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Abstract. The well known Pentanacci sequence is a fifth order recurrence sequence. In this paper, it
will be defined an other generalized Pentanacci sequence and established some properties of this sequence
using matrix methods.
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1. Introduction and Preliminaries

In this work, we define a generalized Pentanacci sequence and establish some properties of this sequence
using matrix methods. We use the matrix techniques as in [15].
Pentanacci sequence { P, },,>0 and Pentanacci sequence {Q,, },,>0 are defined by the fifth-order recurrence

relations
(1.1) P,=P, 1+P, o+P, 3+P,_4+ P,_s, Ph=0,P=1,P,=1,P3=2,P, =4
and

(12) Qn = anl + Qn72 + Qn73 + Qn74 + anfn QO = 57 Ql = 17 Q2 = 37 QS = 77 Q4 =15

respectively. P, is the sequence A001591 in [10] and @, is the sequence A074048 in [10]. Pentanacci sequence
has been studied by many authors, see for example [7], [8], [9].
The sequences { P, },>0 and {Qy }n>0 can be extended to negative subscripts by defining

Popn==P_(n1) = P_(n-2) = P_(n-3) = P_(n—a) + P_(n—5)

and

Q-n=-"Q_(n-1)—Q_(mn-2) —Q_(n-3) — Q_(n—a) T Q_(n_5)
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for n = 1,2,3, ... respectively. Therefore, recurrences (1.1) and (1.2) hold for all integer n.
Next, we present the first few values of the Pentanacci and Pentanacci-Lucas numbers with positive and
negative subscripts in the following Table 1.

Table 1. A few Pentanacci and Pentanacci-Lucas Numbers
n -9 -8 -7 6 -5 4 -3 -2 -10123 4 5 6 7 8 9

r, 2 0 O O -1 1 0 0 0 0112 4 8 16 31 61 120

Q, -1 -1 -1 -7 9 -1 -1 -1 -1 5 1 3 7 15 31 57 113 223 439
For all integers n, usual Pentanacci and Pentanacci-Lucas numbers can be expressed using Binet’s

formulas
P a3 5”-"—3
" T @ Pla-Ne-0a-n " B-a)F-NE- BN
’yn+3 5n+3 >\7L+3

R GO o) T vy ey y i

(see Theorem 2.2 in [14]) or

O=a)@ =P =N =) A=a)A=PA=)(A-0)

a—1 -1 -1 6—1 A—1
an—1+ ﬂ ﬁn_l'i‘ Y n—1 6n—1+

= )\n—l
6a — 10 65— 10 6y 10 60 — 10 61— 10

(1.3) P,

(see for example [3])

and
respectively, where a, 3,7,6 and A are the roots of the equation

(1.4) 2 —axt -2~ —rx—-1=0.

Moreover, the approximate value of «, 8,7, and A are given by

a = 1.9659

8 = —0.67835+ 0.458 54¢
v = —0.67835— 0.458 541
0 = 0.19538 4 0.84885:
A = 0.19538 — 0.848 85:.

In fact, there are no solutions of the characteristic equation (1.4) in terms of radicals, see [18].
The generating functions for the Pentanacci sequence { P, },,>0 and Pentanacci-Lucas sequence {Q, }n>0

are

oo
x
 (x) = E P.,xz" = -
fr. () — " l—z—22—a3—2*—2b

and

> " 5 —dx — 3z% — 223 — 2*
an(m):Zan :l—x—mQ—z3—$4—1‘5
n=0

respectively, (see [14]).



ON A GENERALIZED PENTANACCI SEQUENCE 3
2. Main Results
We consider the generalized Tribonacci sequence defined by
(2.1) E,=FE, 1+E, o+FE, s+ E, 4+F,_5, Ey=5FE=1,FE, =2 FE3=0,F, = 4.

The following Table 2 presents the first few values of the generalized Pentanacci numbers E,, with positive

and negative subscripts:

Table 2. Generalized Pentanacci numbers F,, with non-negative and negative indices
n -9 8 -v 6 -5 -4 -3 -2 -1 01234 5 6 7 8 9
E, -4 12 -4 -13 9 0 4 -4 -4 5 1 2 0 4 12 19 37 72 144

Obviously,

Pt —-1=0

is also the characteristic equation of the sequence (2.1) and it produces four roots as a, 8,7, and A which

are given above. The following Theorem presents the generating function of generalized Pentanacci numbers

E,.

THEOREM 2.1. The generating function of generalized Pentanacci numbers E,, is given as

_ 5 — 4 — 422 — 822 — 4zt

l—z—22—a3 —at—25

(2.2) fe.(2)

Proof. Let
e, () = Z E,z"

n=0

be generating function of generalized Pentanacci numbers. Using (2.1) and some calculation, we obtain
fe. (@) =2 fp, (x) = 2*[p,(x) — 2[5, (2) — 2" 5, () — 2° fB, (x)
= EO —|— (E1 — Eo).’E —|— (EQ — E1 — E0)$2 + <E3 — EQ — E]_ — EQ)J}B —|— (E4 — E3 — E2 — E]_ — Eo).’LA

which gives (2.2).

We define the square matrix F of order 5 as:

11111
10 0 0O
E=(0100 0
0 01 0O
000 10
such that
det E = 1.

E is called the generating matrix for the sequence (2.1).
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THEOREM 2.2.

(a): Forn > 1, we have

Epia 11111 B
Epis 1000 0 Enis
(2.3) Eno =101 000 Enin
Epi 00 1 0 0 E,
E, 00 0 1 0 E, 4
(b): For n >0, we have

Enta Ey

Enys E;

(2.4) E,.o | =E"| E,

Eni1 E,

E, B,

Proof. (a) and (b) can be proved by using induction on n.

Next we present Binet formula for the generalized Pentanacci sequence {E,,}.

THEOREM 2.3 (Binet Formula for the Generalized Tetranacci Sequence).

an IB‘IL

B = e e A R I ICRICREY n
e s v e e 2y Rk v v e %
B o Ep VA o B ey e
AT e B a)(a—g;;—J)(a— N G- —Aﬁm -9
e e o R R —ﬂz)(ﬁ SOIGESY 2
MCETLG —gi N G- a)(a—iﬂ;s—gv)(a— VI PRSI —Aﬁ% 09
AR E=D * B E=OE

8 o3 An3 )

B GO o) gy vy y TR0 A=)

= 4P, 3+ 8P, 4+ 3P,_5+ 2P, _g.

(0 =a)(6=B)(6 =) =)

Proof. The general form of the generalized Tribonacci sequence can be expressed in the following form

(2.5) E, = Aa" + BS" + C~" + Do" + EX"
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where A, B, C' and D are constants that can be determined by the initial conditions. Thus putting the values

n=0,n=1,n=2n=3 and n =4 in (2.5), we obtain

A+B+C+D+E = 5

Aa+ B +Cy+Dé+EX = 1
Ao® + BB*+Cy* + D§* + EA™ = 2
Aa® + BB* +C¥* + D+ EXN® = 0
Aot + Bf* + C+* + D5* + EX* = 4.

We can write above system in a matrix form as

1 1 1 1 1 A 5
a B v 6 A B 1
o B2 o4 87N c |=1| 2
o B3 5 N3 D 0
L e A D E 4
or
-1
A 1 1 1 1 1 5
B a B v & A 1
C =1 a* p* 2 6 X 2
D o B 8N 0
E ot gt st N 4

Solving the above matrix system of equations for A, B,C and D, we get

2BA+ By + Ay + B+ A6 +70) +4 — (BNy + BAS + 575 + Ayd) + 5By

4= @=Ba-(@—0(@—N
B - 2@l +ay+ad + Ay + A0 +v0) + 4 — (ady + aXd + ayd + Myd) + baryd
B B=a)(B=")(B-0) (B~
o — 2B+ aX+ BA+ad+ I+ M) + 4 — (afX+ aBd + ald + BNS) + bafBAS
B (Y—a)(y=B)(v=90)(y=N
D = 2B+ al+ay+ BA+ By + M) +4 — (aBX+ afy + ady + BN\y) + bafBIy
(6—a)(6=B) (=) (=)
B = 2(af+ay+ad + By + B+ ) + 4 — (afBy + aBd + avyd + Svd) + bafvyd

A=a)(A=B)(A=7)(A=9)
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Note that we have the following identities:

a+tB4+y+5+r = 1,
af+art+ay+rA+ad+8y+ Ay +Bo+A0+v0 = -1,

afX+ afy + ady + aBd +ald + Ay +ayd + BN+ By + Ayd = 1,
aBNy + afAS + aBys + aXyd + B = —1

afyéx = 1.

It now follows that

2BA+ By + My + BS + A +78) + 4 — (BN + BAS + B0 + A7) + 58NS

1
5(4‘13 +8a% +3a+2)=(4+8a ' +3a7% +2a7?)

Similarly we have

(448371 4+3872+25877%)

2N+ ay+ad + Ay + A6 +79) +4 — (ady + aAd + ayd + Ay0) + baryd

2(aB + aX+ BA+ ad + B6 + N) + 4 — (afA + aBS + ard + BAS) + 5aBA (A+8y 1 +3y 2 +2977)

(44851 +352+2577)

2B+ ar+ay+ A+ By + Ay) +4 — (aBA + afy + aly + BAy) + 5afry

(448N 302 2079,

2(af + ay + ad + By + B0 +v9) + 4 — (afy + aBd + ayd + $79) + baSyd

Hence we get

E, = Aa"+ BS"+Cy" + D" + EN”
_ a” 5"
SRR ) PO Py vy S e i T B
QG [CTR TGRS TRy SR Sy p Yo T S R WS T Wy T Wi Yg Wi ¥
Ckn_l anl
AP TP P YR L (- - T )
+ ,anl N 571—1 + )\n—l )
-0 -0 -0 T G- -A0-10-N  C—a)O- B0
an72 6”-2
AP TP P YR S (- - T )
N ,Yn72 N 5n—2 N )\n—2 )
- —-B-00-N  0-a0-B0E-10-2 G- - -1 -0)
Ozn73 ﬂn—B
AP Y YR LB P B B B
’Yn73 §n—3 )\n_g
QG [T TR TR S i p Yo BT S R WS 1§ W T Wi Yg Wi ¥

= 4P, 3+ 8P, 4+ 3P, 5+2P, .
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Identities which is given in the following Lemma can be established using by matrix methods.

LEMMA 2.4.

(a): P, = 1555 (1761E,, 44 — 801E,, 5 — 1317E,, 15 — 105E,,41 — 861E,,),
(b): E,, =4P, 4 — 8Pyy3— 4P, 2+ 9P, .1,

(€): En = 527(—296Qp14 + 6192Q 13 — 8552Q 42 — 7568Q;,11 + 8448Q,,),
(d): Qn = 15857 (39Fn+a — 1176 E, 5 + 10041E,, 45 + 4602E,, 11 + 11889E,,).

We now present a matrix formula for E,, which is called Simson formula.

THEOREM 2.5 (Simson formula). For n > 0 we have

Enyys FEpnys FEppo Enn By
Entys Enyo Enpn B, Eng
Enio Enpn E, Enq E, 5 |=16857
Eni E, FE,1 E, o E,_3
E, FE, 1 E,o FE, 3 FE,_4

Proof. The proof follows from

Ents Enys Enye Enpn Ep Ey E3s E» E1 FE
Eni3 Enyo Enpn En Eug Es FEy, FE1 Ey FE,
(2~6) Enyo Enpa E, E, 1 E, o |=|E E Ey E_. E_
E... E, E,1 E, o E,3 F Ey E, E o FE_3
E, E,, E,o E,s E, 4 E, E., E., E.s E_,

The formula (2.6) is given in Soykan [13].
We now obtain the result of Theorem 2.3 (Binet formula for the generalized Tribonacci sequence {E,, })
using matrix method.

Second Proof of Theorem 2.3 using matrix method (diagonalization).

The characteristic equation of the generating matrix E is

l—2z 1 1 1 1
1 -z 0 0 0
0=|F —zly| = 0 1 —z2 0 0 :—(x5—m4—x3—x2—x—1)
0 0 1 -z 0
0 0 0 1 -z

where x is the eigenvalue of F and I5 is the 5 x 5 unite matrix. Note that «, 3,7, and A are the roots of

the characteristic equation 2° — 2* — 2% — 22 — 2 — 1 = 0 and also a, 3,7,6 and X are the five eigenvalues
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the eigenvectors corresponding to the eigenvalues «, 5,7, and A\. We

can find the eigenvector by solving the following system of linear equations:

(B —zls)uy =0

where u,, is the column vector of order 4 x 1. First we find the eigenvector corresponding to the eigenvalue

«. Then from

l—a 1 1 1 1 Uy
1 —a 0 0 0 Uo
(B — als)ua = 0 1 —a 0 0 us | =0
0 0 1 —ao O Uy
0 0 0 1 —« Us
we have the system
UJ2—|—U3+U4—|—U5—U1(O£—1) = 0
U —auy = 0
us —auz = 0
ug —auy = 0
ug —aus = 0.

If we take us = c in above system we obtain u; = ca?,us = ca®,uz = ca®,uy = ca. Thus the eigenvectors

corresponding to « are of the form

sponding to a is | @2 | . Similarly,

CCK4

0043

co? and in particular if we take ¢ = 1 then the eigenvectors corre-

cx

c

using the same technique, we see that the eigenvectors corresponding
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e 4 5t A
33 3 53 A3
to B,v,6 and Xare | g% [, ]| 2 |.| 6% | and| X* [, respectively. Let
B ¥ ) A
1 1 1 1
at gt st
a3 BB 6 A3
P=| a2 82 42 §
a B v 5 A
1 1 1 1
Now let
a 0 0 0 O
0 8 00 0
D=|0 0~ 0 0
0 0 0 4 O
0 0 0 0 A

i.e., D is the diagonal matrix in which the eigenvalues of E are on the main diagonal. Then using the

diagonalization of the generating matrix F we obtain E = PDP~1. So we get
E" = (PDP Y = PD"P .

Using the above last equality and (2.4) and comparing the fourth row entries of the matrices we obtain

desired result.

3. Conclusion

In this paper, we defined a generalized Pentanacci sequence and proved some properties of this sequence
using matrix methods. The method used in this paper can be used for the other linear recurrence sequences,
too.

Recently, there have been so many studies of the sequences of numbers in the literature and the sequences
of numbers were widely used in many research areas, such as physics, engineering, architecture, nature and
art. Many authors use matrix methods in their work. For example, in the articles [1], [2], [4], [5] and [6],
the authors defined some linear recurrence sequences and gave their various properties by matrix methods.
On the other hand, the matrix sequences have taken so much interest for different type of numbers. See, for
example, [11], [12], [16] and [17]. It is our intention to continue the study and explore some properties of
some type of matrix sequences, such as matrix sequences of Tetranacci and Tetranacci-Lucas numbers.
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