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ABSTRACT 

Our goal in this paper is toprove some fixed point and common fixed theorems for 

contractive type maps in aCMSover Banach algebra, which unify, extend and 

generalize most of the existing relevant fixed point theorems from Shaoyuan Xu and 

StojanRadenovic [20]. We provide illustrative example to verify our results. 
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1. INTRODUCTION  



As a generalization of metric spaces, cone metric spaces were scrutinized by Huang and 

Zhang in 2007(see [1]).In CMS (cone metric space)ܺ, ݀ሺݑ, ,ݑሻforݒ ݒ ∈ ܺis a vector in an 

ordered Banach space ܧ, quite apart from that which is a non-negative real number in 

general metric spaces. They presented the version of the Banach contraction principle and 

other fundamental theorems in the setting of cone metric spaces. Afterwards, by omitting 

the assumption of normality in the theorems of [1], Rezapour and Hamlbarani [2] 

established some fixed point theorems, as the generalizations and extensions of the 

analogous results in [1]. Besides, they gave a number of examples to vouch the existence 

of non-normal cones, which proves that such generalizations are significant. For more 

details, we refer the reader to [2-14]. 

Newly, Liu and Xu [15] familiarized the idea of CMS over Banach algebras (which were 

called CMS over Banach algebras in [15]), replacing Banach spaces by Banach algebras as 

the underlying spaces of CMS. They replaced the Banach space E by a Banach algebra 

 and familiarized the idea of CMS over Banach algebras. In this manner, they vouchedܣ

some fixed point theorems of generalized Lipschitz mappings with natural and weaker 

conditions on generalized Lipschitz constant ݄by means of spectral radius. For more 

details, we refer the reader to [15, 20, and 24]. 

2. PRELIMINARIES 

For the sake of reciter, we shall recollect some fundamental concepts and lemmas. We 

begin with the following definition as a recall from [15]. 

Let ܣalways is a real Banach algebra. Then ∀ ݑ, ,ݒ ݓ ∈ ,ܣ ߙ ∈ Թ, we have 

1. ሺݒݑሻݓ ൌ  ;ሻݓݒሺݑ

ݒሺݑ .2  ሻݓ ൌ ݒݑ   ݑand ሺݓݑ   ݓሻݒ ൌ ݓݑ   ;ݓݒ

ሻݒݑሺߙ .3  ൌ   ሺݑߙሻݒ  ൌ  ;ሻݒߙሺݑ 

‖ݒݑ‖ .4   .‖ݒ‖‖ݑ‖

We shall assume that a Banach algebra has a multiplicative identity ݁such that ݁ݑ ൌ ݁ݑ ൌ

,ݑ ݑ ∀ ∈ ݑ An element .ܣ ∈ ݒ is said to be invertible if there is an inverse elementܣ ∈



ݒݑ such thatܣ ൌ ݑݒ ൌ ݁. The inverse of ݑis denoted by ିݑଵ. For more details, we refer the 

reader to [16]. 

The following proposition is given in [16]. 

Proposition 2.1 Let ܣ be a Banach algebra with a unit ݁, and ݑ ∈  If the spectral radius .ܣ

 ,.is less than 1, i.e ݑ ሻofݑሺߩ

ρሺݑሻ ൌ lim
→ஶ

‖ݑ‖
భ

 ൌ inf‖ݑ‖
భ

 ൏ 1, 

then݁ െ  ,is invertible. Actually ݑ

ሺ݁ െ ሻିଵݑ ൌݑ

ஶ

ୀ

 

Remark 2.2 From [16] we see that the spectral radius ρሺݑሻ of ݑsatisfies ρሺݑሻ 

,‖ݑ‖ ݑ ∀ ∈  .݁ is a Banach algebra with a unitܣ where ,ܣ

Remark 2.3 (see [16]) In Proposition 2.1, if the condition ′ߩሺݑሻ ൏ 1′is replaced by 

‖ݑ‖′ ൏ 1′, then the conclusion remains true. 

A subset ܲof ܣis called a cone of ܣif 

1. ܲis nonempty closed and ሼߠ, ݁ሽ ⊂ ܲ; 

ܲߜ .2  ܲߤ ⊂ ܲfor all nonnegative real numbers ߜ,  ;ߤ

3. ܲଶ ൌ ܲܲ ⊂ ܲ; 

4. ܲ  ∩ ሺ– ܲሻ  ൌ   ሼߠሽ, 

whereߠdenotes the null of the Banach algebra ܣ. For a given cone ܲ ⊂  we can define a ,ܣ

partial ordering ≼ with respect to ܲby ݑ ≼ – ݒ if and only ifݒ  ݑ  ∈ ݑ .ܲ  ≺  will stand forݒ

ݑ ≼ ݑ andݒ ് ݑ while ,ݒ ≪ ݒ will stand forݒ െ ݑ ∈ intܲ, where intܲdenotes the interior 

of ܲ. If ݅݊ܲݐ ് ∅, then ܲis called a solid cone. 



The cone ܲis called normal if there is a number ܯ  0 such that, ∀ ݑ, ݒ ∈ ߠ ,ܣ ≼ ݑ ≼ ݒ ⇒

‖ݑ‖   The least positive number satisfying the above is called the normal constant.‖ݒ‖ܯ

of ܲ(see [1]). 

In the following we always assume that ܣis a Banach algebra with a unit ݁, ܲis a solid 

cone in A and ≼is the partial ordering with respect to ܲ. 

Definition 2.4(see [1, 15, 17]) Let ܺbe a nonempty set. Suppose that the mapping ݀: ܺ ൈ

ܺ →  satisfiesܣ

ߠ .1 ≼ ݀ሺݑ, ,ሻݒ ,ݑ ∀ ݒ ∈ ܺand ݀ሺݑ, ሻݒ ൌ ߠ ⟺ ݑ ൌ  ;ݒ

2. ݀ሺݑ, ሻݒ ൌ ݀ሺݒ, ,ሻݑ ,ݑ ∀ ݒ ∈ ܺ; 

3. ݀ሺݑ, ሻݒ ≼ ݀ሺݑ, ሻݓ  ݀ሺݓ, ,ሻݒ ,ݑ ∀ ,ݒ ݓ ∈ ܺ. 

Then ݀is called a cone metric on ܺ, and ሺܺ, ݀ሻ is called a cone metric space (CMS) over 

Banach algebra ܣ. 

Definition 2.5(see [1, 15, 17]) Let ሺܺ, ݀ሻ be a CMS over a Banachalgebraܣ, x ∈X and let 

ሼݑሽୀ
ஶ ⊂ ܺbe a sequence. Then: 

1. ሼݑሽୀ
ஶ converges to ݑwhenever for each ܿ ∈ ܿ withܣ ≫  a natural ∃ߠ

numberܰsuch that݀ሺݑ, ሻݑ ≪ ܿfor all ݊  ܰ. We writelim→ஶ ݑ ൌ  or ݑ

ݑ → ሺ݊ ݑ → ∞ሻ. 

2. ሼݑሽୀ
ஶ is a Cauchy sequence whenever for each ܿ ∈ ܿ withܣ ≫  a natural ∃ߠ

number ܰsuch that ݀ሺݑ, ሻݑ ≪ ܿfor all ݊,݉  ܰ. 

3. ሺܺ, ݀ሻis a complete CMS if every Cauchy sequence is convergent in ܺ. 

Now, we shall appeal to the following lemmas in the sequel. 

Lemma 2.6(see [18]) If ܧ is a real Banach space with a cone ܲ and if ܾ ≼ ܾ with ܾߤ ∈

ܲand ߠ  ܾ ൏ 1,then ܾ ൌ  .ߠ

Lemma 2.7(see [9]) If ܧ is a real Banach space with a solid cone P and if ߠ  ≼ ݔ ≪ ܿ for 

each ߠ ≪ ܿ, then ݔ ൌ  .ߠ



Lemma 2.8(see [9])If ܧ is a real Banach space with a solid cone ܲandሼݔሽ ⊂  ܲ is a 

sequence with‖ݔ‖ → 0 ሺ݊ → ∞ሻ then for any ߠ ≪ ܿ, ∃ ܰ ∈ Գ such that, for any ݊  ܰ, 

we have ݔ ≪ ܿ, i.e.ݔ is a c-sequence 

Finally, let us recall the concept of generalized Lipschitz mapping defining on the cone 

metric spaces over Banach algebras, which is introduced in [15].  

Definition 2.9(see [15]) Let ሺܺ, ݀ሻbe a CMS over a Banachalgebra ܣ.A mapping ܶ: ܺ →

ܺ is called a generalized Lipschitz mapping if there exists a vector ݄ ∈ ܲ with ߩሺ݄ሻ ൏ 1 

and for all ݑ, ݒ ∈ ܺ, one has ݀ሺܶݑ, ሻݒܶ ≼ ݄݀ሺݑ,  ሻݒ

Remark 2.10In Definition 2.9, we only suppose the spectral radius of ݄ is less than 1, 

while ‖݄‖ ൏ 1is not assumed. Generally speaking, it is meaningful since by Remark 

2.2,the condition ߩሺ݄ሻ ൏ 1 is weaker than that ‖݄‖ ൏ 1. 

Remark 2.11(see [16]) If ߩሺݑሻ ൏ 1, then‖ݑ‖ → 0 ሺ݊ → ∞ሻ. 

Lemma 2.12(see [16])Letܣ be a Banach algebra with a unit ݁, ݄, ݇ ∈  ,݇ If ݄ commutes with .ܣ

then 

ሺ݄ߩ  ݇ሻ  ሺ݄ሻߩ    ,ሺ݇ሻߩ

ሺ݄݇ሻߩ    .ሺ݇ሻߩሺ݄ሻߩ 

Lemma 2.13(see [16])If ܧ is a real Banach space with a solid cone ܲ 

(1). If ܽଵ, ܽଶ, ܽଷ ∈ and ܽଵܧ ≼ ܽଶ ≪ ܽଷ, then ܽଵ ≪ ܽଷ. 

(2). If ܽଵ ∈ ܲ and ܽଵ ≪ ܽଷ for each ܽଷ ≫ then ܽଵ ,ߠ ൌ  .ߠ

Lemma 2.14(see [20])Let ܲ be a solid cone in a Banachalgebra ܣ. Suppose that ݄ ∈ ܲ 

andሼݔሽ ⊂  ܲ is a c-sequence. Then ሼ݄ݔሽis a c-sequence. 

Proposition 2.15(see [20])Letܲ be a solid cone in a Banach space ܣ and let ሼݑሽ, ሼݒሽ ⊂ ܺbe 

sequences. If ሼݑሽand ሼݒሽare c-sequences and ߛ, ߜ  0then ሼݑߛ   .ሽis a c-sequenceݑߜ



Proposition 2.16 (see [20])Let ܲ be a solid cone in a Banachalgebra ܣ. and let ሼݑሽ ⊂  ܲ is a 

sequence.. Then the following conditions are equivalent: 

1. ሼݑሽis a c-sequence. 

2. For each ܿ ≫ there exists ݊ ߠ ∈ Գ such that ݑ ≺ ܿ for ݊  ݊. 

3. For each ܿ ≫ there exists ݊ଵ ߠ ∈ Գ such that ݑ ≼ ܿ for ݊  ݊ଵ. 

Lemma 2.17(see [16])Letܣ be a Banach algebra with a unit ݁, ݄ ∈ ݄‖then lim→ஶ,ܣ
‖

భ

 exists 

and the spectral radius ߩሺ݄ሻsatisfies 

ሺ݄ሻߩ ൌ lim
→ஶ

‖݄‖
భ

 ൌ inf‖݄‖
భ

 

If ߩሺ݄ሻ ൏ – ݁ߣthen ሺ,|ߣ| ݄ሻ is invertible in ܣ; moreover, 

ሺ݁ߣ – ݄ሻ ିଵ ൌ
݄ 

ାଵߣ

ஶ

ୀ

 

whereߣ is a constant. 

Lemma 2.18 (see [16]) Letܣ be a Banach algebra with a unit ݁ and ݄ ∈  is a complex ߣ If .ܣ

constant and ߩሺ݄ሻ ൏  then,|ߣ|

– ݁ߣሺሺߩ ݄ሻ ିଵሻ 
1

– |ߣ| ሺ݄ሻߩ 
 

Lemma 2.19(see [16])Let ܣbe a Banach algebra with a unit ݁ and ܲ be a solid cone in ܣ. Let 

݄ ∈ ݑ andܣ ൌ ݄. If ߩሺ݄ሻ ൏ 1, then ሼݑሽis a c-sequence. 

Definition 2.20 (see [6]) A pair of maps ܵ and ܶ is called weakly compatible pair if they 

commute at coincidence points.  

Example 2.21Let ܺ ൌ ሾ0, 3ሿ be equipped with the usual metric space ݀ሺݔ, ሻݕ ൌ ݔ| െ  Define.|ݕ

ܵ, ܶ: ሾ0, 3ሿ → ሾ0, 3ሿ by 



ݑܵ ൌ ൜
ݑ if ݑ ∈ ሾ0,1ሻ
3 if ݑ ∈ ሾ1,3ሿ

andܶݑ ൌ ൜
3 െ ݑ if ݑ ∈ ሾ0,1ሻ
3 if ݑ ∈ ሾ1,3ሿ

 

Then for any ݑ ∈ ሾ0, 3ሿ, ݑܶܵ ൌ ,ܵ showing that ,ݑܵܶ ܶ are weakly compatible maps on ሾ0, 3ሿ.  

Lemma 2.22 (see[22]). Let ܶ and ܵ be weakly compatible self-maps of a set ܺ. If ܶ and ܵ have a 

unique pointof coincidence ݓ ൌ ݑܶ ൌ  .ܵ is the unique common fixed point of ܶand ݓ then ,ݑܵ

3. MAIN RESULTS 

Theorem3.1 Let ሺܺ, ݀ሻ be a CMS over Banach algebra ܣ and ܲ be a solid cone in ܣ. Let 

݄ ∈ ܲ ሺ݅  ൌ  1, . . . , 5ሻ be generalized Lipschitz constants with ߩሺ݄ଵሻ  ሺ݄ଶߩ  ݄ଷ  ݄ସ  ݄ହሻ ൏

1.Suppose that ݄ଵ commutes with ݄ଶ  ݄ଷ  ݄ସ  ݄ହand the mappings ܶ, ܵ ∶ ܺ → ܺ satisfy that 

݀ሺܶݑ, ሻݒܶ ≼ ݄ଵ݀ሺܵݑ, ሻݒܵ  ݄ଶ݀ሺܶݑ, ሻݑܵ  ݄ଷ݀ሺܶݒ,  ሻݒܵ

݄ସ݀ሺܵݑ, ሻݒܶ  ݄ହ݀ሺܶݑ,   ሻ(3.1)ݒܵ

for all ݑ, ݒ ∈ ܺ. If the range of ܵ contains the range of ܶ and ܵሺܺሻ is a complete subspace, then 

ܶ and ܵ have a unique point of coincidence in ܺ. Moreover, if  ܶ and ܵ are weakly compatible, 

then ܶ and ܵhave a unique common fixed point. 

Proof.Supposeݑ ∈ ܺ be an arbitrary point. Since ܶሺܺሻ ⊂ ܵሺܺሻ, ଵݑ ∃ ∈ ܺ such that ܶݑ  ൌ  .ଵݑܵ

By induction, a sequence ሼܶݑሽ can be chosen such that ܶݑ ൌ  ାଵሺ݊ݑܵ ൌ  0,1,2, … ሻ. Thus, by 

(3.1), for any natural number ݊, on the one hand, we obtain 

݀ሺܵݑାଵ, ሻݑܵ ൌ ݀ሺܶݑ,  ିଵሻݑܶ

≼ ݄ଵ݀ሺܵݑ, ିଵሻݑܵ  ݄ଶ݀ሺܶݑ, ሻݑܵ  ݄ଷ݀ሺܶݑିଵ,  ିଵሻݑܵ

݄ସ݀ሺܵݑ, ିଵሻݑܶ  ݄ହ݀ሺܶݑ,  ିଵሻݑܵ

ൌ ݄ଵ݀ሺܵݑ, ିଵሻݑܵ  ݄ଶ݀ሺܵݑାଵ, ሻݑܵ  ݄ଷ݀ሺܵݑ,  ିଵሻݑܵ

݄ସ݀ሺܵݑ, ሻݑܵ  ݄ହ݀ሺܵݑାଵ,  ିଵሻݑܵ

≼ ሺ݄ଵ  ݄ଷ  ݄ହሻ݀ሺܵݑ, ିଵሻݑܵ  ሺ݄ଶ  ݄ହሻ݀ሺܵݑାଵ,  ሻݑܵ

This ⟹ 



ሺ݁ െ ݄ଶ െ ݄ହሻ݀ሺܵݑାଵ, ሻݑܵ ≼ ሺ݄ଵ  ݄ଷ  ݄ହሻ݀ሺܵݑ,  ିଵሻ(3.2)ݑܵ

For another thing, 

݀ሺܵݑ, ାଵሻݑܵ ൌ ݀ሺܶݑିଵ,  ሻݑܶ

≼ ݄ଵ݀ሺܵݑିଵ, ሻݑܵ  ݄ଶ݀ሺܶݑିଵ, ିଵሻݑܵ  ݄ଷ݀ሺܶݑ,  ሻݑܵ

݄ସ݀ሺܵݑିଵ, ሻݑܶ  ݄ହ݀ሺܶݑିଵ,  ሻݑܵ

≼ ݄ଵ݀ሺܵݑିଵ, ሻݑܵ  ݄ଶ݀ሺܵݑ, ିଵሻݑܵ  ݄ଷ݀ሺܵݑାଵ,  ሻݑܵ

݄ସ݀ሺܵݑିଵ, ାଵሻݑܵ  ݄ହ݀ሺܵݑ,  ሻݑܵ

≼ ሺ݄ଵ  ݄ଶ  ݄ସሻ݀ሺܵݑିଵ, ሻݑܵ  ሺ݄ଷ  ݄ସሻ݀ሺܵݑ,  ାଵሻݑܵ

This ⟹ 

ሺ݁ െ ݄ଷ െ ݄ସሻ݀ሺܵݑ, ାଵሻݑܵ ≼ ሺ݄ଵ  ݄ଶ  ݄ସሻ݀ሺܵݑିଵ,  ሻ(3.3)ݑܵ

Add up (3.2) and (3.3) produces that 

ሺ2݁ െ ݄ଶ െ ݄ଷ െ ݄ସ െ ݄ହሻ݀ሺܵݑ, ାଵሻݑܵ ≼ ሺ2݄ଵ  ݄ଶ  ݄ଷ  ݄ସ  ݄ହሻ݀ሺܵݑିଵ,  ሻ(3.4)ݑܵ

 Taking ݇ ൌ ݄ଶ  ݄ଷ  ݄ସ  ݄ହ,(3.4) yields that              

ሺ2݁ െ ݄ሻ݀ሺܵݑ, ାଵሻݑܵ ≼ ሺ2݄ଵ  ݄ሻ݀ሺܵݑିଵ,   ሻ                                 (3.5)ݑܵ

Because 

ሺ݄ሻߩ  ሺ݄ଵሻߩ  ሺ݄ሻߩ ൏ 1 

leads to ߩሺ݄ሻ ൏ 1 ൏ 2, then from Lemma 2.17, it concludes that 2݁ െ ݄ is invertible. 

Furthermore, 

ሺ2݁ െ ݄ሻିଵ ൌ
݄

2ାଵ

ஶ

ୀ

 



In both sides of (3.5), multiplying by ሺ2݁ െ ݄ሻିଵ, we attain at 

݀ሺܵݑ, ାଵሻݑܵ ≼ ሺ2݁ െ ݄ሻିଵሺ2݄ଵ  ݄ሻ݀ሺܵݑିଵ,  ሻ                                 (3.6)ݑܵ

Taking ሺ2݁ െ ݄ሻିଵሺ2݄ଵ  ݄ሻ ൌ ݇, by (3.6), we reach 

݀ሺܵݑ, ାଵሻݑܵ ≼ ݇݀ሺܵݑିଵ, ሻݑܵ ≼ . . . ≼ ݇݀ሺܵݑ, ଵሻݑܵ ൌ ݇݀ሺܵݑ,  ሻ      (3.7)ݑܶ

Because ݄ଵ commutes with ݄, it follows that 

ሺ2݁ െ ݄ሻିଵሺ2݄ଵ  ݄ሻ ൌ
݄

2ାଵ

ஶ

ୀ

ሺ2݄ଵ  ݄ሻ 

ൌ 2൭
݄

2ାଵ

ஶ

ୀ

൱ ݄ଵ  ൭
݄

2ାଵ

ஶ

ୀ

൱ ݄ 

ൌ 2݄ଵ ൭
݄

2ାଵ

ஶ

ୀ

൱ 
݄ାଵ

2ାଵ

ஶ

ୀ

 

ൌ 2݄ଵ ൭
݄

2ାଵ

ஶ

ୀ

൱  ݄ ൭
݄

2ାଵ

ஶ

ୀ

൱ 

ൌ ሺ2݄ଵ  ݄ሻ
݄

2ାଵ

ஶ

ୀ

 

ൌ ሺ2݄ଵ  ݄ሻሺ2݁ െ ݄ሻିଵ 

To say thatሺ2݁ െ ݄ሻିଵ commutes with ሺ2݄ଵ  ݄ሻ. By Lemma 2.12 and Lemma 2.18, we avail 

ሺ݇ሻߩ     ൌ ൫ሺ2݁ߩ െ ݄ሻିଵሺ2݄ଵ  ݄ሻ൯ 

 ሺሺ2݁ߩ െ ݄ሻିଵሻߩሺ2݄ଵ  ݄ሻ 


1

2 െ ሺ݄ሻߩ
ሾ2ߩሺ݄ଵሻ  ሺ݄ሻሿߩ ൏ 1 



whichshows that ݁ െ ݇ is invertible and ‖݇‖ → 0 ሺ݉ → ∞ሻ. Hence, for any ݉  1;    1 and 

݇ ∈  ܲwithߩሺ݇ሻ ൏ 1,we obtain that 

݀൫ܵݑ, ା൯ݑܵ ≼ ݀ሺܵݑ, ାଵሻݑܵ  ݀൫ܵݑାଵ,  ା൯ݑܵ

≼ ݀ሺܵݑ, ାଵሻݑܵ  ݀ሺܵݑାଵ, ାଶሻݑܵ  ݀൫ܵݑାଶ,  ା൯ݑܵ

≼ ݀ሺܵݑ, ାଵሻݑܵ  ݀ሺܵݑାଵ, .ାଶሻݑܵ . . . ݀൫ܵݑାିଵ,  ା൯ݑܵ

≼ ݇݀ሺܵݑ, ሻݑܶ  ݇ାଵ݀ሺܵݑ, .ሻݑܶ . . . ݇
ାିଵ݀ሺܵݑ,  ሻݑܶ

ൌ ݇ሾ݁  ݇. . . . ݇ିଵሿ݀ሺܵݑ,  ሻݑܶ

≼ ݇ሺ݁ െ ݇ሻିଵ݀ሺܵݑ,  ሻ                                                                         (3.8)ݑܶ

With advantage of Lemma 2.19 and Lemma 2.14, we obtainሼܵݑሽ is a Cauchy sequence. Since 

ܵሺܺሻ is complete, ∃ ݖ ∈ ܵሺܺሻ such that ܵݑ → ሺ݊ ݖ → ∞ሻ. Thus ∃ ݓ ∈ ܺ such that ܵݓ  ൌ  We .ݖ

shall certifyܶݓ  ൌ  ,In order to finish this, for one thing .ݖ

݀ሺܵݑ, ሻݓܶ ൌ ݀ሺܶݑିଵ,  ሻݓܶ

≼ ݄ଵ݀ሺܵݑିଵ, ሻݓܵ  ݄ଶ݀ሺܶݑିଵ, ିଵሻݑܵ  ݄ଷ݀ሺܶݓ,  ሻݓܵ

݄ସ݀ሺܵݑିଵ, ሻݓܶ  ݄ହ݀ሺܶݑିଵ,  ሻݓܵ

ൌ ݄ଵ݀ሺܵݑିଵ, ሻݖ  ݄ଶ݀ሺܵݑ, ିଵሻݑܵ  ݄ଷ݀ሺܶݓ,  ሻݖ

݄ସ݀ሺܵݑିଵ, ሻݓܶ  ݄ହ݀ሺܵݑ,  ሻݖ

≼ ݄ଵ݀ሺܵݑିଵ, ሻݖ  ݄ଶሾ݀ሺܵݑ, ሻݖ  ݀ሺݖ,  ିଵሻሿݑܵ

݄ଷሾ݀ሺܶݓ, ሻݑܵ  ݀ሺܵݑ,  ሻሿݖ

݄ସሾ݀ሺܵݑିଵ, ሻݖ  ݀ሺݖ, ሻݑܵ  ݀ሺܵݑ,  ሻሿݓܶ

݄ହ݀ሺܵݑ,  ሻݖ

This ⟹ 



ሺ݁ െ ݄ଷ െ ݄ସሻ݀ሺܵݑ, ሻݓܶ ≼ ሺ݄ଵ  ݄ଶ  ݄ସሻ݀ሺܵݑିଵ,  ሻݖ

ሺ݄ଶ  ݄ଷ  ݄ସ  ݄ହሻ݀ሺܵݑ,  ሻ(3.9)ݖ

On the other hand, we obtain  

݀ሺܵݑ, ሻݓܶ ൌ ݀ሺܶݑିଵ, ሻݓܶ ൌ ݀ሺܶݓ,  ିଵሻݑܶ

≼ ݄ଵ݀ሺܵݓ, ିଵሻݑܵ  ݄ଶ݀ሺܶݓ, ሻݓܵ  ݄ଷ݀ሺܶݑିଵ,  ିଵሻݑܵ

݄ସ݀ሺܵݓ, ିଵሻݑܶ  ݄ହ݀ሺܶݓ,  ିଵሻݑܵ

ൌ ݄ଵ݀ሺݖ, ିଵሻݑܵ  ݄ଶ݀ሺܶݓ, ሻݖ  ݄ଷ݀ሺܵݑ,  ିଵሻݑܵ

݄ସ݀ሺݖ, ሻݑܵ  ݄ହ݀ሺܶݓ,  ିଵሻݑܵ

≼ ݄ଵ݀ሺݖ, ିଵሻݑܵ  ݄ଶሾ݀ሺܶݓ, ሻݑܵ  ݀ሺܵݑ,  ሻሿݖ

݄ଷሾ݀ሺܵݑ, ሻݖ  ݀ሺݖ, ିଵሻሿݑܵ  ݄ସ݀ሺݖ,  ሻݑܵ

݄ହሾ݀ሺܶݓ, ሻݑܵ  ݀ሺܵݑ, ሻݖ  ݀ሺݖ,  ିଵሻሿݑܵ

This ⟹ 

 ሺ݁ െ ݄ଶ െ ݄ହሻ݀ሺܵݑ, ሻݓܶ ≼ ሺ݄ଵ  ݄ଷ  ݄ହሻ݀ሺܵݑିଵ,  ሻݖ

ሺ݄ଶ  ݄ଷ  ݄ସ  ݄ହሻ݀ሺܵݑ,  ሻ(3.10)ݖ

Combine (3.9) and (3.10), it follows that 

ሺ2݁ െ ݄ଶ െ ݄ଷ െ ݄ସ െ ݄ହሻ݀ሺܵݑ, ሻݓܶ ≼ ሺ2݄ଵ  ݄ଶ  ݄ଷ  ݄ସ  ݄ହሻ݀ሺܵݑିଵ,  ሻݖ

2ሺ݄ଶ  ݄ଷ  ݄ସ  ݄ହሻ݀ሺܵݑ,  ሻݖ

⟹ ሺ2݁ െ ݄ሻ݀ሺܵݑ, ሻݓܶ ≼ ሺ2݄ଵ  ݄ሻ݀ሺܵݑିଵ, ሻݖ  2݄݀ሺܵݑ,  ሻݖ

Because 

ሺ݄ሻߩ  ሺ݄ଵሻߩ  ሺ݄ሻߩ ൏ 1   (3.11) 



thus by Lemma 2.17, it concludes that 2݁ െ ݄ is invertible. As a result, it follows immediately 

from (3.9) that 

   ݀ሺܵݑ, ሻݓܶ ≼ ൫ሺ2݁ െ ݄ሻ൯
ିଵ
ሾሺ2݄ଵ  ݄ሻ݀ሺܵݑିଵ, ሻݖ  2݄݀ሺܵݑ,  ሻሿݖ

Since ሼ݀ሺܵݑିଵ, ,ିଵݑሻሽ and ሼ݀ሺܵݖ  ሻሽ are c-sequences, then by Lemma 2.14, we acquire thatݖ

ሼ݀ሺܵݑ, ݑܵ ሻሽ is ac-sequence, thusݓܶ → ሺ݊ ݓܶ → ∞ሻ. Hence ܶݓ ൌ ݓܵ ൌ  In the following .ݖ

we shall showܶand ܵ have a unique point of coincidence. 

If ∃ݓᇱ ് ᇱݓܶ such that ݓ ൌ  ᇱ. Then we obtainݓܵ

݀ሺܵݓ
ᇱ, ሻݓܵ ൌ ݀ሺܶݓ

ᇱ,  ሻݓܶ

≼ ݄ଵ݀ሺܵݓ
ᇱ, ሻݓܵ  ݄ଶ݀ሺܶݓ

ᇱ, ᇱሻݓܵ  ݄ଷ݀ሺܶݓ,  ሻݓܵ

݄ସ݀ሺܵݓ
ᇱ, ሻݓܶ  ݄ହ݀ሺܶݓ

ᇱ,  ሻݓܵ

ൌ ሺ݄ଵ  ݄ସ  ݄ହሻ݀ሺܵݓ
ᇱ,  ሻݓܵ

Set ߛ ൌ ݄ଵ  ݄ସ  ݄ହ,  then it follows that 

݀ሺܵݓ
ᇱ, ሻݓܵ ≼ ݓሺܵ݀ߛ

ᇱ, ሻݓܵ ≼. . . ≼ ݓ݀ሺܵߛ
ᇱ,  ሻ                               (3.12)ݓܵ

Because of 

ሺ݄ሻߩ  ሺ݄ଵሻߩ  ሺ݄ሻߩ ൏ 1 

Since ݄ଵ commutes with ݄, then by Lemma 2.12, 

ሺ݄ଵߩ  ݄ሻ  ሺ݄ଵሻߩ  ሺ݄ሻߩ ൏ 1 

Accordingly, by Lemma 2.19, we speculate that ሼሺ݄ଵ  ݄ሻሽ is a c-sequence. Noticing that ߛ ≼

݄ଵ  ݄ leadstoߛ ≼ ሺ݄ଵ  ݄ሻ, we claim that ሼߛሽis a ܿ-sequence. Consequently, in view of 

(3.12), it is easy to see݀ሺܵݓ
ᇱ, ሻݓܵ ൌ ᇱݓܵ ,that is ߠ ൌ  .ݓܵ

Finally, if ሺܶ, ܵሻ is weakly compatible, then by using Lemma 2.22, we claim that ܶ and ܵ have a 

uniquecommon fixed point. 



Corollary 3.2Letሺܺ, ݀ሻ be a CMS over Banach algebra ܣ and let ܲbe the solid cone with ݄ ∈

ܲwhere ߩሺ݄ሻ ൏ 1. Suppose the mappings ܶ, ܵ ∶ ܺ → ܺ satisfy generalized Lipschitz condition: 

݀ሺܶݑ, ሻݒܶ ≼ ݄݀ሺܵݑ,   ሻ(3.13)ݒܵ

for all ݑ, ݒ ∈ ܺ. If the range of ܵ contains the range of ܶ and ܵሺܺሻ is a complete subspace, then 

ܶand ܵ have a unique point of coincidence in ܺ. Moreover, if ܶand ܵ are weakly compatible, 

then ܶand ܵ have a unique common fixed point. 

Proof. Choose ݄ଵ ൌ ݄ and ݄ଶ ൌ ݄ଷ ൌ ݄ସ ൌ ݄ହ ൌ 0 in Theorem 3.1, we complete the proof. 

Corollary 3.3 Let ሺܺ, ݀ሻ be a CMS over Banach algebra ܣ and let ܲ be the solid cone with 

݄ ∈ ܲwhere ߩሺ݄ሻ ൏ 1. Suppose the mappingsܶ, ܵ ∶ ܺ → ܺ satisfy generalized Lipschitz 

condition: 

݀ሺܶݑ, ሻݒܶ ≼ ݄ ሾ݀ሺܶݑ, ሻݒܵ  ݀ሺܶݒ,   ሻሿ(3.14)ݑܵ

for all ݑ, ݒ ∈ ܺ. If the range of ܵ contains the range of ܶ and ܵሺܺሻ is a complete subspace, then 

ܶand ܵ have a unique point of coincidence in ܺ. Moreover, if ܶand ܵ are weakly compatible, 

then ܶand ܵ have a unique common fixed point. 

Proof. Choose ݄ସ ൌ ݄ହ ൌ ݄ and ݄ଵ ൌ ݄ଶ ൌ ݄ଷ ൌ 0 in Theorem 3.1, the proof is valid. 

Corollary 3.4Let ሺܺ, ݀ሻ be a CMS over Banach algebra ܣ and let ܲbe the solid cone with ݄ ∈

ܲwhere ߩሺ݄ሻ ൏ 1. Suppose the mappingsܶ, ܵ ∶ ܺ → ܺ satisfy generalized Lipschitz condition: 

݀ሺܶݑ, ሻݒܶ ≼ ݄ ሾ݀ሺܶݑ, ሻݑܵ  ݀ሺܶݒ,   ሻሿ(3.15)ݒܵ

for all ݑ, ݒ ∈ ܺ. If the range of ܵ contains the range of ܶ and ܵሺܺሻ is a complete subspace, then 

ܶand ܵ have a unique point of coincidence in ܺ. Moreover, if ܶand ܵ are weakly compatible, 

then ܶand ܵ have a unique common fixed point. 

Proof. Choose ݄ଶ ൌ ݄ଷ ൌ ݄ and ݄ଵ ൌ ݄ସ ൌ ݄ହ ൌ 0 in Theorem 3.1, the claim holds. 

Corollary 3.5 Let ሺܺ, ݀ሻ be a complete CMS over Banach algebra ܣ and ܲ be a solid cone in ܣ. 

Let ݄ ∈ ܲ ሺ݅  ൌ  1, . . . , 5ሻ be generalized Lipschitz constants with ߩሺ݄ଵሻ  ሺ݄ଶߩ  ݄ଷ  ݄ସ 

݄ହሻ ൏ 1.Suppose that ݄ଵ commutes with ݄ଶ  ݄ଷ  ݄ସ  ݄ହand the mapping ܶ: ܺ → ܺ satisfies 

that 

݀ሺܶݑ, ሻݒܶ ≼ ݄ଵ݀ሺݑ, ሻݒ  ݄ଶ݀ሺܶݑ, ሻݑ  ݄ଷ݀ሺܶݒ,  ሻݒ



݄ସ݀ሺݑ, ሻݒܶ  ݄ହ݀ሺܶݑ,   ሻ(3.16)ݒ

for all ݑ, ݒ ∈ ܺ. thenܶ has a unique fixed point in ܺ.  

Proof. Taking ܵ ൌ  .(Identity mapping) in Theorem 3.1, the proof is validܫ

Remark 3.6 

1. If we take ܵ ൌ  and choose ݄ଵܫ ൌ ݄ and ݄ଶ ൌ ݄ଷ ൌ ݄ସ ൌ ݄ହ ൌ 0 in Theorem 3.1, we 

get Theorem 3.1 of Shaoyuan Xu and StojanRadenovic [20]. 

2. If we take ܵ ൌ  and choose ݄ସܫ ൌ ݄ହ ൌ ݄ and ݄ଵ ൌ ݄ଶ ൌ ݄ଷ ൌ 0 in Theorem 3.1, we 

have Theorem 3.2 of Shaoyuan Xu and StojanRadenovic [20]. 

3. If we take ܵ ൌ  and choose ݄ଵܫ ൌ ݄ସ ൌ ݄ହ ൌ 0  and݄ଶ ൌ ݄ଷ ൌ ݄ in Theorem 3.1, we 

obtain Theorem 3.3 of Shaoyuan Xu and StojanRadenovic [20]. 

Example 3.7 Let ܺ ൌ ሾ0,1ሿ and ܣbe the set of all real valued functions on ܺ which also have 

continuous derivatives on ܺ with the norm‖ݑ‖ ൌ ஶ‖ݑ‖    ‖ݑ′‖ஶ and the usual multiplication. 

Let ܲ ൌ   ሼݑ ∈ ,ܣ ሻݐሺݑ  0, ݐ ∈ ܺሽ. It is clear that ܲ is a nonnormal cone and ܣis a Banach 

algebra with a unit ݁  ൌ  1. Define a mapping ݀: ܺ ൈ ܺ → ,ݑby ݀ሺܣ ሻݒ ൌ ݑ| െ  ௧. We make݁|ݒ

a conclusion that ሺܺ, ݀ሻ is a complete CMS over Banachalgebra ܣ. Now define the mappings 

ܶ, ܵ: ܺ → ܺ byܶݑ ൌ
௨

଼
and ܵݑ ൌ

௨

ଶ
. Choose ݄ଵ ൌ

ଵା௧

଼
, ݄ଶ ൌ

ଵା௧

ଵଶ
, ݄ଷ ൌ

ଵା௧

ଵ
, ݄ସ ൌ ݄ହ ൌ 0. Simple 

calculations show that all conditions of Theorem 3.1 are satisfied. Therefore, 0 is the unique 

common fixed point of ܶand ܵ. 

Conclusion  

In this paper, we proved the some fixed point and common fixed point theorems under 

contractive type conditions in CMS over Banach algebras. Our results are more general than that 

of the results of Shaoyuan Xu and StojanRadenovic [20]. This result can be extended to other 

spaces. Example is constructed to support our result. 
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