஘ሻమ
൅

஑஑భஒళ

ସ
 , rହ଺ሺ0ሻ ൌ Bଷ ቀ

଺஑ୗబ ሺ஦ି஘ሻ

Ωమିሺ஦ି஘ሻమ
൅

஑ୗరయ

ସ
ቁ 

Therefore; 

Uଷ୫
ሺଷଵሻ ൌ αଵସcosΩt̂ ൅ βଵସsinΩt̂ ൅

୰ఱబୱ୧୬஘୲መ

Ωమି஘మ
൅

୰ఱభୱ୧୬ଶ஘୲መ

Ωమିସ஘మ
൅

୰ఱమୱ୧୬ଷ஘୲መ

Ωమିଽ஘మ
൅ ቀ

୰ఱయୡ୭ୱሺ஦ା஘ሻ୲መା୰ఱరୱ୧୬ሺ஦ା஘ሻ୲መ

Ωమିሺ஦ା஘ሻమ
ቁ ൅

ቀ
୰ఱఱୡ୭ୱሺ஦ି஘ሻ୲መା୰ఱలୱ୧୬ሺ஦ି஘ሻ୲መ

Ωమିሺ஦ି஘ሻమ
ቁ                                                                                                    ሺ4.79ሻ        

Therefore, 
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    αଵସሺ0ሻ ൌ െ ቂ
୰ఱయ

Ωమିሺ஦ା஘ሻమ
൅

୰ఱఱ

Ωమିሺ஦ି஘ሻమ
ቃቚ τ ൌ 0                           ሺ4.80aሻ        

Ωβଵସሺ0ሻ ൌ െ
஘୰ఱబ

Ωమି஘మ
െ

ଶ஘୰ఱభ

Ωమିସ஘మ
െ

ଷ஘୰ఱమ

Ωమିଽ஘మ
െ

ሺ஦ା஘ሻ୰ఱర

Ωమିሺ஦ା஘ሻమ
െ

ሺ஦ି஘ሻ୰ఱల

Ωమିሺ஦ା஘ሻమ
െ αଵଵ

ᇱ െ
୰మమ
ᇲ

Ωమି஘మ
െ

୰మయ
ᇲ

Ωమିସ஘మ
െ

୰మర
ᇲ

Ωమିଽ஘మ
െ

୰మఱ
ᇲ

Ωమିሺ஦ା஘ሻమ
െ

୰మళ
ᇲ

Ωమିሺ஦ି஘ሻమ
 

Therefore; 
βଵସሺ0ሻ ൌ

ିଵ

Ω
ቈ
൫஘୰ఱబା୰మమ

ᇲ ൯

஦మି஘మ
൅

൫ଶ஘୰ఱభା ୰మయ
ᇲ ൯

஦మିସ஘మ
൅

൫ଷ஘୰ఱమା୰మర
ᇲ ൯

஦మିଽ஘మ
െ

ቀሺ஘ା஦ሻ୰ఱరା୰మర
ᇲ ቁ

Ωమିሺ஦ା஘ሻమ
൅

ሺ஘ି஦ሻ୰ఱలା ୰మళ
ᇲ

Ωమିሺ஦ି஘ሻమ
൅

αଵଵ
ᇱ ሺ0ሻ൨                                                                                                                           ሺ4.80bሻ   

So far, it follows that 

ܷሺଷଵሻ ൌ ܷ௠
ሺଷଵሻሺ1 െ ሻݔ2݉ݏ݋ܿ ൅ ܷଶ௠

ሺଷଵሻሺ1 െ ሻݔ4݉ݏ݋ܿ ൅ ܷଷ௠
ሺଷଵሻሺ1 െ  ሻ     ሺ4.81ሻݔ6݉ݏ݋ܿ

The summary of the solution so far is, 

ܷሺݔ, ,ݐ ߬ሻ ൌ ൫ܷሺଵ଴ሻ ൅ ሺଵଵሻܷߜ ൅ ଶܷሺଵଶሻߜ ൅ ⋯൯ ൅ ߳ଶ൫ܷሺଶ଴ሻ ൅ ሺଶଵሻܷߜ ൅ ଶܷሺଶଶሻߜ ൅ ⋯൯ ൅ ߳ଷ൫ܷሺଷ଴ሻ ൅

ሺଷଵሻܷߜ ൅ ଶܷሺଷଶሻߜ ൅ ⋯ ሻ ൅⋯                                                                                     ሺ4.82ሻ        
 
4.2    Maximum Displacement of the Column 

The dynamic buckling load is obtained from the maximization 
ௗఒ

ௗ௎ೌ
ൌ 0, where ܷ௔is the maximum 

displacement and λ is the load parameter. The conditions for maximum displacement are,  

   
డ௎

డ௫
ൌ 0,     

డ௪

డ௧
ൌ 0                                                                             ሺ4.83aሻ   

But from (3.12), it follows that 

   
డ௪

డ௧
ൌ ܷ,௧መ ൅ ሺ߱ଵ

ᇱ ߳ ൅ ߱ଶ
ᇱ ߳ଶ ൅ ⋯ሻܷ,௧መ ൅ ߜ ,ܷఛ ൌ 0                         ሺ4.83bሻ         

The aim is to determine the maximum displacement; 
ܷ௔ ൌ ܷሺݔ௔ , , ௔ݐ̂  ௔ሻݐ

where ݔ௔ , , ௔ݐ ߬௔ ܽ݊݀ ̂ݐ௔ are the values of ݔ, ,ݐ ߬,  respectively at maximum displacement and are ݐ̂ ݀݊ܽ
to be next determined before finally determining the maximum displacement.  

From the first condition of maximization, 
డ௎

డ௫
ൌ 0, this means  

߳ ቈ
߲ܷሺଵ଴ሻ

ݔ߲
൅ ߜ

߲ܷሺଵଵሻ

ݔ߲
൅⋯቉ ൅ ߳ଶ ቈ

߲ܷሺଶ଴ሻ

ݔ߲
൅ ߜ

߲ܷሺଶ଴ሻ

ݔ߲
൅ ⋯቉ ൅ ߳ଷ ቈ

߲ܷሺଷ଴ሻ

ݔ߲
൅ ߜ

߲ܷሺଷ଴ሻ

ݔ߲
൅⋯቉

ൌ 0                                                                                                ሺ4.84ሻ 
i.e, 

2݉߳ൣܷ௠
ሺଵ଴ሻ

ݔ2݉݊݅ݏ ൅ ௠ܷߜ
ሺଵଵሻ

ݔ2݉݊݅ݏ ൅⋯ ൧

൅ ߳ଶ ቂ2݉ ܷ௠
ሺଶ଴ሻݔ2݉݊݅ݏ ൅ 4݉ ܷଶ௠

ሺଶ଴ሻݔ4݉݊݅ݏ

൅⋯ߜቄ2݉ ܷ௠
ሺଶଵሻݔ2݉݊݅ݏ ൅ 4݉ ܷଶ௠

ሺଶଵሻݔ4݉݊݅ݏ ൅⋯ቅቃ

൅ ߳ଷ ቂ2݉ ܷ௠
ሺଷ଴ሻݔ2݉݊݅ݏ ൅ 4݉ ܷଶ௠

ሺଷ଴ሻݔ4݉݊݅ݏ ൅ 6݉ ܷଷ௠
ሺଷ଴ሻݔ6݉݊݅ݏ൅. . …

൅ ቄ2݉ ܷ௠ߜ
ሺଷଵሻݔ2݉݊݅ݏ ൅ 4݉ ܷଶ௠

ሺଷଵሻݔ4݉݊݅ݏ ൅ 6݉ ܷଷ௠
ሺଷଵሻݔ6݉݊݅ݏ ൅⋯ቅ ൅⋯ቃ

ൌ 0                                                                                                  ሺ4.85ሻ 
The equation (4.85) is satisfied if ݔ2݉݊݅ݏ௔ ൌ 0, 5where ݔ௔ is the value of ݔ at maximum displacement. 

This means, 2݉ݔ௔ ൌ ,݊ߨ ݊ ൌ 0,1,2,3…., s݁ݐ ݊ ൌ ௔ݔ   ,1 ൌ
గ

ଶ௠
, substituting, ݔ௔ ൌ

గ

ଶ௠
 ݅݊ ܷሺݔ, ,ݐ̂ ߬ሻ, gives 

ܷሺݔ௔, , ݐ̂ ߬ሻ ൌ 2߳ൣܷ௠
ሺଵ଴ሻ ൅ ௠ܷߜ

ሺଵଵሻ ൅ ⋯ ൧ ൅ 2߳ଶൣ ܷ௠
ሺଶ଴ሻ ൅ ଶ௠ܷ ߜ

ሺଶଵሻ ൅ ⋯ ൧ ൅ 2߳ଷൣ൫ ܷ௠
ሺଷ଴ሻ ൅ ܷଷ௠

ሺଷ଴ሻ൯ ൅

൫ ܷ௠ߜ
ሺଷଵሻ

൅  ଷܷ௠
ሺଷଵሻ

൯ ൅ ⋯ ൧                                                                                              ሺ4.86ሻ        

Let ̂ݐ௔, ݐ௔ and ߬௔ be the values of ̂ݐ, t and τ respectively at maximum displacement and let them be 
expanded asymptotically as 
௔ݐ̂ ൌ
଴ݐ̂  ൅ ଴ଵݐ̂ߜ ൅ ଴ଶݐଶ̂ߜ ൅ ߳ሺ̂ݐଵ଴ ൅ ଵଵݐ̂ߜ ൅ ଵଶݐଶ̂ߜ ൅ ⋯ሻ ൅
߳ଶሺ̂ݐଶ଴ ൅ ଶଵݐ̂ߜ ൅ ଶଶݐଶ̂ߜ ൅
⋯ሻ                                                                                                                                ሺ4.87aሻ   
             

௔ݐ ൌ ଴ݐ ൅ ଴ଵݐߜ ൅ ଴ଶݐଶߜ ൅ ⋯…൅ ߳ሺݐଵ଴ ൅ ଵଵݐߜ ൅ ଵଶݐଶߜ ൅ ⋯ሻ
൅ ߳ଶሺݐଶ଴ ൅ ଶଵݐߜ ൅ ଶଶݐଶߜ ൅ ⋯ሻ                                         ሺ4.87bሻ 
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߬௔ ൌ ଴ݐሾߜ ൅ ଴ଵݐߜ ൅ ଴ଶݐଶߜ ൅⋯…൅ ߳ሺݐଵ଴ ൅ ଵଵݐߜ ൅ ଵଶݐଶߜ ൅ ⋯ሻ ൅ ߳ଶሺݐଶ଴ ൅ ଶଵݐߜ ൅ ଶଶݐଶߜ ൅
⋯ሻሿ                                                                                                                              ሺ4.87cሻ   
Evaluating (4.87c) at the máximum values and simplifying, the following are obtained: 

  ଴ݐ̂ ൌ
గ

ఏ
଴ݐ   , ൌ

గ

ఏ
ଵ଴ݐ    , ൌ െ

௧బ஻

ఏమ
ଶ଴ݐ     , ൌ  ଶ଴ݐ̂ െ ଵ଴ ߱ଵݐ̂

ᇱ ሺ0ሻ െ ଴߱ଶݐ
ᇱ ሺ0ሻ and 

 ଶ଴ݐ̂ ൌ
଴ܵߙଶܤ sin߮̂ݐ଴  

ଶߠ
ቈ

ሺ߮ െ ሻߠ

ଶߗ െ ሺ߮ െ ሻଶߠ
െ

ሺ߮ ൅ ሻߠ

ଶߗ െ ሺ߮ ൅ ሻଶߠ
െ

ሺ߮ ൅ ሻߠ

߮ሺ2ߠ ൅ ߮ሻ
൅

ሺ߮ െ ሻߠ

߮ሺ2ߠ െ ߮ሻ
቉ 

Let Uୟ be the maximum displacement. We now substitute for xୟ; 

Uቀ
π

2m
, t̂, τቁ ൌ ϵൣ2U୫

ଵ଴ ൅ 2δU୫
ሺଵଵሻ

… ൧ ൅ ϵଶൣ2U୫
ଶ଴ ൅ 2δUଶ୫

ሺଶଵሻ
… ൧

൅ ϵଷൣ൫2U୫
ଷ଴ ൅ 2Uଷ୫

ሺଷ଴ሻ … ൯ ൅ δ൫2U୫
ଷଵ ൅ 2δUଷ୫

ሺଷଵሻ … ൯൧                  ሺ4.88ሻ 

                            

Expanding each of the terms in (4.88) and evaluating (4.88) at maximum values and noting that all U୫
ሺ୧୨ሻ

 
are evaluated at ሺt̂଴, 0ሻ, the following are obtained 
Therefore, 

 Uୟ ൌ 2ϵ ቂU୫
ሺଵ଴ሻ ൅ δቄt̂଴U୫,୲መ

ሺଵ଴ሻ ൅ t଴U୫,த
ሺଵ଴ሻ ൅ U୫

ሺଵଵሻቅ ൅ ⋯ ቃ

൅ 2ϵଶ ቂt̂ଵ଴U୫,୲መ
ሺଵ଴ሻ ൅ U୫

ሺଶ଴ሻ

൅ δቄt̂ଵଵU୫,୲መ
ሺଵ଴ሻ ൅ tଵ଴U୫,த

ሺଵ଴ሻ ൅ t̂଴ଵt̂ଵ଴U୫,୲መ୲መ
ሺଵ଴ሻ ൅ t̂ଵ଴t଴U୫,୲መத

ሺଵ଴ሻ ൅ t̂ଵ଴U୫,୲መ
ሺଵଵሻ ൅ ⋯ ቅ ൅⋯ ቃ

൅ 2ϵଷ ቈt̂ଶ଴U୫,୲መ
ሺଵ଴ሻ ൅

ሺt̂ଵ଴ሻ
ଶ

2
U୫,୲መ୲መ
ሺଵ଴ሻ ൅ t̂ଵ଴U୫,୲መ

ሺଶ଴ሻ ൅ ൫U୫
ሺଷ଴ሻ൅Uଷ୫

ሺଷ଴ሻ൯

൅ δቄtଶଵU୫,୲መ
ሺଵ଴ሻ ൅ t̂ଶ଴U୫,த

ሺଵ଴ሻ ൅ t̂ଵ଴t̂ଵଵU୫,୲መ୲መ
ሺଵ଴ሻ ൅ t̂ଶ଴t଴U୫,୲መத

ሺଵ଴ሻ ൅ t̂ଵ଴tଵ଴U୫,୲መத
ሺଵ଴ሻ ൅ t̂ଶ଴U୫,୲መ

ሺଵଵሻ … ቅ

൅
1

2
ሺtଵ଴ሻ

ଶU୫,୲መ୲መ
ሺଵଵሻ

൅ t̂ଵଵU୫,୲መ
ሺଶ଴ሻ

൅ tଵ଴U୫,த
ሺଶ଴ሻ

൅ t̂ଵ଴t଴U୫,୲መத
ሺଶ଴ሻ

൅ ଵ଴U୫,୲መݐ̂
ሺଶଵሻ

൅ t̂଴ଵ൫U୫
ሺଷ଴ሻ൅Uଷ୫

ሺଷ଴ሻ൯
୲መ
൅ ଴൫U୫ݐ

ሺଷ଴ሻ൅Uଷ୫
ሺଷ଴ሻ൯

,த
൅ ⋯ ൨ ߬ ݐܽ  ൌ 0        ሺ4.89ሻ 

Therefore,  

 Uୟ ൌ 2ϵൣU୫
ሺଵ଴ሻ ൅ δt଴U୫,த

ሺଵ଴ሻ ൅ ⋯ ൧ ൅ 2ϵଶൣU୫
ሺଶ଴ሻ ൅ δtଵ଴U୫,த

ሺଵ଴ሻ ൅ ⋯ ൧ ൅ 2ϵଷ ቂ൫U୫
ሺଷ଴ሻ൅Uଷ୫

ሺଷ଴ሻ൯ ൅ δtଶ଴U୫,த
ሺଵ଴ሻ ൅

δt̂ଶ଴U୫,୲መ
ሺଵଵሻ ൅ δtଵ଴U୫,த

ሺଶ଴ሻ ൅ δt଴൫U୫
ሺଷ଴ሻ൅Uଷ୫

ሺଷ଴ሻ൯
,த
൅ ⋯ ቃ at τ ൌ 0                                        ሺ4.90ሻ   

In what follows, simplifications of the terms in (4.89)‐(4.90) are carried out to obtain the following 

    U୫
ሺଵ଴ሻሺt̂଴, 0ሻ ൌ 2BU୫,த

ሺଵ଴ሻሺt̂଴, 0ሻ ൌ െB                                            ሺ4.91ሻ    

U୫
ሺଶ଴ሻሺt̂଴, 0ሻ ൌ െ⍺ସሺ0ሻ ൅

୰బሺ଴ሻ

஘మ
൅

୰భሺ଴ሻ

ଷ஘మ
ൌ

ି୰భሺ଴ሻ

ଷ஘మ
൅

୰బሺ଴ሻ

஘మ
൅

୰బሺ଴ሻ

஘మ
െ

୰భሺ଴ሻ

஘మ
ൌ 2 ቂ

ି୰భሺ଴ሻ

ଷ஘మ
൅

୰బሺ଴ሻ

஘మ
ቃ ൌ 2 ቂ

⍺୆మ

ଷ஘మ
െ

ଷ⍺୆మ

஘మ
ቃ ൌ

ିଵ଺⍺୆మ

ଷ஘మ
                                                                                                                    ሺ4.92ሻ            

 

 U୫
ሺଷ଴ሻ ቀ

π

θ
, 0ቁ ൌ

135Bଷβ

8θଶ
ቈ1 ൅

8θଶ

135
൜൬
⍺

β
൰ S଴ ൬

1

φሺ2θ ൅ φሻ
െ

1

φሺ2θ െ φሻ
൰ cos ቀ

φπ

θ
ቁൠ

൅
2

3θଶ
ቆ
⍺ଶ

β
ቇ .

8θଶ

135β
ሺ3kଷ െ kସሻ቉ ൌ

135Bଷβ

8θଶ
ሺ1 ൅ Aଷଵሻ        ሺ4.93ሻ 

where,  

 Aଷଵ ൌ ቈ1 ൅
8θଶ

135
൜൬
⍺

β
൰ S଴ ൬

1

φሺ2θ ൅ φሻ
െ

1

φሺ2θ െ φሻ
൰ cos ቀ

φπ

θ
ቁൠ ൅

2

3θଶ
ቆ
⍺ଶ

β
ቇ .

8θଶ

135β
ሺ3kଷ െ kସሻ቉ 

S଴ ൌ ൬
⍺

φଶെθଶ
െ

⍺

4ሺφଶെ4θଶሻ
െ

3⍺

4φଶ
൰ , kଷ ൌ ൬

10

3θଶ
െ

1

ሺφଶ െ θଶሻ
൰ 

    kସ ൌ ቀ
ଶ

ଷ஘మ
െ

ଵ

ሺ஦మି஘మሻ
൅

଼

ଷ஘⍺
ቁ , kହ ൌ ቀ

ଵ

ଷ஘మ
൅

ଵ

ସሺ஦మି஘మሻ
ቁ 

Similarly,  

     Uଷ୫
ሺଷ଴ሻ ൌ െBଷβ ቀAଷଶ ൅ ቀ

⍺

ஒ
ቁ S଴Aଷଷቁ                                             ሺ4.94ሻ 

where,  
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Aଷଶ ൌ

ۏ
ێ
ێ
ێ
ێ
ଵହۍ
ଵ଺
൭1 െ

ଵ଺
⍺మ

ಊ
୩భభ

ଵହ
൱ ሺ1 ൅ cosΩt̂଴ሻ

Ωଶ െ θଶ
൅

ଷ

଼
ሺ1 െ kଵଶሻሺ1 െ cosΩt̂଴ሻ

Ωଶ െ 4θଶ
൅
ሺ1 െ kଵଷሻሺ1 ൅ cosΩt̂଴ሻ

16ሺΩଶ െ 9θଶሻ

ے
ۑ
ۑ
ۑ
ۑ
ې

 

and 

Aଷଷ ൌ ቂ
ଵାୡ୭ୱஐ୲መబ

ஐమିሺ஦ା஘ሻమ
െ

ଵାୡ୭ୱஐ୲መబ

ஐమିሺ஦ି஘ሻమ
ቃ  , kଵଶ ൌ ቂെ

ସ

ଷ
ቀ
⍺మ

ஒ
ቁ ቀ

ଵ

஦మି஘మ
ቁቃ,   kଵଷ ൌ ቂ2 ቀ

⍺మ

ஒ
ቁ ቀ

ଵ

஦మିସ஘మ
ቁቃ   

    U୫,த
ሺଶ଴ሻ ቀ

஠

஘
, 0ቁ ൌ െ⍺ସ

ᇱ ሺ0ሻ ൅
୰బ
ᇲ ሺ଴ሻ

஘మ
െ

୰భ
ᇲ ሺ଴ሻ

ଷ஘మ
                                    ሺ4.95ሻ   

From (4.24h),     

⍺ସ
ᇱ ሺ0ሻ ൌ െ⍺ଵሺ0ሻ ൅

ଵ

ଶ஘
ሾ⍺Bβଶሺ0ሻ െ 2θଶωଵ

ᇱ ሺ0ሻβଶሺ0ሻ െ ωଵ
ᇱᇱሺ0ሻθ⍺ଵሺ0ሻ െ 2ωଵ

ᇱ ሺ0ሻ⍺ଵθሿ⍺ଵሺ0ሻ ൌ
ିଵଷ⍺୆మ

ଷ஘మ
൅

ସ୆మ 

஘
                                                                                                                        (4.96) 

U୫,த
ሺଶ଴ሻ ቀ

π

θ
, 0ቁ ൌ ቆ

13⍺Bଶ

3θଶ
െ
4Bଶ

θ
ቇ ൅

r଴
ᇱ ሺ0ሻ

θଶ
െ
rଵ
ᇱ ሺ0ሻ

3θଶ
ൌ ቆ

13⍺Bଶ

3θଶ
െ
4Bଶ

θ
ቇ ൅

2⍺Bଶ

θଶ
െ
2⍺Bଶ

3θଶ
ൌ
17⍺Bଶ

3θଶ
െ
4Bଶ

θ

ൌ Bଶ ൬
17⍺

3θଶ
െ
4

θ
൰                                                          ሺ4.97ሻ 

Also, 

߱ଶ
ᇱᇱ ൌ െ

ଵ

ଶఏమ
቎
൫ఠభ

ᇲ ൯
మ
ఏమ

ఈభ
൅

ଶఠభ
ᇲ ఏమ

ఈభ
െ ߙ2 ቆ

௥బ

ఏమ
െ

௥భ

଺ఏమ
൅ 3 ቀ

ఈర

ఈభ
ቁቇ െ ቐ

ቆ
ഀభ
మ

మ
ା஻మቇ

ఝమ
൅

ఈభ
మఈమ

ସሺఝమିସఏమሻ
ቑ െ

ସହఉ

ସ
ቀ
ఈభ
మ

ସ
൅

  ଶቁ቏                                                                                                                   ሺ4.98ሻܤ

∴ ߱ଶ
ᇱᇱሺ0ሻ ൌ െ

1

ଶߠ2
቎
ଶߠ ቄߙଵ

ᇱ ሺ0ሻ൫߱ଵ
ᇱ ሺ0ሻ൯

ଶ
െ ଵ߱ଵߙ2

ᇱᇱሺ0ሻ߱ଵ
ᇱ ሺ0ሻቅ

ଵߙ
ଶሺ0ሻ

൅ ଵߙଶ൛ߠ2
ᇱ ሺ0ሻ൫߱ଵ

ᇱ ሺ0ሻߙସሺ0ሻ൯ െ ଵሺ0ሻ൫߱ଵߙ
ᇱᇱሺ0ሻߙସሺ0ሻ ൅ ߱ଵ

ᇱ ሺ0ሻߙସ
ᇱ ሺ0ሻ൯ൟ

െ ߙ2 ൭
଴ሺ0ሻݎ

ଶߠ
െ
ଵݎ
ᇱሺ0ሻ

ଶߠ6
൅ ܤ ቆ

ସߙଵሺ0ሻߙ
ᇱ ሺ0ሻ െ ଵߙସሺ0ሻߙ

ᇱ ሺ0ሻ

ଵߙ
ଶሺ0ሻ

ቇ൱

െ ቊ
ଵߙ
ᇱ ሺ0ሻߙଵሺ0ሻߙ

ଶ

߮ଶ
൅
ଵߙଵሺ0ሻߙଶߙ

ᇱ ሺ0ሻ

4ሺ߮ଶ െ ଶሻߠ4
െ
ߚ45

4
ቆ
ଵߙଵሺ0ሻߙ

ᇱ ሺ0ሻ

2
ቇቋ൩ 

ൌ െ
1

ଶߠ2
቎ߠଶ ቊ

ଷܤ

ଶܤସߠ
ቋ ൅ ଶߠ2 ቊ

ଶܤ

ଶߠ
.
ଶܤߙ8

ଶߠ3
൅ ܤ ൬

ܤ

ଶߠ
. ଶܵହଵ൰ቋܤ

െ ߙ2 ቐ
ଶܤߙ2

ଶߠ
െ
ଶܤߙ2

ଶߠ6
൅ ቌܤ

െܤ.ܤଶܵହଵ െ
଼ఈ஻య

ଷఏమ

ଶܤ
ቍቑ െ ቊߙଶ ቆ

െܤଶ

߮ଶ
ቇ ൅

ሻܤሺെܤଶߙ

2ሺ߮ଶ െ ଶሻߠ4
ቋ

െ
ଶሻܤሺെߚ45

8
቏ 

ൌ െ
1

ଶߠ2
ቈ
ܤ

ଶߠ
൅ 2 ቊ

ߙସܤ

ଶߠ3
൅ ସܵହଵቋܤ െ ଶߙ2 ቊ

ଶܤ5

ଶߠ3
െ ଶܤ ൬

ܵହଵ
ߙ
൅

8

ଶߠ3
൰ቋ ൅ ଶܤଶߙ ൬

1

߮ଶ
െ

1

2ሺ߮ଶ െ ଶሻߠ4
൰

൅
ଶܤߚ45

8
቉                                                                                  ሺ4.99ሻ 

⇒ ߱ଶ
ᇱᇱሺ0ሻ ൌ െ

ଵ

ଶఏమ
ቂ
஻

ఏమ
െ ଶܤଶߙ2 ቄ

ହ

ଷఏమ
െ ቀ

ௌఱభ

ఈ
൅

଼

ଷఏమ
ቁቅ ൅ ଶܤଶߙ ቀ

ଵ

ఝమ
െ

ଵ

ଶሺఝమିସఏమሻ
ቁ ൅

ସହఉ஻మ

଼
൅ ߙସܤ2 ቀ

ଵ

ଷఏమ
൅

ௌఱభ

ఈ
ቁቃ                                                                                                                                     ሺ4.100ሻ   

        
Similarly,    

ܷ௠,ఛ
ሺଷ଴ሻ ቀ

గ

ఏ
, 0ቁ ൌ െܤଷܵ଺ହ ൅

஻యௌమబ

ఏమ
൅

஻యௌమబ

ఏమ
൅

஻యௌమభ

ଷఏమ
൅

ଶ⍺஻యௌబ

ఏమ
ݏ݋ܿ ቀ

ఝగ

ఏ
ቁ ቂ

ଵ

ሺଶఏିఝሻ
െ

ଵ

ሺଶఏାఝሻ
ቃ  
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⇒ ܷ௠,ఛ
ሺଷ଴ሻ ቀ

ߨ

ߠ
, 0ቁ ൌ ଷܵ଺ହܤ ൅

ଷܵଶ଴ܤ
ଶߠ

൅
ଷܵଶ଴ܤ
ଶߠ

൅
ଷܵଶଵܤ
ଶߠ3

൅
2⍺ܤଷܵ଴
ଶߠ

ݏ݋ܿ ቀ
ߨ߮

ߠ
ቁ ൤

1

ሺ2ߠ െ ߮ሻ
െ

1

ሺ2ߠ ൅ ߮ሻ
൨                              ሺ4.101ሻ 

  
where,                                                              

 ܵ଺ହ ൌ െܵ଺ସ ൅
ܵଶ଴
ଶߠ

൅
ܵଶଵ
ଶߠ3

൅
2⍺ܵ଴
ଶߠ

ݏ݋ܿ ቀ
ߨ߮

ߠ
ቁ ൤

1

ሺ2ߠ െ ߮ሻ
െ

1

ሺ2ߠ ൅ ߮ሻ
൨ 

where,  

ܵ଺ସ ൌ ܵ଺ଶ െ ܵ଺ଷ,   ܵ଺ଶ ൌ െ
1

ଶߠ2
ቈ
ଶߙ6

ଷߠ
െ ସଽܵߠ2 ൅

ଶߙ

ଷߠ3
െ
ଶ߱ߠ

ᇱᇱሺ0ሻ

ଶܤ
቉  , ݄ଵሺ0ሻ ൌ     ,ଷܵ଺ଶܤ

ܵ଺ଷ ൌ ൬
െܵଷ
ଶߠ

൅
ܵସ
ଶߠ3

൅
ܵହ
ଶߠ8

൅
଴ܵߙ

ሺ߮ሺ2ߠ െ ߮ሻ
൰ 

Also,  

ܷଷ௠,ఛ
ሺଷ଴ሻ ൌ ⍺ଵଵ

ᇱ ሺ0ሻܿݏ݋Ω̂ݐ଴ ൅ ଵଵߚ
ᇱ ሺ0ሻ݊݅ݏΩ̂ݐ଴ ൅

ଶଶݎ
ᇱ ሺ0ሻܿݐ̂ߠݏ݋଴
Ωଶെߠଶ

൅
ଶଷݎ
ᇱ ሺ0ሻܿݐ̂ߠ2ݏ݋଴
Ωଶെ4ߠଶ

൅
ଶସݎ
ᇱ ሺ0ሻܿݐ̂ߠ3ݏ݋଴
Ωଶെ9ߠଶ

൅
ଶହݎ
ᇱ ሺ0ሻܿݏ݋ሺ߮ ൅ ଴ݐሻ̂ߠ ൅ ଶ଺ݎ

ᇱ ሺ0ሻ݊݅ݏሺ߮ ൅ ଴ݐሻ̂ߠ
Ωଶ െ ሺ߮ ൅ ሻଶߠ

൅
ଶ଻ݎ
ᇱ ሺ0ሻܿݏ݋ሺ߮ െ ଴ݐሻ̂ߠ ൅ ଶ଼ݎ

ᇱ ሺ0ሻ݊݅ݏሺ߮ െ ଴ݐሻ̂ߠ
Ωଶ െ ሺ߮ െ ሻଶߠ

                        ሺ4.102ሻ    

                

⍺ଵଵ
ᇱ ሺ0ሻ ൌ  ݄଺ሺ0ሻ െ ⍺ଵଵሺ0ሻ ൌ

⍺ܤଷܵସଷ
4Ω

െ ଷܵସ଼ܤ ൌ ܤ 
ଷܵ଺଺, ܵ଺଺ ൌ

⍺ܵସଷ
4Ω

െ ܵସ଼ 

Similarly,  ߚଵଵ
ᇱ ሺ0ሻ ൌ ݄ହሺ0ሻ െ ଵଵሺ0ሻߚ ൌ  െߚଵଵሺ0ሻ ൌ ହሺ0ሻ݄ ݁ܿ݊݅ݏ 0 ൌ 0       

∴    ܷଷ௠,ఛ
ሺଷ଴ሻ ቀ

ߨ

ߠ
, 0ቁ ൌ Ωݏ݋ଷܵ଺଺ܿܤ ቀ

ߨ

ߠ
ቁ െ

ଷܤ ଵܵ଻

Ωଶെߠଶ
൅

ଷܤ ଵ଼ܵ

Ωଶെ4ߠଶ
െ

ଷܤ ଵܵଽ

Ωଶെ9ߠଶ
െ
2⍺ܤଷܵ଴ܿݏ݋ ቀ

ఝగ

ఏ
ቁ

Ωଶ െ ሺ߮ ൅ ሻଶߠ

െ
2⍺ܤଷܵ଴ܿݏ݋ ቀ

ఝగ

ఏ
ቁ

Ωଶ െ ሺ߮ െ ሻଶߠ
 

i.e, 

      ܷଷ௠,ఛ
ሺଷ଴ሻ ቀ

గ

ఏ
, 0ቁ ൌ  ଷܵ଺଻                                                                                ሺ4.103ሻܤ

where, 

ܵ଺଻ ൌ ܵ଺଺ܿݏ݋Ω ቀ
ߨ

ߠ
ቁ െ

ଵܵ଻

Ωଶെߠଶ
൅

ଵ଼ܵ

Ωଶെ4ߠଶ
െ

ଵܵଽ

Ωଶെ9ߠଶ

െ 2⍺ܵ଴ܿݏ݋ ቀ
ߨ߮

ߠ
ቁ ൤

1

Ωଶ െ ሺ߮ ൅ ሻଶߠ
െ

1

Ωଶ െ ሺ߮ െ ሻଶߠ
൨ 

Therefore, the maximum displacement is 

ܷ௔ ቀ
గ

ఏ
, 0ቁ ൌ 2߳ሾ2ܤ െ ߜܤ଴ݐ ൅⋯ሿ ൅ 2߳ଶ ቂ

ିଵ଺⍺஻మ

ଷఏమ
െ

௧బ஻ሺି஻ሻఋ

ఏమ
൅ ⋯ ቃ ൅ 2߳ଷ ቂ

ଵଷହ஻యఉሺଵା஺యభሻ

଼ఏమ
െ ߚଷܤ ቀܣଷଶ ൅

⍺

ఉ
ܵ଴ܣଷଷቁቃ ൅ ߜ ቂെݐଶ଴ܤ െ ܤଶ଴ݐ̂ ൅ ܤଵ଴ݐ

ଶ ቀ
ଵ଻⍺

ଷఏమ
െ

ସ

ఏమ
ቁ ൅ ܤ଴ݐ

ଶሺܵ଺ହ ൅ ܵ଺଻ሻ ൅ ⋯ ቃ         ሺ4.104ሻ      

i.e, 

 ܷ௔ ቀ
ߨ

ߠ
, 0ቁ ൌ ቎4߳ܤ ൬1 െ

ߜ଴ݐ

2
൰ െ

32⍺ܤଶ߳ଶ

ଶߠ3
൬1 െ

଴ݐߜ3
16⍺

൅⋯൰

൅
ሺ1ߚ135 ൅ ܤଷଵሻܣ

ଷ߳ଷ

ଶߠ4
ቐ1 െ

ଶߠ8 ቀܣଷଶ ൅
⍺

ఉ
ܵ଴ܣଷଷቁ

135ሺ1 ൅ ଷଵሻܣ
ቑ

൅
ଶߠߜ8

ሺ1ߚ135 ൅ ଷଵሻܣ
ቊ
െݐଶ଴
ଶܤ

െ
ଶ଴ݐ̂
ଶܤ

൅
ଵ଴ݐ
ܤ
൬
17⍺

ଶߠ3
െ
4

ߠ
൰ ൅ ଴ሺܵ଺ହݐ ൅ ܵ଺଻ሻቋ቏  ሺ4.105ሻ 

A further simplification of (4.105) yields 

ܷ௔ ቀ
గ

ఏ
, 0ቁ ≡  ܷ௔ ൌ ଵܦ߳ܤ4 െ

ଷଶ⍺஻మ஽మఢ
మ

ଷఏమ
൅

ଵଷହఉሺଵା஺యభሻ஻
యఢయ

ସఏమ
ሾܦଷ ൅ ସሿܦ ൅ ⋯                        ሺ4.106ሻ   

 where , 
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ଵܦ ൌ 1 െ
ߜ଴ݐ

2
, ଶܦ ൌ 1 െ

ߜ଴ݐ3

16⍺
, ଷܦ ൌ 1 െ

ଶߠ8 ቀܣଷଶ ൅
⍺

ఉ
ܵ଴ܣଷଷቁ

135ሺ1 ൅ ଷଵሻܣ
 

ସܦ ൌ
ଶߠߜ8

ሺ1ߚ135 ൅ ଷଵሻܣ
ቊ
െݐଶ଴
ଶܤ

െ
ଶ଴ݐ̂
ଶܤ

൅
ଵ଴ݐ
ܤ
൬
17⍺

ଶߠ3
െ
4

ߠ
൰ ൅ ଴ሺܵ଺ହݐ ൅ ܵ଺଻ሻቋ 

Equation (4.106) can be rewritten as  

 ܷ௔ ൌ ଵܦ߳ܤ4 െ
32⍺ܤଶܦଶ߳

ଶ

ଶߠ3
൅
ሺ1ߚ135 ൅ ܤଷଵሻܣ

ଷܦଷ߳
ଷ

ଶߠ4
൤1 ൅

ସܦ
ଷܦ
൨ ൅ ⋯    ሺ4.107ሻ 

Equation (4.107) can further be rewritten as, 
     ܷ௔ ൌ ߳ܿଵ ൅ ߳ଶܿଶ ൅ ߳ଶܿଷ ൅ ⋯                                                             ሺ4.108aሻ 
where,  

  ܿଵ ൌ , ଵܦܤ4 ܿଶ ൌ െ
ଷଶ⍺஻మ஽మ

ଷఏమ
,  ܿଷ ൌ

ଵଷହఉሺଵା஺యభሻ஻
య஽య

ସఏమ
ቀ1 ൅

஽ర

஽య
ቁ ൌ

ଵଷହఉሺଵା஺యభሻ஻
య஽యሺଵା஽ఱሻ

ସఏమ
 

where,   ܦହ ൌ ቀ
஽ర

஽య
ቁ 

To reverse the series (4.108a) as in Ette (2007), we have 
  ߳ ൌ ݀ଵܷ௔ ൅ ݀ଶܷ௔

ଶ ൅ ݀ଷܷ௔
ଷ ൅⋯                                                                     ሺ4.108bሻ   

By substituting for ܷ௔ in (4.108b) and equating the coefficients of powers of ϵ, (4.108b) becomes   
߳ ൌ ݀ଵሺ߳ܿଵ ൅ ߳ଶܿଶ ൅ ߳ଶܿଷ ൅ ⋯ሻ ൅ ݀ଶሺ߳ܿଵ ൅ ߳ଶܿଶ ൅ ߳ଷܿଷ ൅ ⋯ሻଶ ൅ ݀ଷሺ߳ܿଵ ൅ ߳ଶܿଶ ൅ ߳ଷܿଷ ൅
⋯ሻଷ                                                                                                                                    ሺ4.109a) 

ܱሺ߳ሻ: 1 ൌ ݀ଵܿଵ 

  ∴  ݀ଵ ൌ
ଵ

௖భ
                  

ܱሺ߳ଶሻ: 0 ൌ ݀ଵܿଵ ൅ ݀ଶܿଵ
ଶ 

  ∴  ݀ଶ ൌ
ௗభ௖మ

௖భ
మ ൌ െ

௖మ

௖భ
య                 

ܱሺ߳ଷሻ: 0 ൌ ݀ଵܿଷ ൅ 2݀ଶܿଵܿଶ ൅ ݀ଷܿଵ
ଷ 

  ∴ ݀ଷ ൌ
ିሺௗభ௖యାଶௗమ௖భ௖మሻ

௖భ
య ൌ

ଶ௖మ
మି௖భ௖య

௖భ
ఱ              

             
4.3   The Dynamic Buckling Load, ࡰࣅ of the Column 

As in (3.1), the dynamic buckling load ߣ஽ is now obtained from the maximization, 
ௗఒ

ௗ௎ೌ
ൌ 0. This is easily 

done from (4.108a) to  yield,   
݀߳

݀ ௔ܷ
ൌ ൬

݀߳

ߣ݀
.
ߣ݀

ܷ݀௔஽
൰ ൌ 0 

    ∴  ݀ଵ ൅ 2ܷ௔஽݀ଶ ൅ 3݀ଷܷ௔஽
ଶ ൌ 0                                                           ሺ4.110ሻ 

       
Where, ܷ௔஽ is the value of ܷ௔ at buckling and solving (4.110) yields,  

    ܷ௔஽ ൌ
ଵ

ଷௗయ
ቄെ݀ଶ േ ሺ݀ଶ

ଶ െ 3݀ଵ݀ଷሻ
భ

మቅ                                             ሺ4.111ሻ   

 The negative root sign in (4.111) is considered because the positive root sign is of no physical 
significance. Therefore, 

    ܷ௔஽ ൌ
ଵ

ଷௗయ
ቄെ݀ଶ െ ሺ݀ଶ

ଶ െ 3݀ଵ݀ଷሻ
భ

మቅ                                            ሺ4.112ሻ   

Further simplification of (4.112) yields 

ܷ௔஽ ൌ
1

ି௖య

௖భ
ర ቀ1 െ

ଶ௖మ
మ

௖భ௖య
ቁ

ۏ
ێ
ێ
ێ
ۍ

െඨ
3ܿଷ

ܿଵ
ହ ቆ1 െ

5ܿଶ
ଶ

3ܿଵܿଷ
ቇ

ە
ۖ
۔

ۖ
ۓ

ە
ۖ
۔

ۖ
ۓ

1 െ
ܿଶ

ඥ3ܿଵܿଷ ቀ1 െ
ହ௖మ

మ

ଷ௖భ௖య
ቁ

భ

మ

ۙ
ۖ
ۘ

ۖ
ۗ

ۙ
ۖ
ۘ

ۖ
ۗ

ے
ۑ
ۑ
ۑ
ې

       ሺ4.113ሻ 

                                                                            
i.e, 

ܷ௔஽ ൌ ඨ
ܿଵ
ଷ

3ܿଷ

ۏ
ێ
ێ
ێ
ێ
ۍ

ඨቆ1 െ
5ܿଶ

ଶ

3ܿଵܿଷ
ቇ

ە
ۖ
۔

ۖ
ۓ
1 െ

௖మ

ඥଷ௖భ௖యቆଵି
ఱ೎మ
మ

య೎భ೎య
ቇ

భ
మ

ଶ௖మ
మ

௖భ௖య

ۙ
ۖ
ۘ

ۖ
ۗ

ے
ۑ
ۑ
ۑ
ۑ
ې

                                             ሺ4.114ሻ 

But,  
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ට
௖భ
య

ଷ௖య
ൌ

ଵ

√ଷ
൝

ሼସ஻஽భሽ
య

య൛భయఱഁሺభశಲయభሻಳ
యವయሺభశವఱሻൟ

రഇమ

ൡ

భ

మ

ൌ
ଵ

√ଷ
ቄ

଺ସ஻య஽భ
య.ସఏమ

ସ଴ହఉ஻య஽యሺଵା஽ఱሻሺଵା஺యభሻ
ቅ

భ

మ
ൌ

ଵ଺ఏ஽భ

య
మ

ଽඥଵହఉ஽య ሺଵା஽ఱሻሺଵା஺యభሻ
ൌ

ଵ଺ఏ

ଽඥଵହఉ ሺଵା஽ఱሻሺଵା஺యభሻ
൭
஽భ

య
మ

஽య

భ
మ

൱ ൌ
ଵ଺ఏ஽ల

ଽඥଵହఉ
ൌ

ଵ଺ఏ஽ల

ଽ√ଵହఉ
భ
మ

                                                                 ሺ1.115ሻ   

                      

where,   ଺ܦ ൌ
ቆ
ವభ
య

ವయ
ቇ

భ
మ

ඥሺଵା஽ఱሻሺଵା஺యభሻ
 

Further simplification of terms in (4.114) yields 

    ܷ௔஽ ൌ
ଵ଺ఏ஽ల

ଽ√ଵହఉ
భ
మ

ቈܦ଻

భ

మ ቄ
ଵି஽ఴ

஽వ
ቅ቉ ൌ

ଵ଺ఏ஽ల஽భబ

ଽ√ଵହఉ
భ
మ

                                            ሺ4.116ሻ 

where, 

    ଻ܦ ൌ 1 െ
ହ௖మ

మ

ଷ௖భ௖య
ൌ ൥1 ൅

ଵ଴ଶସ൬
ഀమ

ഁ
൰஽మ

మ

଻ଶଽఏమ஽భ஽యሺଵା஽ఱሻሺଵା஺యభሻ
൩ 

଼ܦ ൌ 1 െ
ܿଶ

ඥ3ܿଵܿଷ ቀ1 െ
ହ௖మ

మ

ଷ௖భ௖య
ቁ

భ

మ

ൌ 1 ൅

32ቆ
ఈ

ఉ
భ
మ

ቇܦଶ

଻ሺ1ܦଷܦଵܦඥߠ5√27 ൅ ହሻሺ1ܦ ൅ ଷଵሻܣ
 

  ଽܦ ൌ ቀ1 െ
ଶ௖మ

మ

௖భ௖య
ቁ ൌ 1 െ

ଶ଴ସ଼஽మ
మ൬
ഀమ

ഁ
൰

ଵଶଵହఏమ஽భ஽యሺଵା஺యభሻሺଵା஽ఱሻ
 

 

Writing,  ܦଵ଴ ൌ ቈܦ଻

భ

మ ቄ
ଵି஽ఴ

஽వ
ቅ቉, (4.116) becomes, ܷ௔஽ ൌ

ଵ଺ఏ஽ల஽భబ

ଽ√ଵହఉ
భ
మ

        

     
To determine the dynamic buckling load, ߣ஽,  (4.108a) is evaluated at buckling to get, 
    ߳ ൌ ݀ଵܷ௔஽൅݀ଶܷ௔஽

ଶ ൅ ݀ଷܷ௔஽
ଷ ൅⋯                                                       ሺ4.117ሻ 

Multiplying equation (4.117) by 3, the following is obtained 
3߳ ൌ 3݀ଵܷ௔஽൅3݀ଶܷ௔஽

ଶ ൅ 3݀ଷܷ௔஽
ଷ ൅ ⋯ ൌ  3ሺ݀ଵܷ௔஽൅݀ଶܷ௔஽

ଶ ሻ ൅ ܷ௔஽ሺ3݀ଷܷ௔஽
ଶ ሻ ൅⋯ሺ4.118ሻ   

But from (4.110),  
    3݀ଷܷ௔஽

ଶ ൌ െ݀ଵ െ 2݀ଶܷ௔஽                                                                     ሺ4.118ሻ 
Substituting (4.118) for  3݀ଷܷ௔஽

ଶ  in (4.117) yields,  

3߳ ൌ 3ሺ݀ଵܷ௔஽൅݀ଶܷ௔஽
ଶ ൅ ܷ௔஽ ൅⋯ ൌ 2݀ଵܷ௔஽ ൅ ݀ଶܷ௔஽

ଶ ൌ 2݀ଵܷ௔஽ ቀ1 ൅
ௗమ௎ೌವ

ଶௗభ
ቁ        ሺ4.119ሻ   

On substituting for ݀ଵ, ݀ଶ in equation (4.119), the following is obtained 

    3߳ ൌ
ଶ

௖భ
ܷ௔஽ ቀ1 െ

௖మ௎ೌವ

ଶ௖భ
మ ቁ                                                                         ሺ4.120ሻ   

On substituting for ܿଵ, ܿଶ ܽ݊݀ ܷ௔஽ in equation (4.120), the following is obtained      

3߳ ൌ

ଶቌ
భలഇವలವభబ

వ√భఱഁ
భ
మ

ቍ

ସ஻஽భ
൥1 െ

൬
షయమഀಳమವమ

యഇమ
൰

ଶሺସ஻஽భሻమ
ቊ
ଵ଺ఏ஽ల஽భబ

ଽ√ଵହఉ
భ
మ

ቋ൩ ൌ
଼ఏ஽ల஽భబ

ଽ√ଵହ஽భఉ
భ
మ஻

ቈ1 ൅ ቀ
ఈ஽మ

ሺ஽భఏሻమ
ቁ ቆ

ଵ଺ఏ஽ల஽భబ

ଽ√ଵହఉ
భ
మ

ቇ቉ ൌ
଼ఏ஽ల஽భబ

ଽ√ଵହ஽భఉ
భ
మ஻

ۏ
ێ
ێ
ێ
ۍ

1 ൅

ଵ଺ቌ
ഀ

ഁ
భ
మ

ቍ஽మ஽ల஽భబ

ଶ଻√ଵହ஽భ
మఏ

቏
                                                                                                                           ሺ4.121ሻ              

⇒  3߳ ൌ
8ሺ16݉ସ െ ஽݉ߣ8

ଶ ൅ 1ሻ
భ

మܦ଺ܦଵ଴ሺ16݉
ସ െ ஽݉ߣ8

ଶ ൅ 1ሻ

ߚଵܦ15√9
భ

మ. ஽݉ߣ8
ଶܽ௠തതതത

ۏ
ێ
ێ
ێ
ۍ

1 ൅

16 ቆ
ఈ

ఉ
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మ

ቇܦଶܦ଺ܦଵ଴

ଵܦ15√27
ଶߠ

ے
ۑ
ۑ
ۑ
ې

 

i.e, 

3߳ ൌ
ሺ16݉ସ െ ஽݉ߣ8

ଶ ൅ 1ሻ
య

మܦ଺ܦଵ଴
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భ
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ێ
ێ
ۍ

1 ൅
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ఈ
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ଵܦ15√27
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∴   ሺ16݉ସ െ ஽݉ߣ8
ଶ ൅ 1ሻ

య

మ ൌ ݉ ஽߳ሻߣଵሺܦ15√27
ଶܽ௠തതതത

ۏ
ێ
ێ
ێ
ۍ

1 ൅

ଵ଺ቌ
ഀ

ഁ
ቀ
భ
మቁ
ቍ஽మ஽ల஽భబ

ଶ଻√ଵହ஽భ
మఏሺఒವሻ

ے
ۑ
ۑ
ۑ
ې
ିଵ

            ሺ4.122ሻ 

                                                     
       
A simple computer programme, written on Q‐basic, gives the values of the dynamic buckling loads, λ஽, 
at different values of  ߳ and ߜ using equation (4.122). 
 
Table 1: Relationship between the Dynamic Buckling Load and the Imperfection Parameters for 
different values of damping factors, using equation (4.122). 

 ഥ૚ࣕࢇ  for  δ = 0  ࡰࣅ
 

for  δ  ࡰࣅ = 0.01
 

ࡰࣅ  for  δ = 0.03
 

0.01  1.87913  1.87789 1.87548

0.02  1.81858  1.81736 1.81496

0.03  1.77694  1.77571 1.77332

0.04  1.74427  1.74306 1.74068

0.05  1.71702  1.71582 1.71345

0.06  1.69344  1.69225 1.68989

0.07  1.67257  1.67138 1.66903

0.08  1.65376  1.65257 1.65023

0.09  1.63659  1.63541 1.63307

0.1  1.62076  1.61959 1.61726

 
 

 
 
Figure 1: Relationship between the Dynamic Buckling Load and the Imperfection Parameters for 
different values of damping factors, using equation (4.122). 
 
 
 
 
Table 2: Relationship between the Dynamic Buckling Load and the damping factors for different 
values of Imperfection Parameters, using equation (4.122).  
 

δ  ૚ࣕࢇ ࢘࢕ࢌࡰࣅ ൌ ૙. ૙૚   ࢘࢕ࢌࡰࣅ ૚ࣕࢇ ൌ ૙. ૙૜ ࢘࢕ࢌࡰࣅ ૚ࣕࢇ ൌ ૙. ૙૞

0.01  1.87789  1.87789 1.87789
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0.02  1.87667  1.87667 1.87667

0.03  1.87548  1.87548 1.87548

0.04  1.87431  1.87431 1.87431

0.05  1.87316  1.87316 1.87316

0.06  1.87204  1.87204 1.87204

0.07  1.87093  1.87093 1.87093

0.08  1.86985  1.86985 1.86985

0.09  1.86878  1.86878 1.86878

0.1  1.86773  1.86773 1.86773

 
 

 
 
Figure 2: Relationship between the Dynamic Buckling Load and the damping factors for different 
values of Imperfection Parameters, using equation (4.122). 
 

4.4   Analysis of the Result  
The analysis of the result of the simple elastic model column structure trapped by a step load and lying 
on  a  quadratic‐cubic  foundation  is  hereby  presented.    The  dynamic  buckling  load  decreases  with 
increased  imperfection amplitudeas  can be clearly  seen  in Table 1 and Figure 1. This  is equivalent  to 
saying that, the nearer the structure  is to a perfect nature, the more stable  it  is for a step  load. In the 
same token, it can be clearly observed that there is decrease in the dynamic buckling load with increase 
in the damping parameters, as can be clearly seen in Table 2 and Figure 2. 
 

5.0    Conclusion 
The research discussed the analysis of the dynamic buckling of a clamped finite imperfect 

viscously damped column that is subjected to a step load lying on a quadratic-cubic elastic 
foundation, using the methods of asymptotics and perturbation technique. The formulation of 
the governing equation contains δ and ϵ independent parameters which are used in asymptotic 
expansions of the relevant variables. Through the research, two main conclusions are obtained: 

the dynamic buckling load decreases with increased imperfections，the dynamic buckling load 

decreases with increase in damping.  
The perturbation and asymptotic techniques applied in this work made it possible to change 

ordinary differential equations to partial differential equations. This method turns ordinary 
differential equations into partial differential equations to solve them. This method is not limited 
to the elastic model structure, but can also be used in other structural forms such as cylindrical 
shells, plates, etc. 
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