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ABSTRACT: The analysis of the dynamic buckling of a clamped finite imperfect viscously
damped column lying on a quadratic-cubic elastic foundation using the methods of
asymptotic and perturbation technique is presented. The proposed governing equation
contains two small independent parameters (6 and €) which are used in asymptotic
expansions of the relevant variables. The results of the analysis show that the dynamic
buckling load of column decreases with its imperfections as well as with the increase in
damping. The results obtained are strictly asymptotic and therefore valid as the parameters
6 and € become increasingly small relative to unity.
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1.0 INTRODUCTION

Buckling is a phenomenon associated with failure of column-like structures. Structures on non-linear
elastic foundations are commonly used in engineering applications and occupy a prominent place in
structural mechanics. These structures can also serve as simplified models for complex non-linear
systems such as columns, shells and plates. Globally, collapse of buildings, bridges and other material
structures are issues of concern. Structural failures are forms of material failures which are dangerous in
nature and should be prevented by all cost. Series of investigations and studies have been done by
Engineers and Applied Mathematicians to determine the maximum loads structures can carry before
buckling occurs, yet buckling of elastic structures remain inevitable. Structural elastic materials normally
display certain tendencies of failures and instability when loaded either statically or dynamically and one
of the pre-occupations of the Structural Engineers and Applied Mathematicians is the determination of
the load which a given elastic material can support prior to buckling.

A vast quantum of insights on dynamic stability of elastic structure has been achieved by
subjecting these materials to diverse dynamic loading conditions. These loads include, step loading,
impulsive loading, rectangular loading, triangular loading [1] and even periodic loading [1] and [2]. From
these findings, it has become firmly established that initial imperfections, and to a lesser extent, the



loading duration, are some of the main factors that have been seriously implicated as causative agents
of reduction of the elastic strength of these materials. [3] investigated the dynamic response of columns
under impulsive axial compression. The investigation has been carried out on clamped specimens, made
of metals and composite materials, loaded impulsively by a striking mass. In the theoretical study
Rayleigh-type beam equations were assumed for a geometrically imperfect column of a linear-elastic
anisotropic material, and the numerical solution, yielded buckling behaviour that correlated well with
the experimental results. The results have shown that initial geometrical imperfections, duration of
impulse and effective slenderness have a major influence on the buckling loads, whereas the effect of
the material is secondary. Recent studies on dynamic buckling have been directed principally on
columns, beams, plates, spherical shells and cylindrical shells, and so, extensive literatures (most often
numerical approach), have since come to limelight. In this regard, mention must be made of [4], who
studied some important parameters in dynamic buckling analysis of plated structures subjected to pulse
loading, while [5] equally investigated the buckling of impulsively loaded prismatic cores. In the same
token, [6] studied the dynamic buckling of thin-walled composite plates with varying width-wise
material properties while [7] also investigated interactive dynamic buckling of thin-walled columns. We
now mention [8], who studied the dynamic buckling of thin-walled viscoplastic columns, while [9]
similarly investigated some aspects of dynamic buckling of plates under in-plane pulse compression. A
study on longitudinal step-wise loading was undertaken by [10], while [11] investigated triply coupled
vibrations of axially loaded thin-walled composite beams. An investigation on computational nonlinear
stochastic dynamics was undertaken by [12], while [13] discussed nonlinear stochastic dynamical post
buckling analysis of uncertain cylindrical shells. Similarly, [14] as well as [15], and [16] made excellent
contributions to the dynamics of dynamic buckling. An investigation into the dynamic effect of lateral
buckling of high temperature/high pressure offshore pipeline was carried out by [17. In the same token,
[18] investigated the dynamic buckling and fragmentation in brittle rods, while a study on the vibration
of nonlocal Kelvin-Voight viscoelastic damped Timoshenko beams was undertaken by [19]. The study by
[20] on non-linear analysis of viscoelastic rectangular plates subjected to in-plane compression was
insightful. [21] also investigated the static buckling of infinitely column lying on quadratic-cubic elastic
foundations using asymptotic approach, similarly [22] analyzed the dynamic stability of a simple
quadratic elastic model structure that is pre-statically loaded but trapped by a step load using
asymptotic approach. It is worthy of note the work of [25] in which the static buckling of the same
structure discussed here was studied. The following important works on dynamic buckling analysis using
asymptotic techniques are also worthy of note [26 — 29].

The dynamic buckling load of a viscously damped elastic structure trapped by a step load is a
real life problem and the governing equation is the mathematical generalization of some of the physical
structures encountered in engineering practice. This work aims at investigating, using asymptotic and
perturbation procedures, the dynamic buckling of a viscously damped but clamped finite column lying
on a quadratic-cubic nonlinear foundation. In addition, the effects of light viscous damping as well as
imperfection on the dynamic stability of the structure are discussed.

The dynamic buckling load A, is defined as the maximum load parameter for which the
displacement or solution of the governing equation remains bounded for all time and is obtained from

the maximization [1],

aa
4y (1.1)

where A is the load parameter and U, is the maximum value of the displacement of the column.

2.0 FORMULATION OF THE PROBLEM
The usual dimensional differential equation satisfied by the deflection W (X, T)of the column under
consideration satisfies the following partial differential equation, as in [23] and [24],

o
moWirr + oWy + ElWxyxx +2P(T) Wy + Wiy - koW?- ksW3 = —2P(T1) 2T > 0 (2.2a)

o<X<m (2.2b)
W0 =0=W,(X0 =0,0<X<m (2.3)
W =Wy = 0atX =0, (2.4)



where, m, is the mass per unit length ,c, is the damping coefficient, El is the bending stiffness where, E
and | are the Young’s modulus and | is the moment of inertia respectively.

Here the nonlinear elastic foundation exerts a force per unit length given by

Wk, — k,W? - ksW3 on the column where k;, k, and kzare constants such that k;>0, k,>0 , k3>0.
In this formulation, all nonlinearities higher than cubic are excluded, while all nonlinear derivatives of W
(X,T) are also excluded. Here, W is the stress-free time independent twice-differentiable initial
imperfection displacement and all aspects of axial inertia are neglected.

3.0 PERTURBATION PROCEDURE
To reduce equation (2.2) to (2.4) to non-dimensional form, we adopt the following quantities:

ke L ko L P(T) Iy L _ kgl co ky ,
X = (_)4 Xr w = (_)ZWI )\f(t) = ’ t= (_)ZTl Ew =(_)2Wl 26 = -1, a= I
El . k1 2(E1k1)% Mo k1 (mokl)% ke
kg 3
B =G (3.5a)
Here, we shall assume the following inequalities
0<8<<1, 0<e<<l. (3.5b)

On substituting (3.5a) in (3.2) and simplifying, the following is obtained
.
W ¢t + 200 40 e +2Af (D)0 gt W —00* P00’ = =2e2f () S5 (3.6)

t >0, O<x<m (3.7a)
w(x,0)=0=w; (x0)=0, O<x<m (3.7b)
w=w, =0atx=0,1 (3.7¢)

where, w is the displacement, t is the time variable, 6 is the damping coefficient, a and B are the
imperfection — sensitivity parameters, € is the amplitude of the imperfection, @ is a stress-free time
independent twice-differentiable imperfection and f(t) is a time dependent loading function while A is
the nondimentional amplitude (or magnitude) of the loading.
Here, a subscript following a comma indicates partial differentiation while @ is a twice-differentiable
stress-free imperfection and f(t) is a step load such that,
1, t>0

fo={y ;2o (3.8)
Here, it is assumed that § and € are two small but unrelated parameters that satisfy the inequalities as
in (3.5b). Our ultimate aim is to determine the dynamic buckling load A, which is obtained by using the
maximization (3.1).

Let,
=6t (3.9a)
t=t +§ [wi(D)e + wy(1D)e? + w3 (1)e® + wa(T)e* + -+ (3.9b)
where,
wi(0) =0, i =123, ... (3.10a)
Let,
w(xt)=U(xt,1,€ 6) (3.10b)
From equation (3.10b); we have;
ou 9t ou 9t ot ou 0t
we= G5+ G+ Ged) (3.11)
=U; + (wi€e + whe? + wied + ..U, + 68U, (3.12)

The following also follows:
Wy = Ugs + (wi€ + whe? + wie3+..)2 Uz + 82U + 2(wie + whe? + wied + - YUz + 26U +
26(wie+ whe? + wied + .U + 8(wie + wye? + wie + ...)U;(3.13)

Substituting (3.12) and (3.13) into equation (3.6) results to;
Us + (wi€ + wre? + wie3+...) Uy + 82U, + 2(wi€e + whe® + wied + ) U + 26U;;
+ 26(wie + whe? + wie® + .)U s + 6(wie + whe” + wied + .)U;
+ 28[U; + (wi€ + whe? + wie® + )V + SU | 4 Uy + 24U, + U + aU?
—BU3 = —2Aedz—a (3.14)
dx? '
Let,



Uxet) =32, 32, U (x,t, 1)l (3.15)
=e(UD + UMD + 5200 4+ ... ) + €2(UCD + §UCY + 520@D + ...
+e3(UCO + sUBYH + 520G 4 .. ) + .o (3.16)
Here, the ij in U®)are not powers but superscripts. Therefore, the following orders of equations are
obtained

.
0(e) : UGY +US, + 205 + U0 = —2152, (3.17)
0(e8) : UG + UL + 2208 + v = —2u8Y — 2p (10 (3.18)

.y (12) (12) — oy an _ ;a0
0(e6?): Ug” + Uspir + 20U7° + UMD = 2087 — 2077 - U

SXXXX

0 U + UG, + 22080 + U = (@) ~200%  (320)
0(e28) : UGY +UZD, + 22UED + UV = —2quEOUD — 2089 — 2039 — 20jU5Y -
W} UL — 201U (3.21)
0(e26%): UGP +USGD + 24037 + U@ = -y &” — 201057 — 208P —
20 U7 = 20y UPY = 20 - 201U — «{(UAD)" +UaOYEDY (3.22)

30 30 30
0(e®) : UV +USL + 2050 + UG =

_ (wi)ZU'SO) — Z(wiU‘(fsz) + wéU‘(flfO)) — 2qUOy(2) 4 B(U(lo))S (3.23)
0(e36) + UGV + UG, + 2205 + UG
= 02U rg@D 4y g (30) 17720) | (10)
= —(w1)2U_gz —2((1)1Ulfr +wyUs )— 207, + Z(wlUﬁ +wyUg )
1y (20 " 10 30 L (20 , 0
- (0 05705) 2+ (i )
— (UADUED 4 YaDYED) +34(UA)*(UAD) 328)

0(e36?) : USP +USD, + 22U5P + UG
12 30 22 12 31 21 11
= -G —UE” - 2(wiUE? + wpu§Y) - 2080 - 2(wi U + wyU Y
(07U + wgulP) = 2(USY + wiUPD + wpui) - 2060
_ Z(X(U(lo)U(32) + yanyen + U(12)U(20))

+ B [(Ua9)?y02 4 3y (Yao)’] (3.25)
The associated initial conditions are as follows:
0(€): U (x,0,0)=0;i =123 ...,j =123 ... (3.26)
0(e8): U (x,0,0) + U (x,0,0) = 0 (3.27)
0(e6%): U (x,0,0) + US™(x,0,0) =0 (3.28)
0(e?) : UV (x,0,0) + wi(0)USV(x,0,0) =0 (3.29)
0(e28): UV (x,0,0) + w (U (x,0,0) + UP”(x,00) =0 (3.30)
0(e26%): UF? (x,0,0) + wi(0UF?(x,0,0) + ULV (x,0,0) =0 (3.31)
0(e®):USY(x,0,0) + w; (UL (x,0,0) + w5(0)UI (x,0,0) = 0 (3.32)

0(e38): ULV (x,0,0) + wi(0UEY (x,0,0) + wy (U (x,0,0) + U (x,0,0) = 0(3.33)

0(e36%) : USP(x,0,0) + 00U (x,0,0) + wp0)US? (x,0,0) + UV (x,0,0) =
0 (3.34)



The associated Boundary Conditions are
v =y =0;x =01 (3.35)

4.0 DYNAMIC DEFORMATION OF THE COLUMN

Let

@ = @y (1 — cos2mx), where a,, is a constant, (4.1)
And let

Uid(t,7,x) = ¥, U (£ 1) (1 — cos2nx) (4.2)
Solution of equation of order €&/, j=0,1,2

Substituting (4.1) and (4.2) into (3.17) gives

Z(l - cosan)Ur(:fOE) + {—16n* + 8An? + (1 — cos2nx)}US?
n=1

= —8Am?a,,cos2mx (4.3)
Multiplying (4.3) through by cos2mx and integrating from 0 to tand for n = m, the result is,

T oo
f Z[{(l - cosan)cosme}USf?
0 n=1

+ U,(llo){(—16n4 + 8An?)cos2nxcos2mx + (1 — cos2nx)}cos2mx |dx

™ _ _ [(™(1+ cos4mx) —-8im?a,,
= —f 8Am?a,,cos2mxdx = — SAmzamf fdx =
0 0

= —4imla, (4.4)
The left hand side vanishes for all n except where n =m. Thus, for n=m, it easily follows that

T o
f Z [{(1 - cosan)cosme}Ur(l‘lfof)
0 n=1

+ {U,(llo)(—16n4 + 8An?)cos2nx

+ (1 — cos2nx) U,glo)}COSme ] dx (4.5)
It is to be noted that, when n=m, then

s
f U,(lw)(—16n4 + 8An?)cos2nxcos2mxdx
0

s
= U,(nlo)(—16m4 + 8/1m2)f cos?2mxdx
0

T
=3 U9 (—16m* + 81m?) (4.6)
Thus, substituting (4.6) into (4.4), gives,
T,(10) , T (10) _m,(10) _ _ (n
—20S +Z(-16m* + 8AmHULY - ZULY = —8Am*a, () (4.7a)
And this yields,
Ul + (16m* — 8Am? + UL + UL = 8Am?a,, (4.7b)
Let,
16m* —8Am? +1= 62 (4.7¢)
Then (4.7b) becomes
Ul +62u5” + Ul” = 8am?a,, (4.7d)

Initial conditions are
Ui?(0,0) = 0; USP(0,0) =0
Therefore, the solutions of (4.7d) is

U,(nlo) = a,(t)cosOt + B, (r)sindt + B (4.7e)
.
where, B = wz% (4.71)

The use of initial conditions gives



8Am2am,

(0) = ——5— ,p1 =0 (4.7g)
Thus
U0 = g1 — cos2mx) (4.8)
From (3.18), we have,
0(ed) : UGV + UL + 22007 + U0 = —208 — 2010
Let

yan — Z UV (¢,1)(1 - cos2nx)

n=1
e

Z[U(l})(l — cos2nx) + (—16n* + 8An?) UV cos2nx + (1 — cosnx) ULV US?

n,tt
n=1

= —2[U(10) + U(lo)](l — cos2mx) (4.9a)

mtt

Multiplying both sides of (4.9a) through by cos2mx and integrating from 0 to t and for n=m, gives
f Z[{(l — cosan)cosme}U(n)

+ U(ll){( 16n* + 8An?)cos2nxcos2mx + (1 — cos2nx)}cos2mx ]dx
=— [U(lo) + U(lo)]f (1 — cos2mx)cos2mxdx

mtT

—2USH + 2 (—16m* + 8amAULY = ZuSY = —2(USY, + Ul ( g) (4.9b)

m,tt mtT

Further simplification gives

11 11 10 10
UGH + (em* —8im? + DULY = —2(US ) + USD (4.90)
i.e.

(1) an _ a0 | a0
Upii + 02Up = =2(U, 2" + U, (4.10)

The initial conditions are
UG (0,0) = 0; USP(0,0) + UGy
Substituting for U(lo)on the right hand side (RHS) of (4.10), from (4.7e) gives
Ur(rjg + 02U = —2[—6a}sindt + 6B,cosdt + (—Ba,sinbE + 6B, cosHt)]
= —20[—(a; + a;)sinbt + (B + f)cosbi] (4.11a)
To ensure a uniformly valid solution in £, implies equating to zero the coefficients of cos8t and sinft on
the RHS of (4.11a). Therefore, the coefficient of cos@t gives

Bi+pB=0 (4.11b)
The integrating factor is e” , then,
b — g (4.11¢)
This gives,
Bi(t) =Ae™ and (7)) =0 (4.114d)
Similarly, the coefficient of sinft gives,
ag+a; =0 (4.11e)
This gives,
a;(0) = —a,(0) = Band a,;(t) = —Be™* (4.11f)
3 U,(nlo) = a,(t)cosOt + B (4.11g)
The remaining equation in (4.11a) is;
Ul + 02Un" =0 (4.11h)
U™ = a,(1)cosOt + B, (1)sinbt (4.12a)
From U,(nm(0,0) =0
a,(0) =0 (4.12b)
From US(0,0) + UGy =0,
B,(0)8 + & (0) = 0and B,(0) = —“17“') == (4.12¢)
U(ll) U(n)(l — cos2mx) (4.12d)



From (3.19); the next equation is
0(e6?):UG? + USE, + 22082 + 0D = —2u§D — 20§ — p (0
Substituting for U( D and U(lo)from (4.11g) and (4.12a) respectively on the RHS of (3.19), gives
Ur(nlfz + 92 U(lz) —2[—00a5(7)sinbt + 05 (7)cosOt + (—Oa,(t)sindt + 6B, (t)cosot)]
— of (t)cosOt (4.13a)

= 2005 (1)sinft — 26, (t)cosBt — Ba,(T)sindt + 0B,(t)cosdt — o (v)cosOF
= (2004 (1) — 20a,)sindt + (20B,(1) — 26B5(7) — ' (x))cosb?E) (4.13b)
To remove secular terms in the solution ofU,(nlz), ie to ensure a uniformly valid solution inf implies

equating to zero the coefficients of cos8t and sin@t on the RHS. These respectively give
cosOt: —2(0B; +6B,) —ai =0

And
sinft : —2(—0a) — 0ay) =0
, ! , 3B
B+ By =L and [B3(0) =2 (4.13¢)
hS (x’z + a, = 0 (413d)
Therefore, from (4.13),
a,(t) =0, (4.13e)
And from (4.13d),
Br(0) = e |- f” < s +B,(0) | (4.13f)
i.e
_ TteSa’ B
Br(T)=eT [— N o ds _E] (4.13g)
2 UMY = B, (1)sinbt (4.13h)
Equating the left hand side (LHS) of (4.13a) to zero,
i.e

Ul + 2ul? =0

m,tt
The Initial conditions are

uiP00 =0, USP+USP0,0) =0

U,(nlz) (£,1) = a3(1) cos Bt + f5(1)sinbi (4.13i)
Applying the initial conditions,
az(0) =0, B3(0)=0 (4.13))
US?(0,0) = 45(0) = 0
B4(0) = 0 (4.13k)
2 U2 = Uy (1 - cos2mx) (4.131)

From (3.20),

0(e?) : U(ZO) +U5czagc)x+ 2/1U(20) + Qo = (aU(lo)) —2w 1U(10)
Let,

U@ = yo g9t 1)(1 - cos2nx) (4.14)

Substituting (4.14)into (3.20)gives ;
Z U9 (1 = cos2nx) + (—16n* + 8An2)U,(120) cosan]

ntt
(20)
—_ +(1 - cosan)U

1
= a(U(lo)) ——2cos2mx + = 2 cos4mx]
(10)
=201V, (1 - cosme) (4.15a)

Multiplying both sides of (4.15a) through by cos2mx and integrating from 0 to nt and for n=m, the result
gives;

-3 ZUB 4 (~16m* + 8amHULY (g) + (g )]

= —a(U$”)’ [~ () 201058 (5 O] (4.15b)



i.e,

T (20) (20) _ (20) (10) (10)
Z[-USY + (~16m* + 82m?)US; | = [Za(u ) + 201089 (4.150)

Simplification of (4.15c) gives,

2
UL + (16m* — 8am? + DU = - [2a(U5”) + 204U (4154)
And this further gives,
2
Ul + 02U = —[2a(US”) + 20'US) (4.162)

The initial conditions are,
UE2(0,0) = 0,U%P(0,0) + ' (0)ULP(0,0) = 0
Next multiplying equation (4.15a) by cos4mx and integrating from 0 to m and for n=m, the result gives;
(20) T\ ,;(20) _ (T ;,(20) _ @2 (1«
ZUSD + (—256m* +322m?) (S URY - (5) Y = —a(US”) (3.5)  (4.16b)

2m,tt

Simplifying (4.16b) gives;
2
U9 4+ (256m* — 32am? + 1)ULY = (U,(,}‘”) (4.16¢)

2m,tt
Let,
2 = (256m* +32Am? +1) > 0 (4.16d)

Therefore, (4.16¢) becomes
2
Usire + 02U =2(U”) (4.17)

2m,tt
The initial conditions are,

U$9(0,0) = 0; ULY(0,0) + wiUS(0,0) = 0

2m,t 2m,t
On substituting for U,(nlo)on the RHS of (4.16a), the simplification is
Ul 40 U(ZO) = —[{2a(a;cos0t + B)?} + 2w} (—a,cos0t)}] =

2m,tt
2
— [Za {(az—l + Bz) + 2Ba;cosOt + ?alCOSZQf} + Zw’l(—alezcosef)] (4.18a)
To ensure a uniformly valid solution inf, we equate to zero, the coefficients of cos28ton the RHS of
(4.18a). That is,

—[2Ba; — 2w'10%a,] =0 (4.18b)

'y = :;2; w, = f:;zdr (4.18c)
The remaining part of equation (4.18a) for U(ZO) is

Uf:?g +02U%Y = 1y + rycos20t (4.19a)

2
where, 7y = —2a (% + BZ) , 75(0) = —3aB?
r, = —aa?,r(0) = —aB?,7§(0) = 2aB?,1{(0) = 2aB?

U,(,fo) (£,1) = a,(1)cosOt + B,(1)sinbt + g—g - %fzzef (4.19b)
From the initial condition,
USY0,0) = 0; ie, 2y(0)+ 2P -1 =0
nay(0) = -2 = % (4.19¢)
Applying the initial condition, U(ZO)(O 0) + w'(0) + U(lo)(O 0) yields,
B.(0) =0 (4.19d)

Simplification of (4.17) yields,
(20) 277(20) _ af(a? 2 . a? R
Upmie T9°Un " =3 [(7 +B ) + 2Ba,cosOt + TCOSGt] (4.20a)
. 77(20) 2 _ 2 LA
o Uy (€, 1) = as(t)cospt + s (T)singt
2
L % + B?) N 2Ba,cosOt N a?cos26t 4208
2|7 92 @r-69) " 2(p2-69) (4:200)

From the initial conditions,

U$9(0,0) = 0; UL2(0,0) + w,UL(0,0) = 0

2m,t th



4 4 B?)

a 2Ba, a?
= ag(0) + = [2 + + =0
“OF T Y- a8y
2
. __a|G+B) | 2Bay g _
= as(0) = =3 | = 5=+ g + 2iprmgen; = 0| A 70
i.e
_ _a[3B® _ 28 B2 |_p2 -
a5(0) = -2 [chz ores T i 62)] =B%aS, and s (0)=0 (4.20¢)
3a a a
where, Sy = (_ﬁ + o107 4(¢2_492))
2 U = g9 (1 — cos2mx) + USY (1 — cosdmux) (4.20d)

From (3.21),
0(e28): USY +UZD, + 2208 + U@
= —2a00OUM — 20 %Y —20PY - 20U - UF? - 20U

i.e
UEY + UGD + 22030 + U = —2aU57 (1 — cos2mx) Uy V(1 — cos2mx) — 2059 (1 —
cos2mx) — ZUY(:‘(E))(l — cos2mx) — Za)iUr(:’g(l — cos2mx) — wy Ur(nl'g)(l — cos2mx) —
ZwQUSg)(l — cos2mx) (4.21)
Let
Uty = Z UL (¢ 1)(1 — cos2nx)
n=1

Substituting into (4.21) gives,
Z[Ufl)(l —cos2nx) + (—16n* + BAnZ)U,(LZl) cos2nx + a- cosan)Ur(fl)]

it
n=1

3 1
= —ZaU,(nm)U,(nn) [E — 2cos2mx + —cos4mx] — 2029 (1 - cos2mx)

2 mtt
- 2U$?)(1 —cos2mx) —2w; Ur(nl';g(l — cos2mx) — a)i’Ur(nl,?)(l — cos2mx)
- ZwiUr(nl?)(l — cos2mx) (4.22a)

Multiplying both sides of (4.22) through by cos2mx and integrating from 0 to i and for n=m, gives;
T T T
- FUSH + (~16m* + 81m?)U Y (5)+ (=50

m,tt 2 2
o), an (_T o (_T (20)
—2aU Ui (- E) — 2089 (_E) — 20
= (4.22b)
” 20! UL ” a0 T 20! U0 T
(=3) — 201U, (_5) —wrUpp (53) — 201U (_5)
Further simplification of (4.22b) yields,
(21) (21)
UED + (16m* — 8Am? + D)UY
_ (10) ,,(11) (20) (20) 1 r(11) 1177(10)
==2aUy Uy~ — 2Um,£r - ZUm‘f - ZwlUmﬁ - w] Um,f
- 20, U%Y (4.220)
The above finally yields,
(1) | a2p@D _
Um,ff +0°U,, " =
—2aUGOUS = 208 — 2089 - 20 U0 — Wy ULY —
20 USY (4.232)

The initial conditions for (4.33a) are,
UEY(0,0) = 0; ULP(0,0) + wi (USSP (x,0,0) + ULY(0,0) =0
Next, multiplying (4.22a) by cos4mx and integrating from 0 to 7 for n =m, gives
LETICEY) _ 4 2y @D (T _ T @ON] = _ o @0 ;D) (T (1) _ o 17(20)
[-Zugn; + (=256m* + 32amUSY (2) = 202D = —2aU505 () (3) - 2(Ur, +

2m,tt 2m \, 2 2mtt
(20)
A (4.23b)
(21) (21) _ (10);,(11) (20) (20)
Upmie + P U = alUp Uy~ + 2(U2m,fr + UZm,E) (4.24)

The initial conditions for (4.33b) are,



UZP(0,0) = 0; UZ(0,0) =0
Substituting for U(lo), U,(,}Dand U,(,fo)m (4.24) yields

U(Zl) + eZU(Zl)

m,tt
—2aUROURY = 2020 = 208D - 20 UG — Wy USY —
201U5Y (4.25a)
i.e,
—2a( 152 5indt + B,stmet) -2 ( Oa,sinft + 6f,cos0t + M) (—0a4sin9f +
6B,cos6t + M) — 201 (—6%)B,sinbt — wy (—Oa,sinbt) —

2w (—a,0sindt) (4.25b)
To ensure a uniformly valid solution in, £, we equate to zero the coefficients of cos6t and sinét. This
yields respectively,

208, — 266, =0 (4.25¢)
aBB, + 20c, + 20a, + 202w, B, + w}'0ay + 2w, 0  (4.26d)
“BatPs=0 (4.26¢)
Solving (4.26e€) yields,
Ba(t) = B,(0)e™" = 0 since ,(0) =0 (4.26f)
Solving (4.25d) yields,
s+, = p1(7) = = (aBp, — 207w, — 0] fa; — 2wia,6) (4.26g)

@,(2) = e[ J7 e%py(s)ds + @y (0)]

= ay(0) = p;(0) — ay(0) (4.26h)
where
8aB? .
a,(0) = 3"‘? (4.26i)
' _ —13aB* 4B .
a,(0) = 392 + (4.26j)
—5aB2 4
apa(0) =2 42 = g2 (2242 = prv (4.26K)
S5a 4
where, V = (ﬁ + 5)
The remaining equation in (4.25a) becomes,
Ur(rfg +02U82Y = 1, + r5c0526% + 1,5in26% (4.261)

with the initial conditions,
UEY(0,0) = 0; UZP(0,0) + wi(OUSY +USP(0,0) =
where,
= ayay; 12(0) = a;(0)a,(0) =0
r3 = aaa, ; r3(0) = aa;(0)a,(0) = 0; 13(0) =0,
= [awf, + 55 (@i +ad)]; 1a(0) = [a(=B) () + 35 (-B.B + B = 5= ri(0) =
The solution of (4.26l) becomes

—5a32

U,(,fl)(f, 7) = agcosOt + Pgsinft + g_zz — (—r3cos293£;2r4smzef) (4.273)
. e _ege ey T; T
with the initial conditions, a4(0) + 0—22 — # =0
fag(0) =222 =0,  Be(0)=0 (4.27b)

From (4.24),
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U(Zl) + Zu(21)

2m,tt a

2m,tt 2m,t

[ il sin26t + Bﬁzsmﬂt] + Z(U(ZO) + U(ZO))

=a [ 2'82 sin26t + Bﬁzsinef]

ZHalBsmHt 20(a?)'sin26t
P 2(p? — 467)

+2 [ patsingt + Bipcospt + = {

+ {{—passingt + Bscospt

a(—260a,Bsinft 20a?sin26t
+E{ PE T T 492)}] (4.28a)
To ensure a uniformly valid solution in , £, we equate to zero the coefficient of cosptand singt
20Ps + 295 =0 = Ps+ s =0 = B5(0) = —P5(0) (4.28b)
—2¢ai —2¢pas =0 = ag+as =0= aci(0) = —as(0) (4.28¢)
Bs =Bs(0)e™"=0,as =as(0)e™* =0 (4.28d)

The remaining equation of (4.27a) is:

(21) (21) _ 260B aaqf f(a1) +a . 2
U2m i+ 02U, [aB,Bz (<p2 92) (ay + al)] sinft + [ 1z 4 — {2@21 492)1}] sin26t =
rssindt + rgsin26t (4.29a)
where,

g = [a’Bﬁz - ((;22_6:2) (a1 + a)] = aBp,,sincea; + a =0,

O.’{ = B; TS(O) — le' T = [‘1“132 +& { 0(ad)’ +“1}]

2 2(p2-462)
. aa;1(0)B2(0) 8(a2(0)) +a}(0)] _ B« B%0a
~16(0) = [ 2 t z{ 2(@2-462) }] =2t 4(@2-462) B%S, (4.29b)
a ab
where, S; = (5 + Yo

ot ot
Uz(frf) = a,(t)cospt + B,(t)sinpt + ngosgz + % (4.30)

The initial conditions for (4.30) are

UZ2P0,0) = 0; UZH(0,0) + Uses(0,0) = 0;
= —@a,(0)singt + pp,(0)cospt + GrS(g)c::Qt ze;sz(zcgzset + aL(0)cosot + - [alal —ZBZ?_ZOZSW +
2 ajaycos26t _
wa;(0) =0 (4.31b)

Similarly, the following is obtained

6r5(0) | 2675(0) a1(0)a1(0) ZBea’l(O) ai(0ai (0] _
@B;(0) + Py 62+<p2—4-62 as(0) + - [ 202 (0?—26%) ] — 0 (432a)
0r5(0) 2014(0) ,

£,(0) = __LD — o7 " 7402 + af(0)

afa;(0)a(0) 2BOaj(0) a;(0)a,(0

¢ 1( )21( )+ ‘ 1(2)+ 1(0)a;(0) (4.32b)

2 ® p*—02  (¢p*—40%)

i.e
(0) = B (a5°+ 4 ‘ ‘ 2005, ) 4.32

B = B 207 Y a2 — 40D " alp =09 p(p?—46n) *+3%9

So far, it follows that
U@ = y@Y(1 - cos2mx) + Uz(fnl)(l — cos4mx) (4.33)
From (3.23),
0(e26%): USP +UGD + 200%Y = —Ul” — 201057 — 2080 - 201U 57— 207U -
, 2
208 = 20U — «{(UOD)" + Y@}
= UE +UGD + 2P = - [US2(1 - cos2mx) + U, (1 — cos4my) + 201U (1 —

2m,tt m,tt

cos2mx) + 2{ A (1 - cos2mx) + Ul 1- cosme)}+ 2w7 U(ll)(l — cos2mx) +

mtt 2mtt

Z{Ur(:%)(l — cos2mx) + U(ZI)A(l cos4mx)} ++ 2wiU (11)(1 —cos2mx) + a (U,(nm) {5 —

2m,t m,tt
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2cos2mx + %cos4mx} + Z{U,(,zo) U,(,fz)} {% — 2cosZ2mx + %cos4mx}] (4.34)

Let

U@ = Z UP? (¢t 7)(1 — cos2nx)
n=1

The LHS of (4.34) simplifies to,
anl[U(zz)(l — cos2nx) + (—16n* + 8An?)UP? + U,(lzz)(lcOSan)] =RHS of (4.34)

ntt

Multiplying (4.30) through by cos2mx and integrating from 0 to i and for n=m, we have,

- % Ul + (—16m* + 8Am»)USZ? (g) +(- g u@?)
= —[(-3) ush + 20i05R (-3) + 205R (-3) + 207057 (- 3)
+208P (— g) ++ 201U5Y (— g) + a(UG) (—2.%”)
+ WU (-2 (4.35a)

Further simplification of (4.35a) gives

[
—5 Upy + (16m* — 82m? + UL
3
= —2|-USR - 204002 - 2087 - 207UGP - 208P - 20,05
+2a(US)? + 2aUGVUS?)] (4.35b)

Further simplification of (4.35b) yields
s 4 92y = - [U(ZO) +20iUSE + 2080 + 207 USY + 2080 + 201U P - 2{(U},}1’)2 +

m,tt mIt
usOusP (4.35¢)
The initial conditions for (4.35c) are
UZ?2(0,0) = 0; ULP(0,0) + wi(OUS? + U (0,0) =0
Next from equation (4.34) for n=2m, let

[0

Uy = Z UPP (1 - cosdmx)
n=1

Multiplying (4.34) through by cos4mx and integrating from 0 to m and for n = 2m, gives

T[ s s a 2 TU
— S Ul + 7 (=256m* + 322m)UGY — ZUGD —{(USD) + (URVURP) (3)} @362)
This further gives

2
SR+ 92Ul = =2{(US") + (UROus?)} (4.36b)
The initial conditions are

UZ?(0,0) = 0; UZA(0,0) + wi(0)USE) + User (0,0) =0

2m,t 2m,t

On substituting for terms in (4.35c¢) and simplifying, the result is
(22) 277(22) _
UZm,EE + 9 Um -
~ 1yl 1'cos20t
- [{a;’cosﬂt tor T

2orssin0U 20rscostOl) 1 2w} (0Byc0568) + 2 {—asBsindt + ByBcosoi +
2w1{0B,cos0t} +

2a {% (1 — cos26t) +
2152 5in20t + BB,sin20t 4.37a
( 2 2 )}] ( )

To ensure a uniformly valid solution inf; equate to zero the coefficients of cos8t and sint of (4.37a)
and this yields respectively

} + 2wi{—0%azsindt + B;0%cosOi} + 2 {—Gagsinef + OB¢cosOt —
20735in0t—2074c0s0t—
362 )} +

— @l + 20,085 — 208, — 20} 0B, — 280 — 2108, =0 (4.37b)
and
2w16%as; + 20ag + 2a¢0 — 2aBf, = 0 (4.37¢)

Simplification of (4.37b) gives
1 1 n ! n !
Bs+Bs = 55 [af — 2w16%B; + 2w B, + 2w160B,] = p,(7) (4.37d)



Bs(7) = e*[[ €" po(1)dt + Bs(0)] = e~7[[ €7 p,(2)dr] (4.37e)
Similarly, simplification of (4.37c) yields

ag + ag = % [—2w]0%a; + 2aBpB,] = p3(7) (4.37f)
Therefore
ag = e *[[ e* p3(r)dr + ag(0)] (4.37g)

The remaining part of equation (4.37a) is

Ur(rfig + 02U = 1, + 1500520F + 195in20t (4.38)
R _ [ 4 B 2
==l =S+ am] =[G -5 - an] w = - [ -5 - awn]

It is to be recalled that, ry = —Za( + B?)

° . ro = —Zaalal,ro = —20((0(1 + a,ay), ro (0) = 2aB?,1§'(0) = —4aB?

T, =aaf, + (a1a1 + i), = alaif, + aiBy) + (a1a1 +ayay + 2a;a1)
r,'(0) = SaB ,17(0) = 1;25 _%' n = _a1a13 = 20»’0519»’15 T = —2a(a1 + o af
—4aB?  4aB? | aB aB
H0) = ~2aa,(0)ak(0) = 2B /() = —4aB?, ry0) = (2L 0 oty _um
)
ayay; 130) = 0, 7§ = alaiay + aay); 5(0) = 0, By =22, 1y(0) = 22

20’
T, 71gc0s26 N Tosin20t

U,(,fz) = agcosl + Pgsinb + — 302 + P 02

(4.392)
The initial conditions are
UE?0,0) = 0; UE?(0,0) + 0 (0USP(0,0) + USSP (0,0)=0

(0 (0) 4aB  17aB?
0 = (22 2) e (439)
Similarly, 885(0) + —>— zen,(o) =0
—29 0 —3aB?
« fp(0) = 2220 = ZE (4.39¢)

From equation (3.23),

0(e) : USY +USH, + 2050 + UG
— @DV = 2(0iULY + wpUEY) - 200U 4 g(U0)’?

Then, substituting on the RHS of (3.23) yields,
UEY +USH), + 24082 + UG

= —(w 1)2U$2(1 — cos 2mx)

2[ 1Ur(itt + (1 — cos2mx) + w1 U7 2. (1 — cosme)] - ZwZU(lo)(l — cos2mx)
-2« [U,(nlo)(l — cosme){U,(,fO)(l — cos2mx)
3

+ Uz(f,?)(l - cos4mx)}] +B(Um(1°)) (1 —cos2mx)®  (4.40)

Therefore, on further simplifications, (4.40) becomes

(20)
2m,tt

U(30) + U%’x + ZAUGO) +UGY = — (0))?U fnlgg(l cos 2mx) — 2[w1 Tf?g(l cos2mx) +
Z(fr?)tt(l — cosdmx) + sz(lo)(l - cosme)] 2a [U(lo)U(ZO){ — 2cos2mx + - cos4mx} +

U,(nlo) U,(,fo) {1 - Ecosme — cosdmx + ;cos6mx}] +B(Um(1°)) [5 - Tcosme + Ecos4mx +

icos6mx] (4.41)

Let

UG = Z UL (1 — cos2nx)
n=1
Therefore, (4.41) becomes

Z[ UG (1 — cos2nx) + (—16n* + 8An? + 1)U,§3°’cosznx] = RHS (4.41)

n,tt

Multlplylng (4.41) through by cos2mx and integrating from 0 to m and for n =m, the result is
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—ZuSR + (—16m* + 8am? + DU (=5) = - [@D2US (- 2) + 20 US (-2) +

m,it 2 m, it mii \ " 2
@1 T (10) y,(20) . (10),+(20) o
Uma( 3)+2aU Vv (~2.-3) — avPuY (-5) -
15 1onN3 [ =«
5 (u,09)° (=5)] i
i.e,
=3 [Uf,fi’i + (16m* — 8Am? + 1)U(30)] _
T / (10) 1 17(20) (10) (10) ;7(20) (10);,(20)
_;[—(wl)ZUmtt 20Uy 3 — 203U, 1 — 2a [ZU Uy’ + Uy Uy,
15
T'B(Um(lo)) ] (4.42b)

2 USH + 0205 = —(0)?USY) — 20", UZY) - 205U — 22205708 + USOUEY] -

 p(U,49)° (4.43)

The initial conditions are

US20,0)=0; ULP(0,0) + w (MULP(0,0) + wj(0)UTV(0,0) =

Multiplying (4.41) through by cos4mx and integrating from 0 to m and for n=2m, the result gives
—g [US9); + (256m* — 324m? + UL

2m,tt
1, m T
— (20) (10)7,(20) (10)7,(20)
= 2[wul; (_E)] + Za[Um Ug 'E(_E) + UGOy R (—5)]
_ any® 2(_T
( (30) ﬁ(Um ) 2 ( 2)
30) 30
UZm tt 2U2m =
3
—2[-wi U] + 2a[USOURO - UGV UEY] - 2B (U,,00) (4.44)
The initial conditions are
USY(0,0) = 0; USY(0,0) + w; (0)ULN(0,0) = 0
Multiplying (4.41) through by cosémx and integrating from 0 to m and for n=3m and get,

1
U89 + (1296m* — 72Am? + DUEY = ULV UL — Z B(UL)  (4.452)

3m,tt
Let
0? =1296m* —72Am? + 1 > 0 forallm
1 3
Us(fr?)tt + 02U (30) aUT(;o)Uz(frtl)) _ Zﬁ(Um(lo)) (4.45b)

The initial conditions for (4.45b) are
u£9(0,0) = 0; UL(0,0) = 0

3m,t
Further simplification of (4.43) gives

Ufrfgg + 0208 = —(w))?2(—02%ayc0s68) — 20’y (—a492c059f + M) — 2w5(—0%a;cosbt) —
a0y @ a1y AT a0y Bry _ aa%B
2a [( 4 + 92) + ( 02 662 + Ba4) cost + ( 392) ] 2a 2(p2-62) +
aa1< =1+B2 ) wd’ 2 R
1 A, Qias » . aaiBcos20t a1B5
2o Vatprasy) cosft +——cos(p +0)t + oren T

alﬁs aa?cos39t 15,8 3 3(11 2
0t + =2Zsin(p — 0)E + s 205)| [(B )] +3 ( +a,B )coth +— BcosZOt +

§C0539f (4.450)

To ensure a uniformly valid solution in £, equate to zero the coefficients of cos@t and this yields
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airy T « a1<—+32> ala
(0])20? + 2w a,0? + 2w50%a, — 2a( Lo _“Llg Ba4) + 12—

662 @2 4(p2-462)
456 _
4 ( @B ) =0

T apr a2a1(71+32) ada
o 202 2 _ 170 _ @1’ _ 121 _
wy = 292 (wl) 0% + 2wia,0° — 2a ( oz + Ba4) e t a0

458
; ( + ale) (4.46)
The remaining equation in (4.45c) is

Ur(j(t)g +02U8Y = 1,y + 11,c0520% + 11,0530t + 1y5c05(@ + O)E + ry45in( + 0)E+ ryscos(p —
0t + rygsin(p — 9)E (4.47)

Solving (4.47) gives

R . 1,080t 1;,c0s30%
U,(,fo)(t, 7) = ao(1)cosOt + Bo(T)sindt + ﬁ - 11302 - 802

1 R n

— ——— [r3cos(@ + 0)t + ryusin(p + 0)t
+ ————[ryscos(p — 0)t + ryesin(p — 6) 4.48
(p(ZH—(p)[ 15€0s(@ ) 165in(@ )t] ( )

The initial conditions are
US?0,0) =0, USLY(0,0) + wi (UL (0,0) + wy(0)USY(0,0) =

where
o, i1 | T2 713 15 ]
0) = |25+ o5+ - tt=0
WO = "5 352 e T e+ ) 9o o) T
and
T +0 T -0
Bs(0) = 14(@+6) _rie(p = 0) att=0
920 +¢) 926 — )
and where,
a,a, Bry a’a?B 158 3a?B
T1°=‘[2“( 7 +?)+W‘T Bt
0) = B 10a? a? +75ﬂ
rlO( ) - 392 (,02 _ 92 8
2 2 2
r! (O)=B3 a_SS_Si_lli_—Za _ﬁ
1o 2 302 9 (p2—-62) 4
8r w} aa, Brg a’a?B  45Ba?B
ﬁl:‘(T”“(T*ﬁ) 02T 2
8a 2a% 458 a?
mu(0) = B° (392 37 8 Tgi-o?
2
oy e[t _Lea_aSs 20 asp
1 362 392 2 (p2—-02) 4
_aagry ada? _15{?0(1 3 a? 158 3a2  a? | 458
"2 = 52 4(¢2-02) 16 ’ r12(0) = B 362+4(<p2 92)+ r12(0) = [4(¢2—92) 302 ' 4 ] ’

T3 = —aaas = 15, 113(0) = 115(0) = B3a 250 ,113(0) = r15(0) = _2055033
T4 = —aayfs = 116, 114(0) = 114(0) = 0 since f5(0) = 0, r{4(0) =717,(0) =0
Substituting in (4.44) gives

(30) (30)
Utht + ZU

2n o n . a-20%2Bajcosdt 2ai02cos20t
2w] [—(p ascospt — @ ,Bssm(pt+z{ 02 gia0? +

a,as , Bry arg  aqry A ajas , Bry a?
a (—4 + F) + ( 2 ez T Ba4) cosOt + ( + —) c0s20t aalB N aa1< +B ) N
_an

~ cos36t B 2(p?-62) 292
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aa?Bcos26t
2(p2-6%)

‘1155 051“5

+

sin(p + 6)t + cos(p — Ot +

ada }
8(p2-462)

alﬁs alacos36t _ % 3 3alB 2
—sin(p — )t t Ser107) . [(B )+ 3( +a,B )

o .
% cos36] (4.49)

To ensure a uniformly valid solution in £, needs equating to zero the coefficients of cos@t and singt. A

further simplification of (4.49) gives
Ul 4o U(30) =1, + 115c080F + 119c0520% + 155c0530% (4.50)

amit
where,

@y  Bry\ a’afB 3B ( . 3aiB

“7:[2“( 4 +?)‘m‘7 B+ =

o 22a° a? 158
=B "5 et
—Ssa 200{2 2a? 9,8
,(0) = B3
117(0) [ 2 + 302 2(([1 —92)
_ | -26%wiBa;a (alro L ) a “1( +Bz) ayas 9 (a3 B
Tig = (PZ 92 92 602 4 (PZ 4((/)2 _ 492) 2\ 2 a,
0) = B 2a N 18a? N 3a? N a? N 45
e =B\ it ger Y7 Tager 409 T2
, 5 43a® 5a? 3a? 63
ris(0) = B% 12085 =2~ =0 T a0 —6D) 8
_ [F2wiafab? (a1a4 Brl) N a’a?B 9a?Bp
o — 02 4 302) T 2(p2—07%)
©) = B° —2a  4a? N 2a? N a? 9B
Mot = 202 T 302 T 307 " 2(p7—67) 4
4a S 4a? a? 9B
5(0) = B | e = T o — o
119(0) [B( 2_467) 2 1302 (g2—460) 2
_ [ aairy aja? _ 3pa3 3 a? a? 3B
T20 = [ 302 4(p2-462) 8 ] 120(0) =B ( 302 +4—(<p2—62) + 3)
a? 3a? 9s
N Tl L
"20(0) [ T 37— 409 8]
The solution of (4.50) is
(30) _ T 118C0SOt = 1r19c0820f = 1rp9c0s30t
Uy’ = agocoset + Byosingt +o2 4 (;82_92) (:;2_492) (;"2_992) (4.51a)
The initial conditions for (4.51) are
USY(0,0) = 0; USY(0,0) + i (0)UL1(0,0) = 0
. _ T18 T19 120 _ —
fa1g(0) = = [Fhp o+ s+ s at T =0, Bi6(0) = 0 (4.51b)
Substituting in (4.45b) the following is obtained
o, g2
(30) 2 (30) aa?B aa1<2 +B ) ada P » . aa?Bcos20t
Ugmie +2°Us 20?07 207 5(p?—207) cosOt + . cos(p +0)t+ ot 67
0‘1!35 0‘10‘5

—Ssin(p +0) T +

alﬁs ajacos30t _B 3 3a?B
cos(p — )t +—=Zsin(p —6) t + sora05| 4 [(B +=- ) +

3 2 3
3 (% + ale) cosOt + %Bcoszef + %cos39£] (4.52a)

Rewriting (4.52a) gives
Uz(fr?)tt + 0N? U(SO) = Tyy + 13,€0501 + 153c05208 + 15,0530T + 135 cos(p + 0) & + ryg sin(p + 0) €
+ 75, cos(p —0) T+ rygsin(p — 0) & (4.52b)
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The initial conditions are
u£9(0,0) = 0; UL(0,0) =0

3m,t
where,
2 ZB 3 242 5
21 = {2;5_192) _g(BS + a )} 21(0) = (Z(Zzlez) - ?ﬁ)
2, (%1 2
o aa1(2+3) aja®  3f a—f+aBz .
22 2¢2 8(p2—462) 4 \4 7 ’
158  3a? a? 3a? 21B
722(0) = B (__E_s(qﬂ—w%)' rzz(o)‘33(4 NETE=TD) 1_6)

_( a?aZB SalB a2 3B

T2z = {2(¢2 62) 8 } 123(0) = (2(4;2—92) 3)
, _ p3(38 _ a? __( a?ddB _SQ?B
123(0) =B (4 ((pz—Bz))’r24 - (3(¢2—92) 16 )
3(B N\, _p3(_3a* 3B _ aajas _ _

7”24(0) =B (16 8(4,2_492))' 1,4(0) =B (8(4,2_92) 16)' Tes =—— =Tan 725(0) = 1,,(0) =

a8y, 135(0) = 13,(0) = aSyB?
6 = (m;ﬁs = 125 1126(0) = 125(0) = 0,736(0) = 1,5(0) =0

rZZCOSBt r2360520t 7540530t

(30)(t 7) = a1, (7)cost + By, (7)sinft + 07— + 07 T 7 92
N Tys cos(<p + 9) t + 1y sin(p + 6) t
—(p+6)?
Ty cos(qo 9) t + rygsin(p — 0)
+ { (o= 07 (4.52b)
122 123 724 25 27
0) =-— [ + + + ] =0
WO = et et e T (e (el
(4.52c)
_ ~1[ 126 (¢+6) 128(¢—0) _
B (0) = o[22 ooy T i) T=0 (4.53)

So far, it follows that
UG = yB9(1 — cos2mx) + Uz(f,?)(l — cosdmx) + U?Ef,?)(l — cos6mx)
From (3.24),
0(e38) + USV + Uﬁ,lx)x + 2208 + Gy
—@?UGY = 2(wiu PP + wpu ) = 208 + 2(wiUE” + wsU ")
- (w;’u“f") + w§'+U’%1°)) -2 {Uf‘”) + ( U(ZO) + ’+U“E1°))}
— a(U(lo)U(Zl) + U(11)U(20)) + 33([](10)) (U(ll))
Substituting on the RHS of (3.24) gives
U(31) + U‘(nglx)x + ZAU‘()?XD +UGY = — [(wi)zU(n)(l — cos2mx) + 2 {w1 (U(Zl) (1 — cos2mx) +

milt

U(Zl) a- cos4mx)) + a)éUm)A 1- cosme)} + Z{U(3O) (1 - cos2mx) + Ut (1 — cos4mx) +

2m,tt 2mtt mitt 2mtt

U a- cos6mx)} — 2{ (U(ZO)(l — cos2mx) + U0, 1- cos4mx)) + sz(lo)(l —

3mtt m,tt 2m,tt m,tt
cosme)} { ”Uﬁg)(l — cos2mx) + Uz(fr?,)f(l cosdmx) + wy U(lo)(l — cosme)} +2 { US,?U —
cos2mx) + UST?)t(l — cos4mx) + Ug?:)t(l — cosbmx) + w} ( Ur(j’g)(l — cos2mx) + U;i?i)(l —

cos4mx) + wZU(IO)(l — cosZmX))} + (x{ Ufjo)(l — c0osS2mx) (Ur(,fl)(l — €0s2mx) +U§2n})(1 —
2
cos4mx)) + Ugl)(l — cos2mx) (Ur(,fo)(l — €c0S2mx) +U§2n?)(1 - cos4mx))} - 3B {(U,(&O)) U,(;l)(l —

cosme)3}] (4.54)
Further simplification of (4.54) yields
U(31) + USC?;IX)X + 2206 4 yBGY = [(w{)zUr(rf%g(l —cos2mx) + 2 {wi ( T(rfg (1 — cos2mx) +

U(Zl) 1- cos4mx)) wZU(lp 1- cosme)} + 2{U<39) (1 = cos2mx) + U (1 — cosd4mx) +

2m,tt m,tt m,itt 2m,tt

Ut a1- cos6mx)} — Z{w{U(ZQ(l — cos2mx) + U (1 - cosdmx) + wZU(lo)(l — cosme)} +

3mtt m,tt 2m,tt m,tt
{ U(ZO)(l —cos2mx) + Uz(fr?)f(l cosdmx) + a)’z’U(lo)(l - cosme)}
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+2 {Ur(;?)(l — cos2mx) + U(30)(1 — cos4dmx) + U(30)(1 — cosbmx) + w] (Ufrfg)(l — cos2mx) +

2mt 3m,t
Uz(f,?)g(l - cos4mx)) + w5 (U,(nl?)(l - COSme))} + a {U,(nlO)U,(,fl) G — 2cos2mx + %cos4mx) +
10 21 1 1 11 20) (3 1
U,(n )Uz(m) (1 - ECOSme — cosdmx + Ecos6mx)} +a {U,(n )U,(,l ) (; — 2cos2mx + Ecos4mx) +
2
U,(nll) Uz(f,?) (1 - %cosme — cosdmx + %cos6mx)} - S,B(U,(nlo)) U,(nll) G - 14—5c052mx - zcos4mx -

icos6mx)] (4.55)

Let

yGD Z UGD(1 — cos2nx)

n=1
The LHS of (4.55) becomes
Z Ufflf)(l —cos2nx) + (—16n* + 8An? + 1)U,§31)0052nx]
n=1

Multiplying (4.55) through cos2mx and integrating from 0 to 1t and from n=m, gives
~2[USH + (16m* — 8am? + DURV] =

mtt
-|@runi(=5) + 2o (-5) +esvni (D} +2{vR (-5} -
i | (5] 4 00 (< 2 (U89 (<) 4 g (—2) 4
+w,2Ur(nl’gg (_g) 1¥%mtr 2 2¥m,t 2 m,t 2 1%mtr 2

i ()

o [F2USPUE (-5) - 04U (-5) 200 (-5) -0 (+5) -

UG (-5} 380 0 (1) (456

A further simplification of (4.56) yields
U+ 02U = (w)2USH - 2{wiulh + wsulip = 2{ UG + 2w vl + wpul R} -

m,tt m,tt m,t mitt m,tt m,tt
{010 + wyulPt = 2{ USY + 0 USY + Wt} + af2US VU + UGSV USY + 205 U +

45 2
Ur(;l)uz(fr?) _T.B(U‘r(nu))) Ur(il) (4.57)

The initial conditions for (4.57) are
Ui (0,0) = 0;
USP(0,0) + w; (VUL (0,0) + wy (0)USP(0,0) + UFY (0,0) = 0
Multiplying (4.55) through by cos4mx and integrating from 0 to rt and for n=2m gives
T
— = [USH + @56m* — 322m2 + DUSY

2 ["mit
- - [l (-3 2080, () 20050 (-3)+ et (-
+ 207 (—3) + 2007 (-3)
n a{% Ur(;o)ur(nzl) (_ g) _ Ur(nm)Uz(fr? (_ g) + %Ur(nll)ur(rf()) (_ g)
-uu (D) G sy

= USH+02USY = = 20080, + 2050, — 20iU8Y; + 0} USe) + 205 + 261U +

2m,tt 2m,tt 2m,tt 2m,tt 2m,t 2m,t 2m,t

2
a(FUSPUEY —UROUGY + JURPUEY - uRPuEDY - 2R(UP) U] @s9)

The initial conditions are

18



U (0,0) = 0; USP(0,0) + wi (0)UL(0,0) = 0

2m,t
Multiplying (4.56) through by cosémx and integrating from 0 to rt and for n=3m, the result is

[U(3 + (1296m* — 72Am? +1)U(31)]

tt
[ (5) #2050 (- efulu (-3) 300 () -

3(-3) D) U @60)
A further simplification of (4.60) yields

(31) 2 (30) —
U3mtt + 003, =

30 30 10);,(21) | 1,,(11),,(20 3 10)\2,,(11
~[2uin, +2U§m1+ FuGouEd +2utPuE )+ 2pUH0) uSP] @61
The initial conditions for (4.61) are
U (0,0) = 0; USH(0,0) =0

Further simplification of terms in (4.57) yields
UBY + 9203V = (0})?628,sindt — 2 [m;(—eagsinef + 0BLcosOt) — (

m,tt

—29r3'sin295+26r400529f)]
362

{—r13(p + 8)sin(e +

21y 15in26% + 3r1'25in39f:

2wy B50c0s6t — [—agesmet + Bgecoset +

36 86 <p(26+qo)
0t +1{,(¢ + ) cos(p + 6)t} + { rs(p — 8)sin(p — 0)t + 1r{s(p — ) cos(p — B)t}]
2w { 0%a,cos0t + m} + sz(—alﬂzcosﬂt) - w1 { —Ba,sindt + ZTLZZW}

27115in20¢ + 3r1251n39t
36 86 (29+qo)

wy (—a,0sinft) — 2 {—agsmet + BoycosOt + {—(p + O)ryzsin(p +

Ot +114(@ + Ocos(p + 0T} + (29 { (@ + 8)ryssin(p — )t + (¢ — B)rygcos(p — G)t}}

Dl P a1d6 _ Brp airy _ Brs
Z(ul{ OBa,sinft + 2wy (— Balsmet) + 2a {( > 92) + ( 5 T T Ba6) cosOt +

(—Bﬁ"’_ala“) sinft + (ala"’ B;3) cos26t + (alﬁ"’ Br4) sinft — ZX2 cos30¢ — “L sm39t} +

Zrlsinzet}

602 92
a1Te aqTs __Brg alresm39t Ps
a{(—z((pz_wz) + <p2 92) sin@t + (—sz 407 —(pz 402) sin20t + 29?107 + Ba7cosq)t + BB;singt +
a157 =Zsin(p + )t 1'37 =Zsin(p — H)t} +2a {ﬁza“ sin20t +
ﬁ;;" sinft — BZ . (sm36t - sm@t)} (4.62)

To ensure a uniformly valid solution in £, demands equating to zero the coefficients of sin8 tand cos6 t
in (4.62) as further expanded. The coefficient of sinf t leads to

ag + og = h; (1) (4.63a)
h, (1) = —% [Zw’leag + wia,0 + w00, + 20100, + 20500, + 20 (@)] (4.63)
o 09 = e[ eShy(s)ds + ag(0)] (4.64)
The coefficient of cos8 t yields
Bs + Bo =h,(7) (4.65)
h (1) = — == [2010B% + 2} B30 + 200} 6%t + 2050,0% — 20 (“52 — 112 4 Bty )| (4.66)

“ By = e *[J ehy(s)ds + Bo(0)] (6.67)
The remaining equation in (4.63)
Ur(:g + 02UCY = rpg + r505in26t + r4; 0520t + 15,0530t + r35c0530t + ra,cospt + ragsingt
+ 136 cos(@ + 0) T+ r3; sin(p + 8) £+ r3g cos(p — 0) £
+ r3osin(p —0) 1 (4.68)
The initial conditions are
USP(0,0) = 0; USY (0,0)+w; (UZP(0,0)+w5(0)USP(0,0) + USP (0,0) = 0
where,
a0 T,B
Iyg = Z(X( > + ?

)i ry9(0) =0
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[—4r§ 4r;  4ry;  2wir;  4ry; 4w o B 14B Q,Tg Brg
2 )+ )

—= -= +
30 306 36 360 30 30 2 302 2(@? — 02) % — 402
o?a,BB, 45
+ aBsay +W_TBB(X182
3(z8a _ 48 20 45, 4w 202 o? o? 3
r30(0) = (SGB 30 ' 383 30 ' 303 303 ' 20(92-02) @ 20B(@2-62) 49) B”S;s,
B 8a 4S,; 2a 4S5, 2a? N a? S N a? 458
= " 3B6 20 63 36 63 20(p? — 92) (p?—02) 20B(p?—062) 46
8wir aa Br. —8(xB3
ra = [ 20 (0 - )] a0 = =5
r
I3, = [_ a;x;;] 13,(0) =0
—3r;; 3ry;  aagry + a4 T'g afary o af B,
_| 46 40 302 2(p%?—46%) 302  8(@?—462%) 0
I3z = 45 r33(0)
__BBOHBZ
_ps(— 3Se1 355 o? aS; _ B3s
20 30 130° "~ 20(¢? — 02) 26
3516 3Ss a? as;
S6=1|— St
36 30 363 2(p?-—462?)
r3s = [aBay], 134(0) = 0
aZSO o? a?

rss = [aBBs], r35(0) = 3<P3 o) 20(9?—40%)  @(@?—40%)
_ [2r1a(@+8) _ 2r14(¢+6) | ama;  aBaBs _
36 = [(p(29+<p) ©(20+@) 2 2 ]I r36(0) =0
S 2ris(@+60) 2riz(@+96) anypB, (Bzas)
¥ 020+ ¢)  eR0+¢) 2 2
6a(p + 06)S aS Spa
r37(0):BS( (o ) 04 == 0 )_
©(20 + @) 2 20
_ (6a((p +0)S, aS,; aSO)
7 Ue@o+9) 2 20
-2ri(@=6) | 2rie(9-0) | aaja; | oBaPs _
o200 | ezo-@ | 2 T 2 ] » T35(0) = 0
[Zris((l) —6)  2ris(@—0)  awf, (820‘5)]
39 = + + -«
e20—@) (20— @) 2
4a(p —0)S, 2a(@ —0)S, a®S;  aS,

0) = B? - - —0) = B3s
r39(0) (cp(ze+<p) 920 ¢) 2<p+ze> »

1"38=[

s ( a 2a )
PN 0P -0Y) (9207
Solving (4.69), the following is obtained
A e in26t ot ot in36t t inot
Ur(sq) — a12c059t+ 31281n9t+%+ r3opsin20t+rz;cos20t = r3;cos30t+r33sin36t | rzscoset+rsssinegt

92402 82-902 822
r36Ccos (@+0)t+rz;sin(@+0)t | rizgcos (—0)t+rzgsin(p-0)t

+

4.69
©(20-¢) + ©(26-¢) ( )
__[ree rs1 sz r34  T3g rsg  20B% 1 (B®  16aB® 10a’B?

12(0) = 02 + 02-402 + 62-902 + 02-92  @(20-9)  @(20-@) 394 202 (94 302 02
3a2B3 o?B3 225883 ;) Tio Ty Tz  rig s
2¢2 + 4(@2-462) + 16 ) + (O“’ + 92 302 8e2 (p(26+(p) @(26- tp))”
0 (4.70a)

— 20r 30r r + 0)r —O)r
B,,(0) = = 302 +— 33_ Pr3s n (¢ )r3; n (o )r3g at T

0 loz—402 " 92—902 ' 92— 02 pRO—¢) (20— 0)

=0 (4.70b)

Substituting in (4.59) gives
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31) 31 Orgcosdt | 20rgcos20t . A
Ugmtt + (pZU;m) = —|2w] { @assinet + @B, coset + 52 = T (pj_wz } +2 {—(paiosmcpt +
A Origsindt  20r}gsin206t  30r),sin36t 2Ba;62cosBt  20a%cos26t
' 18 19 20 / 1 1 "
cosopt — - - } - { - }
(PB1() ¢ ‘Pz_ezz @2-402 ©2-902 1 @202 (2-402 +a( 1t
Ba;0sinft  Bafsin26t .. »  OrigsinBf  20rj¢sin26t  30r,osin36t
2w] { - } 2 {— a4oSinet cospt — - —
1) ©2-02 ©2-462 + Paqo P + (PBlo P @2-62 p2-402 ®2-902
affaae r,B oqry oqr3 IS alﬁe r4B
> {( > Tz ) + ( 0z ez T Ba6) cosBt + (BB6 92 ) sin6t + ( 5 92 sin26t

aqTg Brsg
2(‘\02 492) 2 02

a187 —Zsin(p — 0)t + (2(221122) + 2]3—492) sin26t +

O11137

aqr: a aqr, . ~
%cos%t - #sm%t} - a{( —Zsin(p + 0)t +

(—951n36t + Bacosot +

o Y. .
B57Sm<Pt} {Bza“smzet  Barosindt_ Bzr1 = (sin36t — smet)} —a {chz < 2 ) __odfz ot

2 62 @2 8((2-402)

ax; BBz . 2 aadB : 2
207 —07) sin26t + 2467 sin30t; +

9B a? B

L {e. (B2 +%) - 1} singt + B, f (4.71)

To ensure uniformly valid solution in theeds equating the coefficients of cosef and sinet to zero.
Equating the coefficient of cost yields

—2w190B7 — 2¢B1o — 2B10¢ + Baya; =0

“ Bro+ B0 = ﬁ [—2wi¢PB7 + Bayas] (4.72a)
“ B1o + B1o = h3(v) (4.72b)
where,
hs (1) = —[ 2w10B% + Boyay] (4.72c)
It therefore foIIows that,
Bio = e *[J hs(s)e’ds + By (0)] (4.72d)

The coefficient of sin¢t leads to
201005 + 2]y + 204090 + BB,a =0

a'w + A9 = h4_('[) L (4.72e)
h,(1) = 2 [2wi@as; + BB, a] (4.72f)
~ago = e[ hy(s)e’ds + a10(0)] (4.72g)

The remaining equation in (4.71) is
Ufn?tt + (sz(31) = I40C080t + ry;5in0t + 14,0526t + ry35in20t + ry,cos30% + ry55in36t +
T4 €OS(@ + 0) £+ ry; sin(@ + 8) T+ rug cos(@ — 8) t+ rugsin(p — 0) £
(4.73)
The initial conditions are

US2(0,0) = 0; US(0,0)+w} (0)USZ(0,0) + USY (0,0) = 0

2m,t 2m,t
where,
_ —20rjw;  2aw;Ba;0? o/ 1B T, 04T
M0 =" g2 gz T T pz_92 2 ( 2 ?) (92 _692)+B°‘6
—3a 2a
0 =5 - )
Fo 0 =BGt — o -
I 20rfy (0f +2wi)aBa; 0 20rg _E( B, — a1r4) < aTe N Brs )
41 @2 — 02 @2 — 02 @2 — 02 ® 602 2(p% — 402) @2 — 02
_ afaro _ afary " o’B, 0‘_%+ B2)— o’a; BB, 9[3 8, (B2 + 0‘%
202 1207 ' |2¢% \ 2 (g2 —407) T 2
26S 2a 26S 20 aS a? 1702
r41(0) = B*| —; 242 - + LA 1 + -
(@2 —0%) B(@?—02)  @?—02 90% 2(p? —402) ' O(pZ—02) 120°
3a? a? 458
(46— ¢?)  80(¢? — 40%) 166
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r [46m1r6 20a0)of (0) ( 20 __4S1s )
12 7 |(g2-a02)  (p7-267)] ' 42 B(@2-482)  B((2-462

S 40w1ryg (0} + 2w})ada? 40r;, _E(%Be _%) a( Q4Ts N Brg )
B (9 — 402) % — 462 (2 —402) 2\ 2 302 2(92 —02) @2 — 402
o?,BB, 9
———2_1_BB,B
2(([)2_62)-'-4882 261 i i
406S,, 2a 406Sg a 2a aS; 98
r43(0)=B3< Z-467) | (g7 — 07) | @? — 467 ' 66° | 20(q? — 67 —o5 16
(¢ ) 0(e ) @ (¢ ) (¢? )
= [&( %253 =
tu = [F(6F)], @ =0
b 60r}, N 60r,, a(oclr4) L Qe af,r; N a?az B, BB o2
7 (92 —9082) T (¢? —962) 602/  2(@?—402) ' 12  8(¢? 492) 2048
r1e(0) = B 605, 66Sy o? _aS (x_2 B 9_8
5 (9% —402) (@2 —02) 1203 2(@?—62) 120 166
T46 = [a1a7] 146(0) = 0,147 = [aa2187] T47(0) = —aB3S,;
T4g = [%]: r45(0) = 0,149 = aa2187]' r49(0) = —aB3S,;
.. = asS, + a N a a 260aS;
43 = — T 5 3 - -
2903 2a(p? —462) a(p?—02) ¢(p? —46?)
r cosGt + r,35in0t  r,,c0s26f + r,5sin26t
: U(31) = oy3cos@t + By3sinet + 42 — 9423 S o7 = 4;;
N ry6cos30t + r47sin36f r45€0s (@ + 8)t + ryosin(e + 0)t
®? — 902 0(2p +86)
I'soc0s (@ — 0)t + rzosin(p — 6)t (4.74)
020 — 0) '
where, from the first initial condition
_ Y Taq Tse Tsg I'so _
a;5(0) = T = 07 + o7 — 462 + T—907 0(2p +0) + 820 — 0 at T = 0(4.75)

and from the second initial condition, it follows that

Or 20r 36r. (6+@)rsg , (B—@)rsy ’ riy rig rio 50
0 43 45 47 o (0 riy —
[813( )(P + PERPY) + ©7-402 + ©?—962 020+0) + 0(20—0) + 10( ) + @2 + ©2-02 + ©2-402 + ©2-902

0
_ 1] 8143 20rys 30rg;  (B+@)rao |, (B-@)rs; r17 _Tis T
= By3(0) = [ 2-92 ' 92402 ' ©2-902  B(2¢+68) @ 8(2¢—6) +01,(0) + t o6z ©2-62 + 2-402 +
r
(Pz_zgez] (4.75b)

Substituting in (4.61)
2
UG+ 02080 = — [2080, + 2080 + « FUGOUEY + 200U} +2(UGY) USY] (4750)

3m,tt 3m,tt 3m,t
Further simplification of (4.75c)yields

BrypsinBt  20rpssin20f  36rp,sin36t
02-92 02462 02-992

3m,tt

UG 1 02y (31) [2 {_Qa'nsinm + QB cosQt —

(@+0)rhssin(@+0)t (<p+9)r§6cos(<p+9)f_(cp—e)r£7sin(cp—9)f (@—8)rhgcos(@—0)t

} + 2 {—Qausinﬂf +

Q%—(9+6)?2 02—(9+0)? 0% —(9-0)2 02—(p-0)2
0B cosOf — Bry,sinBt  20rp3sin26t  36r4sin36t  (@+O)rassin(@+6)t | (@+6)rpecos(@+0)t
1 02-92 02-402 02-992 02— (+6)2 02— (@+6)2
(@=6)ra7sin(@=-6)t | (@-8)rzgcos(p-0)t g{( a1Te Brs ) a0y 1(37
- (g_0)? 2 (g_0)2 } PR + oY sinft + =~ cos(cp + 0)t + =Zsin(p +
a o, oAy _ o) a1[37 ( Ars )
)t + = cos(e — 0)t + = Zsin(p — 0)t + 2007 T 492 sin26t + ( o 492) sin36t +

B B a)Baa Bz"'_ aaB; inot ao1BBy . 20t aaB, in36t
a,sinept + B7sm(pt} 5 e —8(¢2_492)sm t+2((p2_ez)sm t+msm t—

BZBS 2222 cos(@ + G)t} += {(BZ (BZ 2) Baa 1) sin6t + B,Ba;sin26t 4B sm36t}] (4.76)
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To ensure uniformly valid solution in £, needs equating the coefficients of cost and sinQf to zero. The

coefficients of cosQt yields

—20p;, — 208y, — 22 =0
, B
B+ B =— azg7 = h5(7)
where
_ aBo;
hs(t) = 20

~ B = e7*[[ hg(1)e’ds + B11(0)]
The coefficients of sinQt yields

—200}, — 200y, — 2887

=0

where
__ aBBy
he(t) = a0
~lim ayy = e [ hg()edds + ay4(0)]
The remaining equation (4.76) is:

(4.77a)
(4.77b)

(4.77¢)
(4.77d)

(4.77¢e)

(4.77f)
(4.77g)

USCH. + 0203Y = rgsinbt + rs;sin26t + rs,sin36t + rs; cos( + 0) t + rg, sin(ep + 6) £

3m,tt
+ 155 cos(p — 8) £+ reg sin(p — 0)

The initial conditions are

(4.78)

U8 (0,0) = 0; UEV(0,0) + ULY (0,0) = 0

m 3m,t

20rl, 20r,, oy T Bars

3m,t

2
ag 2
o?B, 7+B ooy By

I50 = 02 — 92

_ 30B, <B2 s a_) , Boped

02 —02 4(@%—46%) 2(@*—462) 4 @2

16(¢? — 462)

8 2 32
reo(0) = B3< 26S,, 26S,, N asS; N o? N 3a? N o?
(Q2—02) ' (02 —02)  4(@? —462) ' 20(@? — 460%) ' 80¢p? ' 16B(¢? — 462)
9af 3af
160 ﬁ)
40ri, 40r,, aoyTs Bar, a?a, BB, aoy B,B
151702 402 T 07 — 407 4(p2 — 02) 2(@% — 46%) 4(@%—402) 2
_ s 46Sig 40S,, o? asS; a
rs1(0) =B <(92 —40%) ' (02 —402) ' 20(@? —02) 2(¢@? —40%) %)
60rl, 60r,, a0y Ig a?By0? aop,
52502992 " 2902 4(p? — 462) 16(¢? — 7)) "8

oS,

= B3 _ « *
rs2(0) =B ((92 —9602) ' (02 —962) * 4(@? —402)  160(p? — 462) * 89)

2r£6((p+(-)) 2rp6(@+06) oot oy
I53 = — - - ,T53(0) =0

02—(@+6)2  02—(@+6)? 4
_ 2ry5(@+6) 2rp5(@+6)  aayBy _ n3 (60(50 (9+6)
Ts4 = 02 (gr0)2 T 02— (@10)? 4’ rs4(0) = B 02— (@+6)2
reg = 200 2rp(0-0) _wtiay ) _—4aSoB’
BT (02 22-(¢-0)2 4 % 02~ (¢-0)?

=)

2ry;(9=0) | 2ra7(¢—0) | aaiBy 3 (60(50 (¢—6) 0(543)
Teg = r 0)=B°|—"——+—
56 = gi-(p-02 T ai-p-0p T4 /1560 02-(9-0)2 * 4
Therefore;
(31) _ o . ~a o I5osin®t | rgisin20t | rspsin36t r53cos(@+0)t+rsysin(@+0)t
Uz’ = 0q4C088t + B14SinQt + o0z T o720 07 502 (1072 +

(r55cos((p—(-))f+r565in(cp—9)i)
02-(@-6)2
Therefore,

(4.79)
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T r
014(0) = — [ + ] [T = O (4.80a)
_ _ Orso 26rs, 30rs; (@+6)rss (9—B)rse ' rhs rhs rha
0B14(0) = T 02-02  02-462 02992 02— 22— 2 M1 7 G292 (02492 (2-992
0102 02— (¢+8) 02-62  02-462 02_98
I35 _ r%7
QV2-(e+6)2  0%-(¢-6)?
Therefore;
B14(0) =
-1 [(Orso+rh;) | (20rsi+r1h3) | (36rsy+rh,) ((9+(P)1"54+r;4) (0-@)rse+ 15,
0| g2-e? ©2-402 ©2-90% 02— (p+0)2 g0z T
a’n(O)] (4.80Db)

So far, it follows that

UG = y$V (1 - cos2mx) + UL (1 — cosdmx) + ULV (1 — cosémx)  (4.81)
The summary of the solution so far s,
Ulx,t,7) = (UAD 4+ UMD + 520D ... ) 4+ e2(UCD 4+ UV + 520D + ... ) 4+ 3(UBO +
SUGYH + §2UGD 4..) + .. (4.82)

4.2 Maximum Displacement of the Column

The dynamic buckling load is obtained from the maximization % = 0, where U,is the maximum
a

displacement and A is the load parameter. The conditions for maximum displacement are,

ou ow

-0 =0 (4.83a)
But from (3.12), it follows that

= Ug+ (i€ +whe? + g + 68U, =0 (4.83b)

The aim is to determine the maximum displacement;

n Ua = U(xa,\v ta ’ ta)
where x, , t, , T, and t, are the values of x, t, T, and t respectively at maximum displacement and are
to be next determined before finally determining the maximum displacement.

. . AU .
From the first condition of maximization, ol 0, this means

au(lo) aU(ll) ) au(ZO) aU(ZO) . au(SO) aU(SO)
S 5 5
“|Tox * 0x ]+€[ ox * 0x ]+€[ ox * 0x *
=0 (4.84)

i.e,
ZmE[U,(nlO)sianx + SU,(nll)sianx + ]
+ €2 [Zm UZsin2mx + 4m UL sindmx
+ 5{2m U,(,fl)sianx + 4m Uz(f,})sinélmx + e }]
+é3 [Zm U,(,fo)sianx +4m Uz(f,?)sinﬁlmx + 6m Ugf,?)sin6mx+..

+ 6{2m U,(,fl)sianx +4m Uz(fj)sintlmx + 6m U?Ef,f)sin6mx + } + ]
=0 (4.85)
The equation (4.85) is satisfied if sin2mx, = 0, Swhere x, is the value of x at maximum displacement.
This means, 2mx, =nmn, n=0,1,23..,setn=1, x, = %, substituting, x, = % inU(x,t,71), gives
U(xg £,7) = 2e[USY + 6USY + -] +2e2[ UZY + 5 UZD + -] +2e3[(US” + UED) +
S(uSY + u8P)+ -] (4.86)
Let £,, t, and 7, be the values of £, t and T respectively at maximum displacement and let them be
expanded asymptotically as
£, =
EO + 5?01 + 62£02 + e(flo + 6&11 + 52£12 + "') +
Ez(fzo + 6521 + 62622 +
) (4.87a)

tq =to+ 8toy + 6%tgy + -+ v+ €(E1g + Styy + 8%t + )
+ €2(tyo + Otyy + 8%ty + ++) (4.87b)

24



Ty = O[ty + Otgy + 8%tgy + -+ oo+ €(t1g + Otyq + 8%t + - ) + €%(tyo + Styy + 5%ty +

-] (4.87¢)

Evaluating (4.87c) at the maximum values and simplifying, the following are obtained:

to = %, to = g, tio = —tg—f, tao = tao — t10 01(0) — tow3(0) and
b B%aS, sin ¢t (-0  (p+0)  (o+ 6) (p—6)
20 62 22—(p—6)2 22—(p+0)* ¢R0+¢) @26-09)

Let U, be the maximum displacement. We now substitute for x,;
TN\ 10 syt 2 20 SUGD
U (5 bt) = e[2ul0 +25U57 ] + €203 + 28U5) . ]
+[(2u30 +2U8P ..) + 8(2U +28U50 )] (4.88)

Expanding each of the terms in (4.88) and evaluating (4.88) at maximum values and noting that all U,(:]D

are evaluated at (t,, 0), the following are obtained
Therefore,

U, = 2¢ [UE,}O) + 6{%0Ufj_‘g) + U9 + Ugﬂ} + ]
+ 2¢2 [fmU(up + UG

+ S{tnU(“’) +t10USe + tortioUSR + EiotoUS D + EoUS Y +- } +. ]

mtt m,tt

+ 263 [fon(“’) +8 120) USR + 8,080 + (USY+UlY

) +E50t0USD + oty U

mtt mt‘[

+8{t21U + U89 + 1,8, U0 )+ E50U0Y }

+ E (tlo)ZU(l + tllU(ZO) + tloU(z ) + tlotoU(ZO) + tloU(Zl)

m,tt

+ by (UR” UG ) + 6o (URVHUS) + ] att=0  (4.89)

Therefore,
U, = ze[U“") +8toULY + -] + 2e2[UEY + 8t oULY + -] + 263 [(U(3°)+U(3°)) +8t,ULY +
882U Y + 8ty ULY + 5t (U(30)+U(3°)) +- ]att =0 (4.90)
In what foIIows, simplifications of the terms in (4. 89) (4.90) are carried out to obtain the following
UG, 0) = 2BUGY (£, 0) = — (4.91)
(20) _ ro(O) ri(0) _ —r1(0) rO_(O) O r1(0) r1(0) | ro(0) aBZ
, (t,0) = , 0,(0) + =z 302~ 302 T gz T g2 2[ 362 ] =2 [362
3aB —16aB
= (4.92)
01 135B3 802 (/a 1 1 i
052 (3,0) = o P14 2o (%) s, - ) cos (20)]
0 802 135 (\B 020+ @) ©(206—0) 0
2 (%) 8% g, —kp| = B B(1+A ) (493
39 B 1356 3 4 31 ( . )
where,

862 1 1 2 [a?\ 862
As1 = [HE{(%) So (q)(29+(p)_q)(29—q))>cos (%)}J“W(%) 1353(3k3 k‘*)]
o= (s - ) o= (2~ )
P*—6%  4(p?—40%) 4¢? 362 (¢*—6?)

2 1 8 1 1
ky = (E_ (92-62) + E) ks = (W + 4(9?—62)

Similarly,
UG = —BB(Asz + (3) Sohss ) (4.94)
where,
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2
15 16%‘(11 R
E(l - T) (1 + cosQty)

8 £ S
Asy = N E(l — klz)(l - COS.QtO) (1 — klg)(l + COSQtO)

2 -e 2 — 407 1602 — 962)
and
Py P 2 2
has = [rer ~ Brmerl K =[5 (5) G} e = 2(5) )
UZY (2,0) = —a (0) + 22 1O (4.95)

From (4.24h),

@;(0) = ~0(0) + = [aBP, (0) — 26%} (0)B5(0) — Y (0)Bc (0) — 200} (0)t; 8oty (0) = o
% (4.96)

e (E 0) B <13a82 _4_BZ> ro(0) ri(0) _ (13a132 4_BZ> 20B® 2aB® _17aB? 4B?
m,T

0’ 362 0 92 302\ 302 ) 92 362 362 [}
_ g2 (170( 4) 497
B 302 9 (497)
Also,
1 (w')zez 2w} 62 7 T a <a7§+32) aZa? 458 (a
m— 1 |{w1) 67 20,67 nh_mn as) ) _ 1 _ 456 (a1
W2 = 7262 ay + ay 2“(92 692+3(a1)> @2 +4(¢2—402) 4 (4 +
B?) (4.98)
! ! 2 n !
0y o L 67 {1 (0)(w}(0))° — 2a;0 ()} (0) }
2 262 a?(0)
+26%{a1(0) (w1 (0)a,(0)) — a; (0) (@} (0)a4(0) + w; (0)a;(0))}
1(0)  7{(0) a;(0)a;(0) — a,(0)a; (0)
—2a - +B >
62 662 a2(0)
(@0 (0)a®  a*a;(0)ai(0) 456 (a:(0)a;(0)
@2 4(p? —462) 4 2
1| ,( B , (B? 8aB? B
=—ﬁ 9 9432 +29 §—362 +B(ﬁB 551)
8aB3
) 268 208 ~B.B2S5; —— ,(—-B?\  a*B(-B)
170z " 682 B? ¥\ 0z ) T 2007 — 202)
458(—B?)
8
1 [B B*a 5B2 Ss; 8 1 1
R _ 4 _ 2)" " o p2|(_=2%t 4~ 2p2 (-
- 202 [92”{392 +5 551} 2a {392 5 (a +392)}+“ 5 (qoz 2(4;2—492))
45BB2
= (4.99)
1) = —[2 _pq2p2 {5 _ (S, 8 2g2(L_ 1) BB opag (L
= w7(0) = 262 [92 2a°B {392 (a +392)}+a B (<p2 2((p2—462)) + 8 +28 a(392 +
Ss
=) (4.100)
Similarly,
(30) (T _ _p3 B3S,0 , B3S,0 . B3Sy; . 2aB3S, (% 11
Uz (9‘0) = —B"Ses + 62 + 62 + 362 + 62 COS(@)[(ze—w) (29+(p)]
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B3S,, B3S,, B3S,;

o) (T ) _
= Um'.[ (5,0) - 33565 + 62 92 + 392
mcos [ ] (4.101)
62 (26 — (p) (26 + @)
where,
So0  S21 248, [ ]
Ses = —Ses +— + o+ —
65 = e Tz T3z T T2 cos ( 26 — 9) (29 + )
where,
1 [6a? a?  Bwy(0)
Sea = Se2 = Se3, Se2 = — 202 [ 93 — 2084+ 303 ;2 ,h1(0) = B3Se,,
Ss S, Ss as,
S, ( to— —)
63 62 ' 362 802 (p(26 — @)
Also,
R . 15,(0)cosOt, 1;5(0)cos20t, 1,;,(0)cos36¢
Ugf,f)r = a11(0)cosQt,y + B11(0)sinQi, + 22(0) 0, 1230 0, 7240 0

= 0?2-40? 02-962
N 155(0)cos(p + 0)t, + 156 (0)sin(p + 6)i,

02 — (¢ + 6)?
15,(0)cos(p — 8)E, + 155(0)sin(p — 6)t
n 27(0) (¢ )i, 28(0)sin(¢p )ity (4.102)
02 — (¢ —6)?
aB3S as
a’11(0) = hs(o) - a11(0) = 4943 - B3S48 = 83566’ Se6 = 4_53 — Sug

Similarly, B1,(0) = hs(0) — f;1(0) = —p11(0) = 0 since h5(0) =0

3 fiad
. yBY ( 0) — B3S.. cosQ (E) _ B3S,, B3Sig B B3S.9 _ 2aB°Sycos ( 5 )
. 3m,T 0’ 66 0 N2—92 02—-402 02—-902 02 — ((P + 9)2

3 on
~ 2aB*S,cos ( . )
2 = (¢ - 6)?
i.e,
u$D (3,0) = B3Ss (4.103)
where,

_ T S17 Sig S19
Se7 = 5650030 (5) = g + g _192—902 .
il ]
Soeos (75 2= (p+6)2 Q- (p-0)?
Therefore, the maximum displacement is

— 2 — 3
Ua (5,0) = 2€[2B — toBS + ] + 262 [P — DBCBR | 4 93 [ LCHA) _ p3g (4, +

362 62 862
5S0As3)| + 6 [~t20B — ta0B + 11082 (575 = 55) + toB?(Ses + Se7) + -] (4.104)
i e,
U (n 0) _|ap (1 t06> 32aB2%e? (1 36t, N )
a\g'®) = |*P€ 2 392 16

o
N 1358(1 + A;)B%€* | 86° (A32 + ESOA33)
462 135(1 + 43,)

8592 _tz() fzo th 170( 4
T g2 p ) 4.1
* 1358(1 + A31){ B2 B2 + B (392 9) + to(Ses + Se7) (| (4.105)

A further simplification of (4.105) yields

2 2 3.3
Ua(5,0) = U, = 4BeD, - 222220 4 BFCHaIB [y ]+ - (4.106)
where,
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04
tod 3ty 862 (ASZ +ESOA33)

D1=1——2 , D2=1—16a, D;=1- 3501 A
8692 _tzo fzo th 170( 4’
- ot \zar ) T toSes + S
* 7135801 +A31){ B2 B2 B (332 9) 0(Se5 + Se7)

Equation (4.106) can be rewritten as
32aB2D,¢€? N 1358(1 + A3,)B3D;€®

Dy
U, = 4BeD; — [1+—]+--- 4.107
a = 30N 302 462 D, (4.107)
Equation (4.107) can further be rewritten as,
U, = €c; +€%c, + €c3 + - (4.108a)
where,
2 3 3
Cl — 4BD1 ,CZ - _ 32(:;2[)2, C3 — 135B(1:2231)B D3 (1 + ﬁ_:) — 135B(1+A3:;§ D3(14Ds)
= (Pa
where, Dg = (D3)
To reverse the series (4.108a) as in Ette (2007), we have
€ =d Uy +d, U2+ d3U3 + - (4.108b)

By substituting for U, in (4.108b) and equating the coefficients of powers of €, (4.108b) becomes
€ =di(ec; +€%c;, + €%c3 + ) + dy(ec, + €%c, + €3c3 + )% +ds(ec; + €%cy, + €3¢+

)3 (4.109a)
0(e):1=d;c;
1
. dy = o
0(62): 0= d16‘1 + dzclz
d dic2 _ _ &2
2TTE T
0(€®):0 = dyc3 + 2dycqc, + d3c3
o da = —(dic3+2dyci63) 2¢c3-cic3
e

4.3 The Dynamic Buckling Load, 4 of the Column
As in (3.1), the dynamic buckling load A, is now obtained from the maximization, % = 0. This is easily
done from (4.108a) to yield,

de _ (de da )
du, ~ \di dU,p
o dy + 2Ugpdy + 3d3U%, =0 (4.110)

Where, U, is the value of U, at buckling and solving (4.110) yields,
1
Uap = 55 {—2 % (3 — 3d1d5)2} (4.111)
The negative root sign in (4.111) is considered because the positive root sign is of no physical
significance. Therefore,
1

1
Ugp = E{—dz — (d} - 3d,d;)2} (4.112)
Further simplification of (4.112) yields

NI \
UaD = ;2 - 3—?(1 - 5C2 ) 1- “ 1 (4113)
_C_? (1 — ﬂ) 3 3¢i63 m(l _ 5¢ )E

€1€3
3cqc3

i.e,
=
U= i - 5C22 3C163<1 3C163> (4 114)
ab 3c3 3ci63 2 '
\ )
But,
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1 3

g _ 1 {4BD,}3 _ 1 { 64B3D3 462 }E B 1662 B

3cg 3 |3{13580+431)B3D31+D)} (T V3 l4058B3D5(1+D5)(1+431)) ~ 9/15BD3 (1+Ds)(1+431)
2

B
160 p2 160Ds _ 160Dg
olrcrriinsia\ I T o =T 1 1.115
9158 (1+D5)(1+431) <D3%> ENEET ( )

1
p$\2
D3

where, Dy = ——%——
V(1+Ds)(1+A31)
Further simplification of terms in (4.114) yields
1
166D 3 (1-D 160DgD
Uap = Q[D; (= 8}] = 16626010 (4.116)
91542 ° 91542
where,
D1 52 1 1024(%)D%
7T Y T 30 + 72902D; D3(1+Ds)(1+A431)
32 (%) D,
C2 Bz
Dg=1- =1+
° 52 \3 27\56,/D;D3D;(1 + D5)(1 + As;)
v/ 3¢163 (1 - )
3cqc3
23 20481)22(“—;)
Dy = (1 - E) T T 121502D,D3(1+431)(1+Ds)
1 1-D 166DgD
Writing, D;o = [D?{ 8}], (4.116) becomes, U, = ——+°
Do 9V15p42

To determine the dynamic buckling load, A, (4.108a) is evaluated at buckling to get,

€ = dUgp+d, U2y + dsUSp + -+ (4117)
Multiplying equation (4.117) by 3, the following is obtained
3e = 3d,U,p+3d,U2, + 3d3U3, + - = 3(d Ugp+d,U2p) + Ugp(3d3UZp) + -+ (4.118)
But from (4.110),

3d;U2, = —d; — 2d,U,p (4.118)

Substituting (4.118) for 3d;U2p in (4.117) yields,
3€ = 3(dyUpp+daUZy + Ugp + -+ = 2d,Ugp + doU2y = 2d,Uyp (1 + "‘22%) (4.119)
1
On substituting for d;, d, in equation (4.119), the following is obtained
_ 2 _ c2Ugp
3¢ = 2 Uan (1 e ) (4.120)
On substituting for c;, c, and U, in equation (4.120), the following is obtained

— 1 —3za32132)
3¢ = 9V1542 [1 _( 302 {1601)5010}] __ 80DgDyg [1 +( aD, )(160D5D10>] __ 86DgDyg 14

2 - 1 2 - 1
2(4BD1) 9v15D, BZB (P16) 9VI5D, BZB

i =
16<%>D2D6D10
ﬁZ
2715D%6 (4.121)
1 16 (% | D,DgD
= 3 8(16m* — 84pm? + 1)2D¢Dyo(16m* —82p,m* + 1) 1+ <B%> e
€ = T
915D, f2.8),m?@,, 27V15D?6
i.e,
3 16 = | D,DgD
(16m* — 81pm? + 1)2Dy Dy <ﬁ%> 276710
€= .
9VIED, B3 (Apm2ay,) 27V15D76(4p)
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-1
. [ 16<%>D2D5D10
& (16m* — 81,m? + 1)z = 27V15D, (Ape) m2G, |1 + =22 (4.122)

l 27V15D%6(1p) J

A simple computer programme, written on Q-basic, gives the values of the dynamic buckling loads, Ap,
at different values of € and & using equation (4.122).

Table 1: Relationship between the Dynamic Buckling Load and the Imperfection Parameters for
different values of damping factors, using equation (4.122).

a,e Ap for 6=0 Ap for 6 =0.01 Ap for 6=0.03
0.01 1.87913 1.87789 1.87548
0.02 1.81858 1.81736 1.81496
0.03 1.77694 1.77571 1.77332
0.04 1.74427 1.74306 1.74068
0.05 1.71702 1.71582 1.71345
0.06 1.69344 1.69225 1.68989
0.07 1.67257 1.67138 1.66903
0.08 1.65376 1.65257 1.65023
0.09 1.63659 1.63541 1.63307
0.1 1.62076 1.61959 1.61726
AW 19 -
1.85 -
== A for §=0
T 18 - -
9 Ap for § =0.01
& 1.75 - Ap for § =0.03
2 17 -
1%}
a
S 1.65 -
£ 16 -
3
A 1.55 -
15 -
1-45 T T T T T T T

0.01

0.02 0.03

0.04 005 0.06 007 008 009 0.12€

Imperfection Parameter

Figure 1: Relationship between the Dynamic Buckling Load and the Imperfection Parameters for
different values of damping factors, using equation (4.122).

Table 2: Relationship between the Dynamic Buckling Load and the damping factors for different
values of Imperfection Parameters, using equation (4.122).

6 Apforae=0.01

Apfor a;e =0.03 Apfor a;e =0.05

0.01

1.87789

1.87789 1.87789
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0.02 1.87667 1.87667 1.87667

0.03 1.87548 1.87548 1.87548
0.04 1.87431 1.87431 1.87431
0.05 1.87316 1.87316 1.87316
0.06 1.87204 1.87204 1.87204
0.07 1.87093 1.87093 1.87093
0.08 1.86985 1.86985 1.86985
0.09 1.86878 1.86878 1.86878

0.1 1.86773 1.86773 1.86773
g 1.88 -
21878 1 m
o . == )\, fora,e=0.01
g o . —8— ), for a,e = 0.03
2 1874 - . p 1OM ;€ =L
E‘ 1.872 - - m }\.D for 316 = 0.05
2 a
2 187 - A
o vy
s 1.868 - b
< 1.866 -
£
> 1.864 -

1-862 T T T T T T T T T 1

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
DAMPING PARAMETERS s

Figure 2: Relationship between the Dynamic Buckling Load and the damping factors for different
values of Imperfection Parameters, using equation (4.122).

4.4 Analysis of the Result

The analysis of the result of the simple elastic model column structure trapped by a step load and lying
on a quadratic-cubic foundation is hereby presented. The dynamic buckling load decreases with
increased imperfection amplitudeas can be clearly seen in Table 1 and Figure 1. This is equivalent to
saying that, the nearer the structure is to a perfect nature, the more stable it is for a step load. In the
same token, it can be clearly observed that there is decrease in the dynamic buckling load with increase
in the damping parameters, as can be clearly seen in Table 2 and Figure 2.

5.0 Conclusion
The research discussed the analysis of the dynamic buckling of a clamped finite imperfect

viscously damped column that is subjected to a step load lying on a quadratic-cubic elastic
foundation, using the methods of asymptotics and perturbation technique. The formulation of
the governing equation contains 6 and € independent parameters which are used in asymptotic
expansions of the relevant variables. Through the research, two main conclusions are obtained:
the dynamic buckling load decreases with increased imperfections, the dynamic buckling load
decreases with increase in damping.

The perturbation and asymptotic techniques applied in this work made it possible to change
ordinary differential equations to partial differential equations. This method turns ordinary
differential equations into partial differential equations to solve them. This method is not limited
to the elastic model structure, but can also be used in other structural forms such as cylindrical
shells, plates, etc.
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