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Competitive Reaction-Diffusion Systems: Traveling Waves and Numerical
Solutions

Abstract

In this paper, we consider a competitive reaction-diffusion model to describe the existence of
travelling wave solutions of two competing species. Moreover, the non-linear system is also
studied by introducing different competitive-cooperative coefficients (constant and space
dependent) which leads to the persistence and extinction of organisms in a biology. If the
diffusion coefficients and other parameters are positive constant, it is seen that one species is
in extinction by the other and coexistence is also possible under certain conditions on
carrying capacity. The results are numerically investigated by using the Finite difference
method (FDM).

Keywords: Nonlinear PDEs, Travelling wave solutions, Reaction-diffusion, Crank-Nicolson
scheme.
AMS Subiject Classification: 92D25, 35K57 (primary), 35K61, 37N25.

1. Introduction

In nature there are two or more species compete for the same limited food source or in some
way inhibit each other’s growth. This type of interspecies interactions is known as mutual
competitive suppression, or competition for a common resource [1]. Their dynamics is
considerably very rich, and also of great importance for the functioning of ecosystems. To
describe the dynamics of two competing populations, the basic 2-species Lotka—Volterra
competition model with diffusion can be used [2], which has the following set of equations:

du

— =d{Au+u(l—au-—yv)

at

(x,t) € R X [0, ) (1.1)

ov
ka = d,Av +v(1 — bu — 6v)

where, u and v are the density of the two interacting species, 1/a, 1/ are carrying

capacities, y,b are competition coefficients and d,, d, are diffusion coefficients, all non-

2
negative. Here A is an operator which can also be written as A=% . Note that the

competition model (1.1) is reaction-diffusion type and not a conservative system like its
Lotka—Volterra predator—prey counterpart.

In modern mathematics, the theory of traveling wave solution of partial differential equation
is applied to describe different phenomena in ecology [3], farming [4], forestry [5], cell
culture [6] and other natural sciences [7]. In this paper, we will study the traveling wave
solution of the competitive reaction-diffusion system (1.1). We evaluate an approximate
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transformation of the traveling wave equations into monotone form and we reduce the
existence proof to application of well-defined theory about monotone traveling wave systems
[8]. Let us now consider the system (1.1) as follows:

(Ou 0%u
{E=dﬁ+u(1—au—yv)
(x,t) ER X [0,0) (1.2)
ov 0%v
kaz dﬁ+v(1 — bu — 6v)
For traveling wave solutions of the above systems, we will consider the following
hypotheses:
[A1] a<b
[A2] y<§6

We will discuss the existence and uniqueness of the traveling wave solutions of the form

(u <\gx+ct>,v<\/%x+ct>) joining the equilibria (O, %) and (i O) as \/%x+ct

moves from —oo to 4o0. It means, when the second species move from carrying capacity to
extinction, first species move from extinction to carrying capacity. If the inequality of
hypothesis in [A1] is interchanged, the existence of traveling wave solutions activating from
(0,0) to positive coexistence equilibrium which proved in [9]. However, if [A2] is
interchanged, [10] and [11] assured us the existence of traveling wave solutions activating
from one equilibrium on one positive axis to the equilibrium on another positive axis.
Generally, we are able to observe that in some papers [8, 9] and [10] are used to solve the
existence of traveling wave solutions using dynamical system and ordinary differential
equation methods. We get help for studying about traveling wave solutions on other
interacting species in related papers [13, 14, 15] and [16]. We can also be found various types
of boundary value problems including the system (1.2) in [17, 18, 19, 20] and [21]. These
books are not related to traveling wave solutions. The novelty of this work is that we use an
alternative method of upper—lower solutions to prove the existence of traveling wave
solutions. Moreover, we make the resulting system into a monotone system by changing the
variable in the second equation of system (1.2) with reversing order.

2. Existence of Travelling Wave Solution

In this section, we will show the existence of travelling wave solution and explore the system

(1.2) which has of the form (u <\/§x + ct>, v <\/§x + ct>) adding the equilibria (0, %)

and (& 0) as \/%x + ¢t moves from —oo to +o00.

Let us consider
t=f and x=+dx (2.1)
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Equation (1.2) can be written as
(Ou 1 0%u e )
ot (\/6)2 Fro v

ov 1 62v+ (b 5v)
—=d———+v(1l—bu-—6v
{at (\/H)Zaxz

where ¥ € R, t € R*. Now we can simplify above system such that

(au _ 0%u e )
9F ox2 MY i
Xx€ER, teR" (2.2)
O O (1 bu—ov)
9t axz U MTY
Let
u=yM, v = wN, (2.3)
where y = i and w is a constant satisfying
1 1 (2.4)
—<w<-—
6 Y

Then the system (2.2) becomes
(a(yM) _9*(yM)

FTAETT + yM(1 — ayM — ywN)

LO(WN) _0%(wN)

T TT + wN(1 — byM — 6wN)

oM 0°M

ﬁ=af2+M(1_M_VWN)
=

ON 92N b

37 = gz + N (1M - own)

After rearranging the above system, we get
( oM _ 90°M
at  9x?

+M(1—M —2zN)

(2.5)
LaN 0%N
9 ﬁ"‘ N(py — byM — p; (1 + p2)N)
where
Z=Yyw, P1 = 1'
b py = 6w —1, (2.6)
bl = E,
Here from [A1] and (2.4), we have
z € (0,1), py >0 (2.7)

We can make p, arbitrarily small by taking w close to % in (2.4).
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Theorem 2.1. [3] Let us consider the system (1.2) under [A1] and [A2]. For transforming the
system (1.2) into system (2.5), we use the change of variables (2.1) and (2.3) withw
satisfying (2.4). The parameters in (2.5) are related to those in (1.2) by (2.6) and the
parameters z, p;, p, and b, satisfy the inequalities in (2.7).

If (M(t,x), N(t, x)) is asolution of (2.5) we can easily verify that
(u(t, ), v(t,x)) = (u(E Vdz), v(£ VdF)) = (YM(E, %), wN (£ %)) (2.8)
is a solution of (1.2), where y and w are introduced in (2.3), (2.4). Now we have to find for
solution of system (2.5). Let us consider the transformation
(M(£,%),N(t %) = (M(s*), N(s*)) where s* = % + ct
and it satisfies

Jim (M(s),N(s") = (0 : )

"1+ p,
(2.9)
k liIP (M(s*),N(s*)) = (1,0)
S—>+00
Using this transformation, relating back to (2.5), we are now finding for solution of
( aM—62M+M(1 M — zN)
¢ ds* 63*2 z
i s* € (—o0,00) (2.10)
ON 92N
kc 95" = 552 + N(p; — byM — p; (1 + p;)N)
Theorem 2.2. [3] System (1.2) has a travelling wave solution of the form
1 1 (2.11)
(u(t,x),v(t,x)) =| yM ax +ct |,wN ax + ct '
for any ¢ > 2 under the hypotheses [A1], [A2] and newly [A3] such that
[A3] b < 2a.

Now, (M,N) is a function of one variable which is denoted by s* satisfying (2.10) for
s* € (—o0,0) and (2.9) as s* - +ooand also M(s*) and N(s*) are positive monotonic
functions for s* € (—o, ). Remarkable thing is that
1

|{tlir_n (u(t, x),v(t,x)) = <0, E)

4 1 (2.12)

LtETm(u(t‘ x)ﬂv(tﬁ X)) = (E; 0)
Proof: The change of variables

u (s7) = M(s")
(2.13)

Uy(s*) = —N(s™)

1+p;
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Fors™ € (—oo 0), turns (2.10) into

ouy 6u1+ 1 ( 1 >
Cogr = Y Uy Uy Zl+p2 Uy,

I
1
s* 65*2 <1 ¥ p, - u2> (byuy — p1 (1 + prluy)

0u1 0%u, N (1 4 >
“os 952 “ “TTY o S
ou, 0%u,
c 95" = 5572 + (1 T 0, - uz) (byu; — p1 (1 + prluy)
( 0*u;  ouy 1+p,—z
| _as*2+cas*=u1< 1-|—p2 —u1+Zu2>,

_ (2.14)
0%u, N ou, ( 1
~\1+p,

- u2> (biuy — p1(1 + pruy),

This equation is also monotone for following conditions such that

0<u,05u, < )
! 2T 1+ p,

Now we have to construct a pair of coupled upper solutions for the system (2.14). Let us
consider an increasing function u(s*) satisfying the following Kolmogorov-Petrovskii-
Piscunov (KPP) equation for ¢ > 2 such that

d?u du B (2.15)
7572 + Coer = u(l—u)

For s* € (—o0, ) and also limg«_,_, #(s*) = 0 and limg-_,, u(s*) = 1. Let

uy(s*) = u(s"), uz(S)—1+p2u(S),
For 0 < u, < u,(s*), we can easily observe that
dzﬁl dﬁl _ 1+p2_Z _
‘ds*z“@‘“l(sz‘“l””ﬁ
d*u du z
ds*2+c;—u< 1+p2—u+zu2>
Z
500 (1 o)
u(l—-u)—u 1+ 0, U+ zu,
Z
="<1—u—1+ +u—zu2)
+ P2
= (155~ )
=u 1+ 0, ZU,
_ _ 2.17)
> 1-%) >0 (
1+p2u( u)

forall s* € (—oo,00). For 0 < u; < 6;(s*), we also can check that
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d*u, du, 1 _ B
- ds*2 +c ds* <1 T 0, - uz) (byuy — p1 (1 + pp)uy)
1 d?u 1 du 1 u u
- 1+p2(_ds*2>+C1+p2ds*_<1+p2_1+p2>(b1u1_'01(1+'02)(1+p2))
1 d%u c du 1
T+ p,ds? (1t p,ds 141,

(1 —w)(byuy — pi1t)

1 d?u du B B
=1 e T 452 + oo ™ (1 —u)(byuy — p1)
1 _ o
=1F o [u(1—u) + (1 —u)(up; — byuy)]
= 1+p2ﬁ(1—ﬁ)(1+,01—b1)
>0

for all s* € (—oo, 00). We can say that the inequalities are true cause

b b
Ltpi=b=1+1-==2--2>0

by hypothesis [A3]. Consider a pair of functions denoted by 7;(s*) and 7,(s*) and defined
by
M(s*) = Uy (=57),M2(s") = U (—s") (2.18)

Now let us consider the monotone system

( m  Om <1+pz—z N )—0
9g+2 €5 7 Th 1+ 0, ntzn ) =0,
. (2.19)
0%, an, 1
(9572 tc 95" + <1 Y0, le) (biny — p1 (1 + p2)nz) =0,
For s* € (—oo, ), the problem reduces to
( 0°My ony 1+p,—z
— 40— —7 <
63*2 CaS* 1( 1+p2 771+Z772) —0’
. (2.20)
0’n, | 0m, 1
—7 - 7)) <
(552 tc 95" + (1 ey 772) (b1 — p1 (1 + p2)772) <0,

For s* € (—o0,00), all0 <7, <,(s*), 0 <ny <71(s*). In the region, 0<n; <1 and
0<n, < ﬁ, the system (2.19) is monotone. When n; = 1;(s*)is the first equation and
2

n, = 1,(s*) is the second equation for all s* € (—oo, 0), particularly (2.20) is absolutely
true. Here let

1+p,—2z

finumz) =m ( 2

— -+
1+ p, n ZTIZ)

f2(1,m2) = (1 +p - 772) (bin1 — p1 (1 + p2)n2)
2
Hence f; (S, S—bl) > 0 for i = 1,2 and S > 0 is sufficiently small. Let V; be a class of
2p1(1+p2)

vector valued functions 7j(s*) € C?(—o0, ) is monotonically decreasing and satisfying
. = % —_— . - _ —_— 1
limge_, 00 7(s*) = My with £ = (fy, f), My = (0,0) and M_ = (1 —)

"1+p;
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We have ¢ > M* for the existence of the function (17, (s*), 7, (s*)) satisfying (2.20) where

2
d 1’]V1
ds*?

+fv, (i (™)

ngl 4
ds*

* __
M* = max { Infzey, { Sups- v,

Since the function f‘ can be reduced at the top left corner of the rectangle [Mﬁ+ V:] =
[0,1] x [O, ﬁ], then the system (2.14) has a solution which is a function denoted defined by
2
(@1(s), U2(s7)) = (A1(s7), h2(s™))
After setting M(s*) = 1i;(s*) and N(s*) = ﬁ—ﬁz(s*) for s* € (—o, ) as in (2.13),
2

then (u(t,x),v(t,x)) as defined in (2.11) is a travelling wave solution of system (1.2) for
X € (—o0,0), t > 0, satisfying (2.12) as described in the statement of theorem 2.2.

3. Examples and Applications

3.1 Effects of competitive constant coefficients
We consider the following system with the boundary and initial conditions as follows

L L

i ot = Uggz tul —2u—v)
ov  0%v 19 (3.1)
%—dﬁ+v(1—3u—ﬁv)

Where,a =2,y =1,b=3,8 = % with the domain ¢ = (0,1) and homogeneous Neumann
boundary conditions

Ju OJv

o on
Here [A1] to [A2] are readily satisfied and [A3] is always true for b < 2a. Now, our goal is
to solve these equations numerically by using Implicit Finite Difference Method such as
Crank-Nicolson method [22]. First we discretize the above equations (see Appendix 1.) and
after that constructing the algorithm in FORTRAN languages by code block software; we can
have the solutions which are graphically presented by following figures.

08 08
: d]_:O.l di=0.1
06| 06}

s = " " m s """ EEw —— d2201
—~o04} —~04f mmm=m= d2=5.0
-.>_<;~ -'>_<:. - - - dzzloo
g —— 4,01 = 42=20.0

02f emmaa d5=5.0 o2
- - d2=100 1
d»=20.0 b
00F O0Of= = m m m = = = m = = m m =
0.0 Oi2 OT4 0?6 OT8 1i0 0.0 Oi2 OT4 0f6 Oi8 1i0
X X

Figure-3.1: The illustration of the solutions u(t,x) (left) and v(t,x) (right) according to
system of system of equation (3.1) for different diffusion coefficients at same time t = 200.
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The behavior of diffusion coefficients and domain is reported in Figure-3.1. We take different
values of diffusion coefficients at time t = 200 over domain x. Considering one diffusion
coefficient is fixed such as d;= 0.1 and another one is replaced by different values such as
d2=0.1,5,10,20 and we can observe from the above figure, the solutions are coinciding
separately. That means the solutions u(t, x) and v(t, x) do not depend on different values of
diffusion coefficient.

o
e

0.8
> T ——— — - u(t’X) = EEEEE. u(t’x)
= v(t,x) 2 0, v(t,x)
© c 3
3 3 ‘.-‘--‘-------------
S ouf 504
O©o4f o
L )
& 2
E 30.2
>0.2 o
(U ‘UOO
O.O:HHHHH e ——————|—————————————
0 2 4 t 6 8 10 0 5 10t 15 20

Figure-3.2: The graphical representation of average solutions at different times t = 10, 20
and taking same diffusion coefficient d; = d,=0.1.

The above figures (Figure-3.2) represent us the nature of the average solutions verses time.
By taking same diffusion coefficient d; = d,=0.1 at different times t = 10 (left) and t =
20 (right), we observe that the values of these solutions are changed or decreased over
different times. That is, average solutions are varies on time.

0.8
t=10 t=10
0.7 el =21 0] : o s w1 =2 ()
====== =200 m————= =200
o 2 4 6 & 1 oz 4 6 8 1

t t
Figure-3.3: Comparison at different times t = 10,t = 20,t = 200 and corresponding
average solutions of u(t,x) (left) and v(t, x) (right) for same diffusion coefficient d = 0.1
according to (3.1).

From Figure-3.2, we have known that the average solutions are time dependent. Those
descriptions of Figure-3.2 are same as for the above figure-3.3. Here we represent the
multiple plot of the average solutions at different times t = 10 (solid), t = 20 (longdashed)
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and t = 200 (dashed). So, generally we can say that solutions of the system (3.1) are
diffusion coefficient independent but obviously depend on time.

3.2 Effects of spatially distribute competition coefficients

Let us consider a generalized form of (1.2), when competition coefficients are spatially

distributed:
{a_” = daz_“ +u(k(x) —a(x)u —y(x)v)

- = % (3.2)
la_v = daz_v +v(k(x) —b(x)u—46(x)v)

at 0x?

where k(x) is the carrying capacity and a(x), y(x), b(x), 8(x), k(x) are all functions of x
and positive. Our next step is to establish some results using the equation (3.2). Rewrite the
equations as

(ou 0%u

Fri dﬁ + u(1 - (1.1 + sin(mx))u — (2.0 + cos(mx))v)

(3.3)
ov 0% ,
Frin d@ +v(1 - (1.2 + sin(mx))u — (2.2 + cos(mx))v)

witho = (0,1), k(x) =1, a(x) = 1.1+ sin(nx) < b(x) = 1.2 + sin(nx), and y(x) =
2.0 + cos(mx) < 6(x) = 2.2 + cos(mx) .

Using same numerical strategy in section 3.1, we produce the following results:

08 08y
d=d,=0.1 di=d,=0.1
07 f t=10 0.6} — (=]
— t=200 —_ t=200
< 0.6 <04}
=1 Y
0.2
0.4
] 1 1 1 1 OIO 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X

Figure-3.4: Solutions of (3.3) for same diffusion coefficient di;= d,= 0.1, initial value
uy, = 0.8, v, = 0.8 at increasing times t = 10,t = 20 and t = 200 over the domain.

We can see that u(t, x) (left) and v(t, x) (right) are the solutions of the system (3.3) which
shows two species are decreasing over the domain for same diffusion coefficient at different
times. It also satisfies the third hypothesis b(x) < 2a(x). Now we consider (3.3) with
different diffusion coefficient as d;= 0.1 and d,= 0.5,1.0,5.0,10.0,20.0 at same time. It is
observed (Figure-3.5) that all the solutions for different diffusion coefficients coincide. That
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is, solutions do not depend on diffusions coefficients and they decrease. So, variation of
diffusion coefficient does not effect on two species.

08
d;=0.1 t=200 0.7F d;=0.1  t=200
08} 8
— d,=0.5 06 F m— d,=0.5
07L == == d,=1.0 i === d,=1.0
< === d,=5.0 ;30.41 === d,=5.0
= d,=10.0 = F d,=10.0
S07F d,=20.0 > 03F d,=20.0
Fry- 01 -
0.6 N p i
[ “’#’» g : 0.0 ﬂ‘l ()] [ & ] u 1m
06 B L VVI\.J _ VI L 1 - L L L L 1
00 02 04 06 08 10 00 02 04 06 08 10

X

X

Figure-3.5: Solutions of (3.3) for di=0.1, ¢ =(0,1), u, =v, = 0.8 for various
d>= 0.5,1.0,5.0,10.0 and 20.0 at time t = 200.

We can investigate the solutions for increasing of times from 10 to 200 using same diffusion
coefficient of (3.3) which is shown in the following Figure-3.6. Average solutions are
indicating by u(t, x) (left) and v(t, x) (right). When time varies, we observe that solutions
are decreasing with u, = v, = 0.8 for same diffusion coefficient 0.1 over the domain.

d=0,=0.1 0.7 dy=0,=0.1
0.7
—05 ===== =20 — ===== =20
X mm——— =200 = ===== 1=200
=1 Y

02k 0.0E .
0 2 4 6 8 10 0 2 4 6 8 10
t t
Figure-3.6: Average solutions of (3.3) for same diffusion coefficient 0.1 at different times

t =10,t = 20and t = 200 respectively.

The following figure-3.7 establishes for larger k(x) = 2.5+ cos (mx) from all other
parameters such that a(x) = 1.1 + sin(nx), b(x) = 1.2 + sin(mx), y(x) = 2.0 + cos(mx)
and §(x) = 2.2 + cos(mx) for same diffusion coefficient d;= d,= 0.5.

10
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15}
,>-<: 21.2 i
N Na B |
>10F di=d,=05 t=20 >
2 0.9
c c
@ U(t X) @®© U(t,X)
,>.<\ ) ’>?06 T V(t’)()
0.5 | T - V(t,X) < [
0.3}
0 T mm——— SO ...
0.0 0.2 0.4X0.6 08 1.0 0 5 10t 15 20

Figure-3.7: Solutions (left) and average solutions (right) of (3.3) using -carrying
capacity k(x) = 2.5 + cos (mx).

The above figures depict, if the carrying capacity is larger than all other parameters, then left
illustration shows us u(t,x) increases and v(t,x) decreases. Similarly, right illustration of
same figure shows us average solutions of u increases and v decreases at time ¢t = 20 for
same diffusion coefficient d,=d,=0.5 and same initial value 0.8. Next to test the difference
between small and larger carrying capacity, we consider the carrying capacity k(x) = 0.5 +
cos (mx) which is less than all parameters discussed earlier.

0.8 0.8
<o.6} v(tx) <oe} V()
= S | d=d,=0.
2z d1:d2:0.5 t=20 2z 1 dl d2 0.5
Soaf S04
\50.2 i \50.2 B
0.0 02 04 X 0.6 08 1.0 0 5 10 i 15 20

Figure-3.8: Solutions (left) and average solutions (right) of equation (3.3) using smaller
carrying capacity k(x) = 0.5 + cos (7x).

Here k(x) = 0.5 + cos (mx) is small than parameters a(x), b(x), y(x), §(x) and also from
the carrying capacity used in figure-3.7. By considering same for diffusion coefficients, we
get u(t,x) and v(t,x) are increases and decreases respectively in figure-3.7; on the other
hand, both the solutions of species are decreasing at certain time over the domain in figure-
3.8. It’s obvious in nature that with smaller carrying capacity in the competitive species, there
is a formidable chance for both the species step toward extinction.

11
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4. Conclusion

We introduce an appropriate transformation of the travelling wave solutions using three
hypotheses and the realistic significances of these hypotheses and models are presented us the
interconnection between growth, competition, diffusion coefficient etc. of two species and for
these reasons we observe that the travelling wave can exist. In this paper, we investigate the
characteristic of competitive reaction-diffusion equations using two species. The selected
equation based on KPP equation does not depend on the changes of diffusion coefficient over
the domain and two species are decreasing at certain and increasing of time. We also
construct two different form of governing equation and observe that one form shows us all
species are becoming less for different times and these solutions are diffusion coefficient
independent. One species is increasing and another one is decreasing over the domain if we
take the larger carrying capacity for same or different diffusion coefficients and for small
carrying capacity two are decreasing. The numerical results obtained by implicit finite
difference method using Neumann boundary conditions.
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Appendix 1
Implicit Finite Difference Method

To discretized the equation (3.1), at first, we have to use the Taylor series in t to form the
difference quotient

ou u(t + At x;) —u(t,x;) Ato?u 1)
for some 7; € (tj, tj+1) and %%(rj,xi) is the error term. Now using central-difference

method to form the difference quotient by Taylor series in x, we have

0%u u(t;, x; + Ax) — 2u(tj, x;) + u(t;, x; — Ax)
gz (6r%1) = @)
N u(t; + At x; + Ax) — 2u(t, x;) + u(tj + At,x; — Ax) _ (Ax)? 0*u .
(Ax)? 6 Jx* (. y2) (2)
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where y; € (x;_1,x;41) and (¢;, x;) is the interior gridpoint and @ :) (t ,)/l) is the error
term.
Suppose that, Ax = h, At = K. Then (1) becomes
u(t; + K,x;) —ul(t,x;) KOod*u (3)
% ) = o) ) Kow
ot 7 K 2 0tz
and (2) becomes
azu u(tj,xi + h) — Zu(tj,xi) + u(tj,xi — h)
75z (G xi) = h2
U(tj + K,xl- + h) — Zu(tj,xi) + U(t] + K,xl- — h) hz 64u
+ h2 - ?W(tj;yi) 4)
Putting (3) and (4) in first part of the system of equation (1.27) and ignoring the local
2
truncation error of order O(K? + h?) consisting of —;%(rj,xi) and —?ﬁ( ,vi) and
next discretizing the first part of system of equation (3.1) by Crank-Nicolson scheme, we
have
j+1 j j+1 ]+1 +1
u T —u; du 2u +u u,. —2u +u ; ; .
i I i :2 1+1 h2 1_|_ i+1 hz -1 _I_ui](l_zul!_vi])
j+1 Jj _ dK j+1 ]+1 j+1
= 2u; - 2u; = hz[1+1_2u +u Ui —2up T

+2Kul.](1 — Zu{ — vl]) )
Now let us consider a new parameter R,, such that R,, = :—f and then from (5), we obtain the
discretized equation in the following form
—R u]+1+(2 + 2Ru)u]Jr1 — R/t

i+1
= Ry[ul,, +ul ]+ @ - 2R + 2Ku/(1 - 2u! —v)) (6)

i+1

Since equation (3.1) has Neumann boundary conditions. Using central difference formula
into this boundary condition, we get

Ju j j
ax =0=>u, =y,
From the equation (6),
—Ryul T+ + 2R )u " — Ryul))
= 2R, + (2 = 2R)u] + 2Ku/ (1 — 2u! — v)) ()

Now using similar procedure for second part of the system of equation (3.1), using Neumann
boundary conditions we obtain

Ry +(2 + 2R,)v] "t — R/}

v l+1

. 19
= 2R, v | + (2 — 2R,)v] + 2Kv)] (1 —3ul - 0 vf) ®)
Equations (7) and (8) are the discretized version of the equations in (3.1) to be used for

further numerical implementations.
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