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QUANTUM ENERGY OF A PARTICLE IN A FINITE-1 

POTENTIAL WELL BASED UPON GOLDEN METRIC 2 

TENSOR 3 

Abstract 4 

In our previous work titled “Riemannian Quantum Theory of a Particle in a Finite-Potential 5 

Well”, we constructed the Riemannian Laplacian operator and used it to obtain the 6 

Riemannian Schrodinger equation for a particle in a finite-potential well. In this work we 7 

solved the golden Riemannian Schrodinger equation analytically to obtain the particle energy. 8 

The solution resulted to two expressions for the energy of a particle in a finite-potential well. 9 

One of the expressions is for the odd energy levels while the other is for the even energy 10 

levels.  11 

Keywords: Energy, Finite-potential, Quantum Theory, Particle, Schrodinger equation.   12 

 13 

1. Introduction 14 

The origin of quantum physics occupies a time period in history that covers a quarter of a 15 

century. Classical or Newtonian mechanics was available in the powerful formulations of 16 

Lagrange and Hamilton by the year 1900. Thus, classical electromagnetic theory was 17 

embodied in the differential equations of Maxwell. Defects were, however, made clear by the 18 

failure of the classical theories to explain some experimental results, notably, the frequency 19 

dependence of the intensity of radiation emitted by a blackbody, the photoelectric effect and 20 

the stability and size of atoms [2]. 21 

 22 

Quantum Physics came to existence in 1900 when a famous pronouncement was put forward 23 

by Planck to unfold and illustrate the meaning of the observed properties of the radiation 24 
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ejected by a blackbody [3]. This phenomenon posed an unsolved problem to theoretical 25 

physicists for several decades. 26 

Principles of thermodynamics and electromagnetism had been applied to the problem but, 27 

these classical methods had failed to give a sensible explanation of the experimental results 28 

[11; 1]. 29 

The quantum hypothesis of Planck and the subsequent interpretation of the idea by Einstein in 30 

1905 gave electromagnetic radiation discrete properties; somewhat similar to those of a 31 

particle. The quantum theory made provision for radiation to have both wave and particle 32 

aspects in a complementary form of coexistences. The theory was extended when matter was 33 

found to have wave characteristics as well as particle properties by de Broglie in 1923 [9]. 34 

These notions continued to evolve until 1925 when the formal apparatus of quantum theory 35 

came into being. 36 

 37 

The discovery of the wave like behavior of an electron created the need for a wave theory 38 

describing the behavior of a particle on the atomic scale. This theory was proposed by 39 

Schrodinger in the year 1926, two years after De Broglie formulated the idea of a particle 40 

wave nature [8]. Schrodinger reasoned that if an electron behaves as a wave, then it should be 41 

possible to mathematically describe the electrons behavior in space time coordinate as a wave. 42 

The Schrodinger proposed theory; yielded the fundamental equation of quantum mechanics 43 

known as the Schrodinger wave equation. This equation has the same central importance to 44 

quantum mechanics as Newton’s law of motion has for classical mechanics [10]. 45 

 46 

2. Theoretical Analysis 47 

2.1 Derivation of Riemannian Laplacian Operator in Spherical Polar Coordinate 48 

Based upon the Golden Metric Tensor    49 
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      Consider a particle of mass, ݉ in a finite-potential well of width, ܽ and depth, ௢ܸ.  50 

       The Riemannian Laplacian operator [12; 6] is given by 51 

ୖ׏  
ଶൌ  

ଵ

√௚
 
ப

ப୶ಔ
 ቄඥ݃.  ݃ஜ஝  

ப

ப୶ಕ
ቅ                                     (1) 52 

     where ݃ஜ஝  ≡ metric and ݃ ൌ determinant of ݃ஜ஝ 53 

The Golden Riemannian metric tensors in spherical polar coordinate [6; 7] are given by 54 

                  ݃ଵଵ ൌ ቀ1 ൅ 
ଶ

ୡమ
 fቁ

ିଵ
                                                                                   (2) 55 

 56 

                  ݃ଶଶ  ൌ   r
ଶ  ቀ1 ൅ 

ଶ

ୡమ
 fቁ

ିଵ
                                                                            (3) 57 

 58 

                 ݃ଷଷ ൌ   r
ଶsinଶθ ቀ1 ൅ 

ଶ

ୡమ
 fቁ

ିଵ
                                                                    (4) 59 

                 ݃଴଴ ൌ  െ ቀ1 ൅ 
ଶ

ୡమ
 fቁ                                                                                   (5) 60 

                 ݃ஜ஝ ൌ 0; otherwise                                                                                     (6) 61 

 62 

          and 63 

                 ݃ ൌ   ସsinଶθݎ ቀ1 ൅ 
ଶ

ୡమ
 fቁ

ିଶ
                                                                       (7) 64 

 65 

               ඥ݃ ൌ ߠ݊݅ݏଶݎ  ቀ1 ൅ 
ଶ

ୡమ
 fቁ

ିଵ
                                                                       (8) 66 

            From equation (1) we have: 67 

  68 
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ோ׏  
ଶൌ  

ଵ

√௚
 
డ

డ௫భ
 ቄඥ݃. ݃ଵଵ

డ

డ௫భ
ቅ ൅

ଵ

√௚
 
డ

డ௫మ
 ቄඥ݃. ݃ଶଶ  

డ

డ௫మ
ቅ ൅                                                          69 

ଵ

√௚
 
డ

డ௫య
 ቄඥ݃.  ݃ଷଷ  

డ

డ௫య
ቅ ൅

ଵ

√௚
 
ଵ

డ௫బ
 ቄඥ݃. ݃଴଴

డ

డ௫బ
ቅ     (9) 70 

             If we let  71 

ߙ  ൌ
ଵ

√௚
 
డ

డ௫భ
 ቄඥ݃. ݃ଵଵ

డ

డ௫భ
ቅ,  72 

ߚ  ൌ
ଵ

√௚
 
డ

డ௫మ
 ቄඥ݃. ݃ଶଶ  

డ

డ௫మ
ቅ,  73 

ߛ  ൌ
ଵ

√௚
 
డ

డ௫య
 ቄඥ݃.  ݃ଷଷ  

డ

డ௫య
ቅ and  74 

ߦ  ൌ
ଵ

√௚
 
ଵ

డ௫బ
 ቄඥ݃. ݃଴଴

డ

డ௫బ
ቅ  75 

Equation (9) reduces to 76 

ோ׏ 
ଶൌ ߙ ൅ ߚ ൅ ߛ ൅  77           ߦ

 (10) 78 

 For ߙ ൌ
ଵ

√௚
 
డ

డ௫భ
 ቄඥ݃. ݃ଵଵ

డ

డ௫భ
ቅ            79 

 (11) 80 

To obtain ߙ in spherical polar coordinate, we substitute equations (2) and (7) into equation 81 

(11) as follows: 82 

ߙ ൌ
1

ඥ݃
 
߲

ଵݔ߲
 ൜ඥ݃. ݃ଵଵ

߲

ଵݔ߲
ൠ ൌ 

1

ߠ݊݅ݏଶݎ ቀ1 ൅ 
ଶ

ୡమ
 ݂ቁ

ିଵ  
߲

ݎ߲
 ቊݎଶߠ݊݅ݏ ൬1 ൅ 

2

cଶ
 f൰

ିଵ

. ൬1 ൅
2

ܿଶ
 ݂൰

߲

ݎ߲
 ቋ 

ൌ
1

ߠ݊݅ݏଶݎ ቀ1 ൅ 
ଶ

ୡమ
 ݂ቁ

ିଵ  
߲

ݎ߲
 ൜ݎଶߠ݊݅ݏ

߲

ݎ߲
ൠ 
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 ൌ 
ଵ

௥మ ቀଵା 
మ

ిమ
 ௙ቁ

షభ  
డ

డ௥
 ቄݎଶ  

డ

డ௥
 ቅ     83 

ߙ               ൌ
ଵ

௥మ
 ቀ1 ൅ 

ଶ

௖మ
 ݂ቁ 

డ

డ௥
 ቄݎଶ  

డ

డ௥ 
 ቅ                                                84 

 (12) 85 

 86 

For ߚ ൌ
ଵ

√௚
 
డ

డ௫మ
 ቄඥ݃. ݃ଶଶ  

డ

డ௫మ
ቅ         87 

 (13) 88 

To obtain ߚ in spherical polar coordinate, we substitute equations (3) and (7) into equation 89 

(13) as follows: 90 

ߚ ൌ
1

ඥ݃
 
߲

ଶݔ߲
 ൜ඥ݃ . ݃ଶଶ  

߲

ଶݔ߲
  ൠ ൌ 

1

ߠ݊݅ݏଶݎ ቀ1 ൅ 
ଶ

ୡమ
 fቁ

ିଵ  
߲

ߠ߲
 ቊݎଶߠ݊݅ݏ ൬1 ൅ 

2

cଶ
 f൰

ିଵ

  . ൬1 ൅
2

ܿଶ
݂൰

1

ଶݎ
 
߲

ߠ߲
ቋ 

 91 

ߚ  ൌ
ଵ

௥మ௦௜௡ఏ
 ቀ1 ൅

ଶ

௖మ
 ݂ቁ 

డ

డఏ
ቄߠ݊݅ݏ

డ

డఏ
ቅ                                                    92 

 (14) 93 

For ߛ ൌ
ଵ

√௚
 
డ

డ௫య
 ቄඥ݃.  ݃ଷଷ  

డ

డ௫య
ቅ          94 

 (15) 95 

To obtain ߛ in spherical polar coordinate, we substitute equations (4) and (7) into equation 96 

(15) as follows: 97 

ߛ  ൌ
ଵ

√௚
 
డ

డ௫య
 ቄඥ݃ . ݃ଷଷ  

డ

డ௫య
ቅ ൌ  98 
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1

ߠ݊݅ݏଶݎ
൬1 ൅

2

ܿଶ
݂൰ 

߲

߲∅
 ቊݎଶߠ݊݅ݏ ൬1 ൅ 

2

cଶ
 f൰

ିଵ

. ൬1 ൅
2

ܿଶ
݂൰ 

1

ଶഇ݊݅ݏଶݎ
 
߲

߲∅
 ቋ 

ߛ  ൌ
ଵ

௥మ௦௜௡మഇ
ቀ1 ൅

ଶ

௖మ
݂ቁ

డ

డ∅
ቄ
డ

డ∅
ቅ                           99 

(16)  100 

         101 

     For ߦ ൌ
ଵ

√௚
 
ଵ

డ௫బ
 ቄඥ݃. ݃଴଴

డ

డ௫బ
ቅ         102 

 (17) 103 

 To obtain ߛ in spherical polar coordinate, we substitute equations (5) and (7) into    104 

equation (17) as follows: 105 

ߦ     ൌ
ଵ

√௚
 
డ

డ௫బ
 ቄඥ݃. ݃଴଴  

డ

డ௫బ
ቅ ൌ 106 

െ
1

ߠ݊݅ݏଶݎ
൬1 ൅

2

ܿଶ
݂൰

߲

଴ݔ߲
ቊݎଶߠ݊݅ݏ ൬1 ൅ 

2

cଶ
݂൰

ିଵ

. ൬1 ൅ 
2

cଶ
݂൰

ିଵ ߲

଴ݔ߲
 ቋ 

ߦ ൌ െቀ1 ൅ 
ଶ

ୡమ
 fቁ

ିଵ డ

డ௫బ
 ቄ

డ

డ௫బ
ቅ                                                       107 

 (18) 108 

      Substituting equations (12), (14), (16) and (18) into equation (10), we have thus: 109 

ோ׏ 
ଶൌ  

ଵ

௥మ
 ቀ1 ൅ 

ଶ

௖మ
 ݂ቁ 

డ

డ௥
 ቄݎଶ  

డ

డ௥ 
 ቅ ൅

ଵ

௥మ௦௜௡ఏ
 ቀ1 ൅

ଶ

௖మ
 ݂ቁ 

డ

డఏ
ቄߠ݊݅ݏ

డ

డఏ
ቅ  110 

 ൅
ଵ

௥మ௦௜௡మഇ
ቀ1 ൅

ଶ

௖మ
݂ቁ

డ

డ∅
ቄ
డ

డ∅
ቅ െ ቀ1 ൅ 

ଶ

ୡమ
 fቁ

ିଵ డ

డ௫బ
 ቄ

డ

డ௫బ
ቅ               111 

 (19)          112 

Equation (19) is the golden Riemannian Laplacian operator in spherical polar coordinate. 113 

The well-known Laplacian operator is derived based on Euclidean geometry while 114 

equation (19) is derived based on the Riemannian geometry using the golden metric 115 
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tensor. This equation is further applied to the Schrodinger equation in order to obtain the 116 

golden Riemannian Schrodinger equation.  117 

       2.2 Derivation of golden Riemannian Schrodinger equation in Spherical Polar 118 

Coordinate    119 

Consider the well-known Schrodinger equation [4; 5] given by  120 

ψܧ   ൌ Hψ ൌ
ି԰మ׏మ

ଶ௠
ψ ൅ Vሺrሻψ       121 

 (20)  122 

 where ܧ is energy of the particle, H is Hamiltonian of the system, m is mass of the 123 

particle, ԰ is normalized Planck’s constant, ׏ଶ is Euclidean Laplacian of the system, V is 124 

particle potential and  ψ is wave function. 125 

We replace the Euclidean Laplacian operator with the golden Riemannian Laplacian 126 

operator in equation (19); that is:  127 

ψܧ                     ൌ Hψ ൌ
ି԰మ׏ೃ

మ

ଶ௠
ψ ൅ Vሺrሻψ    128 

 (21) 129 

 Substituting the expression for the Riemannian Laplacian operator, ׏ோ
ଶ  into equation (21), 130 

we obtain 131 

 132 

 Hψ ൌ െ
԰మ

ଶ௠
 ൜
ଵ

௥మ
 ቀ1 ൅

ଶ௙

௖మ
 ቁ

డ

డ௥
 ቀݎଶ

డ

డ௥
 ቁ ൅

ଵ

௥మ௦௜௡ఏ
 ቀ1 ൅

ଶ௙

௖మ
 ቁ

డ

డఏ
ቀߠ݊݅ݏ

డ

డఏ
 ቁ ൅133 

ଵ

௥మ௦௜௡మఏ
 ቀ1 ൅

ଶ௙

௖మ
 ቁ

డ

డ∅
 ቀ

డ

డ∅
ቁ െ ቀ1 ൅ 

ଶ

ୡమ
fቁ
ିଵ డ

డ௫బ
ቀ

డ

డ௫బ
ቁቅψሺ ݎ, ሻݐ ൅ ܸ ψሺ ݎ,  ሻ   134ݐ

 (22) 135 
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 Expanding equation (22) and considering that ܸ ൌ ௢ܸ which is the depth of the potential well, 136 

we obtain 137 

 ݅԰ ൬
డ

డఏ
ψሺݎ, ,ߠ ߶, ௢ሻ൰ݔ ൌ െ

԰మఎ

௠௥
൬
డ

డ௥
ψሺݎ, ,ߠ ߶, ௢ሻ൰ݔ െ

԰మఎ

ଶ௠
ቆ
డమ

డ௥మ
ψሺݎ, ,ߠ ߶, ௢ሻቇݔ െ138 

԰మఎ௖௢௦ఏ

ଶ௠௥మ௦௜௡ఏ
൬
డ

డఏ
ψሺݎ, ,ߠ ߶, ௢ሻ൰ݔ െ

԰మఎ

ଶ௠௥మ
ቆ
డమ

డఏమ
ψሺݎ, ,ߠ ߶, ௢ሻቇݔ െ139 

԰మఎ

ଶ௠௥మ௦௜௡ఏమ
ቆ
డమ

డథమ
ψሺݎ, ,ߠ ߶, ௢ሻቇݔ െ

԰మ

ଶ௠ఎ
ቆ

డమ

డሺ௫೚ሻమ
ψሺݎ, ,ߠ ߶, ௢ሻቇݔ ൅ ௢ܸ ψሺ ݎ,  ሻ  140ݐ

         (23) 141 

 where ߟ ൌ ቀ1 ൅ 
ଶ

௖మ
 ݂ቁ         142 

 (24) 143 

 Equation (23) is the golden Riemannian Schrodinger equation in spherical polar coordinates.  144 

 Using the method of separation of variables, we seek to express the wave function, ψ as 145 

 146 

 ψ ൌ ܴሺݎሻΦሺ߶ሻΘሺߠሻexp ሺെ
௜ா௧

԰
ሻ       147 

 (25) 148 

 149 

Putting equation (25) into (23) yields 150 

െ
ோሺ௥ሻ஍ሺథሻ஀ሺఏሻா

௘௫௣
೔ಶ೟

԰

ൌ െ
԰మఎ൬

೏

೏ೝ
ோሺ௥ሻ൰஍ሺథሻ஀ሺఏሻ

௠௥௘௫௣
೔ಶ೟

԰

െ
ଵ

ଶ

԰మఎቆ
೏మ

೏ೝమ
ோሺ௥ሻቇ஍ሺథሻ஀ሺఏሻ

௠௘௫௣
೔ಶ೟

԰

െ151 

ଵ

ଶ

԰మఎ ୡ୭ୱሺఏሻோሺ௥ሻ஍ሺథሻ൬
೏

೏ഇ
஀ሺఏሻ൰

௠௥మୱ୧୬ ሺఏሻ௘௫௣
೔ಶ೟

԰

െ
ଵ

ଶ

԰మఎோሺ௥ሻ஍ሺథሻቆ
೏మ

೏ഇమ
஀ሺఏሻቇ

௠௥మ௘௫௣
೔ಶ೟

԰

െ152 
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ଵ

ଶ

԰మఎோሺ௥ሻቆ
೏మ

೏ഝమ
஍ሺథሻቇ஀ሺఏሻ

௠௥మ ୱ୧୬ఏమ௘௫௣
೔ಶ೟

԰

െ
ଵ

ଶ

ோሺ௥ሻ஍ሺథሻ஀ሺఏሻ௜మாమ

௠ఎ௘௫௣
೔ಶ೟

԰

൅
௏೚ோሺ௥ሻ஍ሺథሻ஀ሺఏሻ

௘௫௣
೔ಶ೟

԰

 153 

 (26) 154 

Dividing equation (26) by (25) and bringing the like terms together we have 155 

 156 

ܧ ൌ െ
԰మఎ൬

೏

೏ೝ
ோሺ௥ሻ൰

ோሺ௥ሻ௠௥
െ

ଵ

ଶ

԰మఎቆ
೏మ

೏ೝమ
ோሺ௥ሻቇ

ோሺ௥ሻ௠
െ

ଵ

ଶ

԰మఎ ୡ୭ୱሺఏሻ൬
೏

೏ഇ
஀ሺఏሻ൰

஀ሺఏሻ௠௥మ ୱ୧୬ሺఏሻ
െ157 

ଵ

ଶ

԰మఎቆ
೏మ

೏ഇమ
஀ሺఏሻቇ

஀ሺఏሻ௠௥మ
െ

ଵ

ଶ

԰మఎቆ
೏మ

೏ഝమ
஍ሺథሻቇ

஍ሺథሻ௠௥మ ୱ୧୬ఏమ
൅

ଵ

ଶ

ாమ

௠ఎ
൅ ௢ܸ      158 

   (27) 159 

 Rearranging equation (27) we have 160 

െ
ଵ

ଶ

԰మఎቆ
೏మ

೏ೝమ
ோሺ௥ሻቇ

ோሺ௥ሻ௠
െ

԰మఎ൬
೏

೏ೝ
ோሺ௥ሻ൰

ோሺ௥ሻ௠௥
൅

ଵ

ଶ

ாమ

௠ఎ
൅ ௢ܸ െ ܧ ൌ161 

െ
ଵ

ଶ

԰మఎ ୡ୭ୱሺఏሻ൬
೏

೏ഇ
஀ሺఏሻ൰

஀ሺఏሻ௠௥మ ୱ୧୬ሺఏሻ
െ

ଵ

ଶ

԰మఎቆ
೏మ

೏ഇమ
஀ሺఏሻቇ

஀ሺఏሻ௠௥మ
െ

ଵ

ଶ

԰మఎቆ
೏మ

೏ഝమ
஍ሺథሻቇ

஍ሺథሻ௠௥మ ୱ୧୬ఏమ
    162 

    (28) 163 

Equating the left hand side of equation (28) to െߣଶ implies that 164 
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 165 

െ
ଵ

ଶ

԰మఎቆ
೏మ

೏ೝమ
ோሺ௥ሻቇ

ோሺ௥ሻ௠
െ

԰మఎ൬
೏

೏ೝ
ோሺ௥ሻ൰

ோሺ௥ሻ௠௥
൅

ଵ

ଶ

ாమ

௠ఎ
൅ ௢ܸ െ ܧ ൌ െߣଶ  166 

 (29) 167 

Multiplying through equation (29) by െ
ଶ௠ோሺ௥ሻ

԰మఎ
 168 

ௗమ

ௗ௥మ
ܴሺݎሻ ൅

ଶ൬
೏

೏ೝ
ோሺ௥ሻ൰

௥
െ

ோሺ௥ሻாమ

԰మఎమ
െ

ଶ௠ோሺ௥ሻ௏೚

԰మఎ
൅

ଶ௠ோሺ௥ሻா

԰మఎ
ൌ

ଶ௠ோሺ௥ሻఒమ

԰మఎ
       169 

(30) 170 

 171 

Rearranging equation (30) we have 172 

ௗమ

ௗ௥మ
ܴሺݎሻ ൅

ଶቆ
೏

೏ೝ
ோሺ௥ሻቇ

௥
െ

ோሺ௥ሻாమ

԰మఎమ
െ

ଶ௠ோሺ௥ሻ௏೚

԰మఎ
൅

ଶ௠ோሺ௥ሻா

԰మఎ
െ

ଶ௠ோሺ௥ሻఒమ

԰మఎ
ൌ 0   (31) 173 

Equation (31) becomes 174 

ௗమ

ௗ௥మ
ܴሺݎሻ ൅

ଶ

௥
൬
ௗ

ௗ௥
ܴሺݎሻ൰ െ

ଵ

԰మఎ
ቀ
ாమ

ఎ
൅ 2݉ ௢ܸ െ ܧ2݉ ൅ ሻݎଶቁܴሺߣ2݉ ൌ 0  (32) 175 

 176 

From equation (32) 177 

 178 

ௗమோ

ௗ௥మ
൅

ଶ

௥

ௗோ

ௗ௥
െ

ଵ

԰మఎ
ቀ
ாమ

ఎ
൅ 2݉ ௢ܸ െ ܧ2݉ ൅ ଶቁܴߣ2݉ ൌ 0   (33) 179 

 180 

Let ܴ ൌ ܽ௢ ൅ ܽଵݎ ൅ ܽଶݎ
ଶ ൅ ܽଷݎ

ଷ ൅ ⋯൅ ܽ௞ݎ
௞    (34) 181 
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  182 

Thus, 183 

 184 

 ܴ ൌ ∑ ݇ݎ݇ܽ
ஶ
௞ୀ଴        (35) 185 

 186 

 ܴᇱ ൌ ∑ െ1݇ݎ݇ܽ
ஶ
௞ୀଵ       (36) 187 

 188 

 ܴᇱᇱ ൌ ∑ െ2݇ݎ݇ܽ
ஶ
௞ୀଶ       (37) 189 

Substituting equations (35) to (37) into (33) we have 190 

 191 

∑ kሺk െ 1ሻܽ݇ݎ
݇െ2 ൅ െ1ஶݎ2

௞ୀଶ ∑ kܽ݇݇ݎെ1 െ ߬ஶ
௞ୀଵ ∑ ݇ݎ݇ܽ

ஶ
௞ୀ଴ ൌ 0  (38) 192 

Where ߬ ൌ
ଵ

԰మఎ
ቀ
ாమ

ఎ
൅ 2݉ ௢ܸ െ ܧ2݉ ൅  ଶቁ     (39) 193ߣ2݉

This implies that 194 

 195 

∑ kሺk െ 1ሻܽ௞ݎ
௞ିଶ ൅ஶ

௞ୀଶ ∑ 2kܽ௞ݎ
௞ିଶ െஶ

௞ୀଵ ∑ ߬ܽ௞ݎ
௞ஶ

௞ୀ଴ ൌ 0  (40) 196 

 197 

Shifting the first term of equation (40) yields 198 

 199 

∑ ሺk ൅ 2ሻሺk ൅ 1ሻܽ௞ݎ
௞ ൅ஶ

௞ୀ଴ ∑ 2ሺk൅2ሻܽ௞ାଶݎ
௞ െஶ

௞ୀ଴ ∑ ߬ܽ௞ݎ
௞ஶ

௞ୀ଴ ൌ 0 (41) 200 

  201 

∑ ሼሺk ൅ 2ሻሺk ൅ 1ሻ ൅ 2ሺk ൅ 2ሻሽܽ௞ାଶݎ
௞ஶ

௞ୀ଴ െ ∑ ߬ܽ௞ݎ
௞ஶ

௞ୀ଴ ൌ 0  (42) 202 

 203 

ሼሺk ൅ 2ሻሺk ൅ 1ሻ ൅ 2ሺk ൅ 2ሻሽܽ௞ାଶ െ ߬ܽ௞ ൌ 0    (43) 204 
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 205 

It implies that  206 

 207 

ሼሺk ൅ 2ሻሺk ൅ 3ሻሽܽ௞ାଶ െ ߬ܽ௞ ൌ 0      (44) 208 

 209 

and  210 

 211 

ܽ௞ାଶ ൌ
ఛ௔ೖ

ሺ୩ାଶሻሺ୩ାଷሻ
      ; k ൌ 0,1,2,3…      (45) 212 

 213 

From equation (45) we have 214 

 215 

ܽଶ ൌ
ఛ௔೚

ଷ!
   ; ݇ ൌ 0        (46) 216 

 217 

ܽଷ ൌ
ఛ௔భ

ଷൈସ
   ; ݇ ൌ 1        (47) 218 

 219 

ܽସ ൌ
ఛమ௔೚

ହ!
   ; ݇ ൌ 2        (48) 220 

 221 

ܽହ ൌ
ఛమ௔భ

଺ൈହൈସൈଷ
   ; ݇ ൌ 3        (49) 222 

 223 
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ܽ଺ ൌ
ఛయ௔೚

଻!
   ; ݇ ൌ 4        (50) 224 

 225 

ܽ଻ ൌ
ఛయ௔భ

଼ൈ଻ൈ଺ൈହൈସൈଷ
   ; ݇ ൌ 5       (51) 226 

 227 

Substituting equations (46) to (51) into (34) we have 228 

 229 

ܴ ൌ ܽ௢ ൅ ܽଵݎ ൅
݋ܽ߬
3!
ଶݎ ൅

߬ܽ1
3ൈ4

ଷݎ ൅
݋2ܽ߬
5!

ସݎ ൅
߬2ܽ1

6ൈ5ൈ4ൈ3
ହݎ ൅

݋3ܽ߬
7!

଺ݎ ൅230 

          
߬3ܽ1

8ൈ7ൈ6ൈ5ൈ4ൈ3
଻ݎ ൅ ⋯       (52) 231 

 232 

ܴ ൌ ൬ܽ௢ ൅
݋ܽ߬
3!
ଶݎ ൅

݋2ܽ߬
5!

ସݎ ൅
݋3ܽ߬
7!

଺൰ݎ ൅ ൬ܽଵݎ ൅
߬ܽ1
3ൈ4

ଷݎ ൅
߬2ܽ1

6ൈ5ൈ4ൈ3
ହݎ ൅233 

           
߬3ܽ1

8ൈ7ൈ6ൈ5ൈ4ൈ3
 ଻ቁ+…       (53) 234ݎ

 235 

Therefore,  236 

 237 

ܴሺݎሻ ൌ
௖భ

௥
exp൫െ√߬൯ݎ ൅

௖మ

௥√ఛ
exp൫√߬൯238 (54)      ݎ 

 239 

Substituting for ߬ we have 240 
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ܴሺݎሻ ൌ
௖భ

௥
exp ቄെ

ଵ

԰మఎ
ቀ
ாమ

ఎ
൅ 2݉ ௢ܸ െ ܧ2݉ ൅ ଶቁቅߣ2݉

భ
మ
ݎ ൅

௖మ

൜
భ

԰మആ
൬
ಶమ

ആ
ାଶ௠௏೚ିଶ௠ாାଶ௠ఒమ൰ൠ

భ
మ
௥

      241 

               exp ቄ
ଵ

԰మఎ
ቀ
ாమ

ఎ
൅ 2݉ ௢ܸ െ ܧ2݉ ൅ ଶቁቅߣ2݉

భ
మ
 242 (55)     ݎ

   243 

Solving equation (55) for E, we obtain 244 

 245 

ܧ ൌ
ଵ

௥
ቐ݉ݎߟ ൅ ቆ݉ଶߟଶݎଶ ൅ ݈݊ ൬

ோሺ௥ሻ௥ାඥோሺ௥ሻమ௥మା௖భ
మି௖మ

మ

௖భ
మା௖మ

మ
൰
ଶ

԰ଶߟଶ െ ଶݎߟଶߣ2݉ െ246 

2݉ ௢ܸݎߟ
ଶ൰

భ
మ
ൡ          247 

 (56) 248 

 249 

Also equating the right hand side of equation (28) to െߣଶ  implies that 250 

 251 

െ
԰మఎ ୡ୭ୱఏ

ଶ஀ሺఏሻ௠௥మ ୱ୧୬ఏ
൬
ௗ

ௗఏ
Θሺߠሻ൰ െ

԰మఎ

ଶ஀ሺఏሻ௠௥మ
ቆ
ௗమ

ௗఏమ
Θሺߠሻቇ െ252 

԰మఎ

ଶ஍ሺథሻ௠௥మ ୱ୧୬ఏమ
ቆ
ௗమ

ௗథమ
Φሺ߶ሻቇ ൌ െߣଶ      (57) 253 

 254 

Multiplying through equation (57) by െ
ଶ௠௥మ

԰మఎ
, we obtain 255 

 256 
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ୡ୭ୱሺఏሻ൬
೏

೏ഇ
஀ሺఏሻ൰

஀ሺఏሻ ୱ୧୬ሺఏሻ
൅

೏మ

೏ഇమ
஀ሺఏሻ

஀ሺఏሻ
൅

ቆ
೏మ

೏ഝమ
஍ሺథሻቇ

஍ሺథሻ ୱ୧୬ఏమ
ൌ

ଶ௠௥మఒమ

԰మఎ
   257 

 (58) 258 

 259 

Rearranging we have 260 

 261 

ୡ୭ୱሺఏሻ൬
೏

೏ഇ
஀ሺఏሻ൰

஀ሺఏሻ ୱ୧୬ሺఏሻ
൅

೏మ

೏ഇమ
஀ሺఏሻ

஀ሺఏሻ
൅

ቆ
೏మ

೏ഝమ
஍ሺథሻቇ

஍ሺథሻ ୱ୧୬ఏమ
െ

ଶ௠௥మఒమ

԰మఎ
ൌ 0   262 

 (59) 263 

 264 

Equivalently 265 

 266 

ୡ୭ୱሺఏሻ൬
೏

೏ഇ
஀ሺఏሻ൰

஀ሺఏሻ ୱ୧୬ሺఏሻ
൅

೏మ

೏ഇమ
஀ሺఏሻ

஀ሺఏሻ
െ

ଶ௠௥మఒమ

԰మఎ
ൌ െ

ቆ
೏మ

೏ഝమ
஍ሺథሻቇ

஍ሺథሻ ୱ୧୬ఏమ
   267 

 (60) 268 

 269 

Equating the left hand side of equation (61) to – ݇ implies that 270 

ୡ୭ୱሺఏሻ൬
೏

೏ഇ
஀ሺఏሻ൰

஀ሺఏሻ ୱ୧୬ሺఏሻ
൅

೏మ

೏ഇమ
஀ሺఏሻ

஀ሺఏሻ
െ

ଶ௠௥మఒమ

԰మఎ
ൌ െ݇    271 

 (61) 272 

 273 

Multiplying through equation (61) by Θሺߠሻ gives 274 

 275 
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ୡ୭ୱሺఏሻ൬
೏

೏ഇ
஀ሺఏሻ൰

ୱ୧୬ሺఏሻ
൅

ௗమ

ௗఏమ
Θሺߠሻ െ

ଶ஀ሺఏሻ௠௥మఒమ

԰మఎ
ൌ െΘሺߠሻ݇  276 

 (62) 277 

 278 

From equation (62) we have 279 

 280 

ௗమ஀

ௗఏమ
൅

ୡ୭ୱఏ

ୱ୧୬ఏ

ௗ஀

ௗఏ
൅ ቆ݇ െ

ଵ

԰మఎ
ሺ2݉ݎଶߣଶሻቇΘ ൌ 0    281 

 (63) 282 

 283 

Let ߷ ൌ  ݇െ 1

԰
2
ߟ
൬2݉ߣ2ݎ

2
൰       284 

 (64) 285 

 286 

Equation (64) becomes 287 

 288 

ௗమ஀

ௗఏమ
൅

ୡ୭ୱఏ

ୱ୧୬ఏ

ௗ஀

ௗఏ
൅  ߷Θ ൌ 0       289 

 (65) 290 

Using same method of obtaining equation (56) we have 291 

  292 

Θሺߠሻ ൌ ܿଵ ቄ1 െ
ద

ଶ!
ଶߩ െ

ద

ସ!
ሺ6 െ ߷ሻߩସ െ

ద

଺!
ሺ20 െ ߷ሻሺ6 െ ߷ሻߩ଺ቅ ൅ ܿଶ ቄߩ ൅293 

ଵ

ଷ!
ሺ2 െ ߷ሻߩଷ ൅

ଵ

ହ!
ሺ12 െ ߷ሻሺ2 െ ߷ሻߩହ ൅

ଵ

଻!
ሺ30 െ ߷ሻሺ12 െ ߷ሻሺ2 െ ߷ሻ߷ߩ଻ቅ294 

 (66) 295 
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Equating the right hand side of equation (60) to – ݇ implies that 296 

െ

೏మ

೏ഝమ
஍ሺథሻ

஍ሺథሻ ୱ୧୬ఏమ
ൌ െ݇        (67) 297 

 298 

Multiplying through by Φሺ߶ሻ sin  ଶ we have 299ߠ

 300 

ௗమ

ௗథమ
Φሺ߶ሻ െ Φሺ߶ሻሺsin ଶሻ݇ߠ ൌ 0      (68) 301 

 302 

From equation (68) 303 

 304 

ௗమ஍

ௗథమ
െ Φsinଶ݇ߠ ൌ 0        (69) 305 

 306 

This implies that 307 

 308 

ௗమ஍

ௗథమ
െ ݇sinଶߠΦ ൌ 0        (70) 309 

 310 

The characteristic equation is given by 311 

 312 

݉ଶ െ ݇sinଶߠ ൌ 0        (71) 313 

and 314 

  315 

݉ ൌ േ√݇݊݅ݏଶߠ ൌ േ√݇316 (72)      ߠ݊݅ݏ 
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Hence, 317 

Φሺ߶ሻ ൌ ܿଵ exp൫√݇ሺߠ݊݅ݏሻ߶൯ ൅ ܿଶ exp൫െ√݇ሺߠ݊݅ݏሻ߶൯   (73) 318 

Seeking the solution for equation (73) as 319 

 320 

ଵ

௥
ቈቀ
ିଶ௠൫ିఒమାாି௏೚൯ఎାா

మ

԰మఎమ
ቁ

ଵ
ଶൗ

቉ݎ ൌ  321 (74)     ߨ݊

 322 

ቀെ
ଵ

԰మఎమ
2݉ሺെߣଶ ൅ ܧ െ ௢ܸሻߟ ൅ ଶቁܧ

భ
మ
െ ߨ݊ ൌ 0   (75) 323 

 324 

Solving for ܧ from equation (75) yields 325 

 326 

ቈ
ܧ ൌ ݉ߟ ൅ ඥߟଶ԰ଶ݊ߨଶ ൅ ଶ݉ଶߟ െ ଶߣ݉ߟ2 െ 2 ௢ܸ݉ߟ,

ܧ ൌ ݉ߟ െ ඥߟଶ԰ଶ݊ߨଶ ൅ ଶ݉ଶߟ െ ଶߣ݉ߟ2 െ 2 ௢ܸ݉ߟ
቉   (76) 327 

 328 

From equation (76) we have two sets of values for the energy which are identified as 329 

 330 

ଵܧ ൌ ݉ߟ ൅ ඥߟଶ԰ଶ݊ߨଶ ൅ ଶ݉ଶߟ െ ଶߣ݉ߟ2 െ 2 ௢ܸ331 (77)    ݉ߟ 

 332 

and 333 

ଶܧ ൌ ݉ߟ െ ඥߟଶ԰ଶ݊ߨଶ ൅ ଶ݉ଶߟ െ ଶߣ݉ߟ2 െ 2 ௢ܸ334 (78)    ݉ߟ 

Substituting the expression for ߟ from equation (24) into equations (77) and (78) we have 335 

ଵܧ ൌ ൬1 ൅ 
2

ܿଶ
݂൰݉ ൅ 
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ටቀ1 ൅ 
ଶ

௖మ
݂ቁ

ଶ
԰ଶ݊ߨଶ ൅ ቀ1 ൅ 

ଶ

௖మ
݂ቁ

ଶ
݉ଶ െ 2 ቀ1 ൅ 

ଶ

௖మ
݂ቁ݉ߣଶ െ 2 ௢ܸ ቀ1 ൅ 

ଶ

௖మ
݂ቁ݉336 

           337 

 (79)  338 

and  339 

ଶܧ ൌ ൬1 ൅ 
2

ܿଶ
݂൰݉ െ 

ටቀ1 ൅ 
ଶ

௖మ
݂ቁ

ଶ
԰ଶ݊ߨଶ ൅ ቀ1 ൅ 

ଶ

௖మ
݂ቁ

ଶ
݉ଶ െ 2 ቀ1 ൅ 

ଶ

௖మ
݂ቁ݉ߣଶ െ 2 ௢ܸ ቀ1 ൅ 

ଶ

௖మ
݂ቁ݉340 

           341 

 (80) 342 

Further simplification and expansion of equations (79) and (80) gives 343 

 344 

௡ ሺ௙௢௥ ௢ௗௗ ௡ሻܧ ൌ ݉ ൅
ଶ௙௠

௖మ
൅ ቀ݊ߨଶ԰ଶ െ

ସ௡గమ԰మ௙

௖మ
൅

ସ௡గమ԰మ௙మ

௖ర
൅ ݉ଶ െ345 

ସ௠మ௙

௖మ
൅

ସ௠మ௙మ

௖ర
െ ଶߣ2݉ ൅

ସ௠ఒమ௙

௖మ
െ 2 ௢ܸ݉ ൅

ସ௏೚௠௙

௖మ
ቁ

భ
మ
   346 

  (81) 347 

and 348 
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௡ ሺ௙௢௥ ௘௩௘௡ ௡ሻܧ ൌ ݉ ൅
ଶ௙௠

௖మ
െ ቀ݊ߨଶ԰ଶ െ

ସ௡గమ԰మ௙

௖మ
൅

ସ௡గమ԰మ௙మ

௖ర
൅ ݉ଶ െ349 

ସ௠మ௙

௖మ
൅

ସ௠మ௙మ

௖ర
െ ଶߣ2݉ ൅

ସ௠ఒమ௙

௖మ
െ 2 ௢ܸ݉ ൅

ସ௏೚௠௙

௖మ
ቁ

భ
మ
  350 

 (82) 351 

where n is energy level of the particle in a finite potential well, m is the mass of the particle, c 352 

is speed of light, ௢ܸ is depth of the well, ݂ is gravitational scalar potential, ԰ is normalized 353 

Planck’s constant ߨ and ߣ are constants. 354 

 3. Discussion 355 

Equation (81) and (82) are the solutions to the golden Riemannian Schrodinger equation. 356 

They represent the quantum energies of the particle in a finite-potential well. Equation (81) 357 

represents the energy at odd energy levels and equation (82) represents the energy at even 358 

energy levels.    359 

 This can also be applied to all entities of non-zero rest mass such as: infinite potential well,      360 

rectangular potential well, simple harmonic oscillator etc. 361 

 362 

 4. Remarks and Conclusion 363 

We have in this article, shown how to formulated and constructed the Riemannian Laplacian 364 

operator and the golden Riemannian Schrodinger equation. We have solved the golden 365 

Riemannian Schrodinger equation analytically and obtained the expressions for the quantum 366 

energies for both odd and even states.    367 

 368 

 369 
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