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Central conditions for a class of five-degree
rigid differential systems

ABSTRACT

The problem of determining necessary and sufficient conditions on P and Q for system

X=-y+P(x,y), ¥ =x+Q(x,y) o have acenter at the origin is known as the Poincaré

center-focus problem.In this paper, we use the Poincaré and alwash Lloyed methods[1,2,3] to
study the center focus problem of the five periodic differential equation ,and derive the center

conditions for this differential system.

Keywords: Central focus, Center conditions, Periodic solutions,Composition condition.
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LEMMALLetp (9) = [P(0)d6,P () = P(0) - P(0).1f[ P (#)g(#)de =0, then

27r~k

j P (8)g(#)do =0,(k=01,2---) -

Proof.P (0) = jep(a)de — P(0)-P(0) thenP (8) =P (8) + P (0), then

2r  — k 27

[P @@= (P o)+ PO) 9(0)do=[ 2CiP@X-P©O) 'g(0)d0

=55—5w»k*h”5%em(mde=o.

LEMMAZ. Let p = 3" P, cos 'osin'0,(k =1,2,4)and P’ + Pz 0.If
i+ j=k
"B P, [ 7B ip g ' then P
Io PP, 00 =0(i =0.1), Jo P,""P,do =0(j=012) P, = P (4, + 4,P),

2

— —, _ _
P, =P (uy+ u,P + p,P "+ pu,P) A,(i=0]1), u (i =0,1,2,3) are constants.

Proof.Setp, = A cos 6 + B,sin 0 ,andA = P, B, = P, ,A’ + B} # 0,

T

-

=P + B,

l

P, = A sin § - B, cos 6

we know from the LEMMA 1

27 — . 27 ~ . 2r —_ . 2 ~ _ .
P P.do = PP do =0(i = 0,), P?'Pdeg = PP do =0(j=0.,2),
-[0 1 2 J‘O 1 2 ( ) J.O 1 4 IO 1 4 (J )

Because p, and p, are quadratic and quartic homogeneous polynomial,then

P, — P
a,cos 20 +b,sin 26,a, = =>—% b, =

P ) )

2

Py
4

_ . . _P4o_P04
P,=d,+d,cos 20 +e,sin 20 +d, cos 40 +e,sin 40, d, = ——,

2

)




27 eZ:T'd“:f'e“:%
27 ~
28 From the condition J P°P,do0 = 0,we knowA,b, - B,a, =0,A, = —AB,,
29 . ’
B, = ;(Af - B)),
30 Then
a, ) b, i ~ 2
31 P, = —2(A,cos 20 + B, sin 20) = —=(A,cos 20 + B, sin 20) = L,P,P,A] + B, 0. (2
32 Aa &
33 Substituting (1)into(2),we have
o a, b,
P, =P (4, + 4,P) 4, =4,B,, 4, = ——or —.
A2 BZ

2z
34 From the condition J P, = 0 ,we knowd, =0,
0

27 ~
35 From the condition J P°P, = 0 ,we knowA,e, - B,d, =0,
0

27 ~

36 From the condition J’ P‘P, =0, and
37 ’ .

PP’ = A, (A,cos 20 + B,sin 20) + A, cos 40 + B, sin 40, A, = —(A] + B)),
38 ) 2
39 we KNnow

1 2 2 1 2 2,2

Ae,-B,d, =0 A, =-—(B ~A’)AB, B, = -—(A’+B})"
40 2 8

Then

e d
41  d,cos 20 +e,sin 20 = ——(A, cos 26 + B,sin 20) = —=(A, cos 26 + B,sin 20), A, + B, = 0,
BZ AZ
. €, . d, . 2 2
42 d,cos 40 +e,sin 40 = — (A, cos 40 + B,sin 40) = — (A, cos 46 + B,sin 40), A, + B, = 0,
B A

4 4

P,=d,+d,cos 20 +e,sin 20 +d, cos 46 + e, sin 460

d d
43 = —2(A,cos 20 + B,sin 20)+ — (A, cos 40 + B, sin 40)
A, A, &)
d, N 4 53 S
:A—P1P1+—(P1P1 A, P.P).
44 et ' e
45 Substituting(1)into(3),we have P, = P (u, + P + 1,P + u,P’),
d d d d d d d d
Hy = _AB13 __ZBl+ _4A3181'1u1 =—*- _4A31 + 3—4312,;12 = _3_481'/”3 = —*.
A4 Az A4 Az A4 4 A4 A4
46
47
48

49 Consider the fifth polynomial
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%fx = =Y+ X(PLOXY) + Py (X, y) + Py(x, ),
LY =x+y(P(x,y) + Py(x,y) + P, (x,¥)),
withp (x,y) = Pijxiyj, p, are real constants.In this paper ,we give a short proof to the

(4)

i+j=n

following theorem.

THEOREM.LetIM P,d ¢ = 0 ,then the origin is a center for (5) if and only if
0

2

L” P’'P,do = 0(i = o,1),j:” P.2'P,d6 = 0(j =1,2),
and the center is composition condition .
Proof.The system (4) in polar coordinates r and g becomes
r = rzPl(cos @,sin )+ r3P2(cos @,sin 0) + r5P4(cos @,sin ),

6 =1,
With,

P, = A cos @ + B sin 6,

P, =a,cos 26 + b, sin 20,

P,=d,+d,cos 20 +e,sin 20 +d, cos 40 + e, sin 46.

The origin is a center for (1) if and only if the polynomial differential equation
dr

— = rzPl(cos f,sin 9) + r3P2(cos 6,sin 6) + r5P4(cos a,sin ),
do ®)

Have 27 — periodic solution in a neighborhood of r = 0.

Let r(6,c) be solution of (5) with r(0,c) =¢,0 < |c| << 1.We write

o

re.c)=> a, ()",

n=1 (6)
Wherea, (0) =1anda, (0) =0for n>1.
The origin is a center if and only if a,(27) =1 and a,(27) =0 foralln>2,ne Z".
Substituting (6) into (5)

’ 2 r N n 2 2 n 3
a,+ac+--+a/c +--=Pc(a,+ac+--+ac +--) +P,c(a,+ac+--+ac +-)
+Pc(a, +a,c+-+ac +-)°
Equating the coefficients of ¢ yield

a =P Zaiaj+P2 Zaiajal+P4 Zaiajakalam, a, (0)=0. @)
i+j=n-1 i+j+k=n-2 i+ j+k+l+m=n-4
Solving (7) gives
a, =1,
a, = P_1’

— —
a, =P +P,,

_, =
a,=P, +2PP,+PP,
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— —_—y — —_ 3 —2 —_—

a, =P, +3P P,+2P PP, +P P,+—P, +P,

2

5 —3— —_— —2= — 2 —_—

—6 —4— —2—2 —

2

[ —— —_— 2

e

a, =P, +4P, P, +4PP, +3P, PP, + 2P P, P, +2PP, +3PP,P,+ P, P 1 PP,P, +3PP,,

5 — —2
+6P PP, +—P, +3P PP +3P,P, +P P +2P PP +2PP +6P P, +2P,P,,

2

—7 —5— —4= —3— —2= —= 2

—3—

-2
a, =P +5P P+4P PP +—P, P, +8PPPP+3P P, P+3P P, +2P,P, P+2PPPP

—3 —

— P, +6P, P, +5P PP +12P P, +15P, PP,P,+5P PP, +4P P P, +4P, P,

— 2 —2— —2— —2—

+ 8PP, P,P, + 8PP, +7PPP+3P P, P+3P PP,P,+9P, PP, +2PP, P+4PP PP

—_——2 15 — —2

—3 i - e - N - @ —5 —3 i
+12PP, P, +4P,P,P, + —P.P,P, +3P, PP, +3PP,P,P, +9PP,P, +5P,P,P, + P, P, + 3P P P

2

3 —2 __2 _2__ —3
+>PP,P, +4PP,P P, +P PP,P +10P PP, +10P, P, + P.P,P,,
2

—8 —6 — —5= —4—2 35 —4—2 —4—

—3—
- P, +7P, P, +6P PP +5P P P +—P P, +5P P +24P PP P +15P P, P,P,

2

35 —2 —3 —2 jr—) ____2 & — 2 e —t—

+2p P, +9P, PP, +10PPP,P P, +24PPP,P, +13P P,P,+12PPP,P, +4P P, P,

2

—3 = —3 = _

1 4P, PP,P,+12P, PP, + 8PP, PP+8PPPPP+24PPPP+3P P, P,+6P, P PP,

—2—2

—3—3

—o—

—2—2

—2— —2— ——s ——3 I ——2=

— 3 — 2— -2 i} —2—

5 15
Y 20PP, P, + —P, +9PP, P,+—P, PP, +—P, P, +3P, PP 4 6P, PPP +18P, PP

2

8 2 2

—_ [ —

+18P, P, P + 6P, P,P,+2P P P, +6PP P P +3PPPP, +2PP PPP, +20PPPP,

—3 =

— -2 by 3 —2 -
1 6P,P,P, + 5P, P,P,+5P, +P, P s 4P, PP 1 4P, P, P, + 4PP,P, P +2P, PP,P,

_ — 2

p— —_— 5 2
+ 4PP,PP,P, + 2P,P,PP,P, + —P P, +12PP,PP, + 6P, PP,P, +15P, P

171 2 4

2

—_—p —

1 24P PP, + 4P, P+2PPPP

We know a,(27) =a,(27)=a,(2z)=a,(2z) = 0.
A bar over a function denotes its indefinite integral.

The three necessary conditions for a center are a,(27)=10,a,(27)=0,a,

Be equivalent to
2 —2

j (P, P,+P,d@#)=0,
0

27 —*4

j (P, P, +2P PP +6P P +2PPd9)—O
0

(27) =

0.

(8)

©)

2
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—6 —2—2 —2— —

2z

G P, + 4P, PP+4P P, P, +2P,  PP,PP,+2PP,PP,P,
0

(10)

_— —

+ 6P P,PP, +15P, P + 24P, PP, + 4P, Pde)

8% From the formula (8),We have Condition(l): A,b, — B,a, = 0, and from the LEMMA2,

5 a, bz
P, = Pl(io + 4,P ) Ay = A4, B A = —or —.
A B

2 2

94 From the formula (9)(10),we have Condition(ll): (6 + 1,)( A,e, - B,d,) = 0,
38 Condition(Ill): (A7 +14 2, +15)( A,e, - B,d,) + 44.(A,e, - B,d,) = 0.

97 Now,we prove that these conditions are also sufficient.

If (6+ 4,)(A: +14 2, +15) = 0, from the LEMMA2 we know

98
277—2 —2
99 IPP—OIPP—OIPP—O
then
100 P, = P,(A+ 4,P) P, = P (uy+ u,P, + u,P + p,P°), 4,(i = 01), (i = 0,1,2,3)

]:8% are constants.

103 If (6+ 2,) ﬂf +14 4, +15) = 0, we calculate the fourth necessary conditiona, (2z) =0,
104 Be equivalent to

—_—3 = —_— = 2 —_ —2

27 —8 —6 — —s5 = —4 —2
fo (P, P,+P, P,P,+4P, PP,P,+12P P,P, +12P, PPPP +2P, PP, P+8P PP + 6P PP,P,P,

112 2

—4—2 —_—2 —2 = = —2 —2 —_—

+2P P, PP, +2P, PP 1 4P P, P,P,P, + 4PP,P.P,P, + 20 P,P,P,P.P, +12P P, P,P, +32P PP,P,P,

1721 2 11 2

—_— —

—4— —3 = —_—
112P, PP+4PPP+28P P+88P PP, +85P, P, P, +40P PP,P, +8P, P+4PP1P2P4P2

— — &
+31P, P,P, P +26 P PP, P,)dg =0
105 then we have condition(lV):

106
, 1669, 2 —° 367 , A S 2e —2  —
(A, + ” /11+60/11+28)j0 P, P4d9+(T,10+12,10/11)J0 P, P4c;|49+(12+2,11)j0 P, P,P,d0 =0

6 . —4

107 2 _ . 27 — 2
when (6 + 4,)(4, +14 2, +15) = 0, We can obtain JO P, P, = o,jo P, P, =0.

108  Then from the LEMMAZ2 sufficiency is demonstrated.
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