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ABSTRACT 8 

The problem of determining necessary and sufficient conditions on P and Q for system 

),(),,( yxQxyyxPyx   ,to have a center at the origin is known as the Poincaré 

center-focus problem.In this paper, we use the Poincaré and alwash Lloyed methods[1,2,3] to 
study the center focus problem of the five periodic differential equation ,and derive the center 
conditions for this differential system.   

 9 
Keywords: Central focus, Center conditions, Periodic solutions,Composition condition.  10 
 11 

LEMMA 1.Let ).0(
~

)(
~

)(,)()(
~

PPPdPP    If ,0)()(
2

0

 


dgP

k

then 12 

)2,1,0(,0)()(
~2

0

 kdgP

k




. 13 

Proof. ),0(
~

)(
~

)()(
0

PPdPP   


then ),0(
~

)()(
~

PPP   then 14 

.0)()())0(
~

(

)())0(
~

)(()())0(
~

)(()()(
~

2

00

2

0 0

2

0

2

0

























dgPP

dgPPCdgPPdgP

iik
k

i

ikii

k

k

i

k

k

 15 

LEMMA2. Let )4,2,1(,sincos  


kPP
ji

kji

ijk
 and .0

2

01

2

10
 PP If  16 

),1,0(0
2

2

0

2

1
 idPP

i




),2,1,0(0
2

0
4

2

1
 jdPP

j




then ),(
1012
PPP    17 

),(
3

13

2

1211014
PPPPP   )3,2,1,0(),1,0(  ii

ii
 are constants. 18 

Proof.Set  sincos
111

BAP  ,and
011101

, PBPA  , 0
2

1

2

1
 BA , 19 

111

~
BPP  ,                                                                                                                      (1)                       20 

 cossin
~

111
BAP   21 

we know from the LEMMA 1 22 

),1,0(0
~

2

2

0

2

12

2

0

2

1
  idPPdPP

ii




),2,1,0(0
~

4

2

0

2

14

2

0

2

1
  jdPPdPP

jj




 23 

Because
2

P  
and

4
P are quadratic and quartic homogeneous polynomial,then 24 

4
,

2
,2sin2cos

11

2

0220

2222

P
b

PP
abaP 


  , 25 

,4sin4cos2sin2cos
442204

 ededdP  ,
2

0440

2

PP
d


26 



 

 

,
4

1331

2

PP
e


 ,

8

042240

4

PPP
d


 .

8

1331

4

PP
e




 
27 

From the condition ,0
~

2

2

0

2

1
 



dPP we know 0
2222
 aBbA , ,

112
BAA   28 

),(
2

1 2

1

2

12
BAB 

 
29 

Then 30 

.0,
~

)2sin2cos()2sin2cos(
2

2

2

211122

2

2

22

2

2

2
 BAPPBA

B

b
BA

A

a
P        (2) 31 

Substituting (1)into(2),we have 
32 

.,),(

2

2

2

2

11101012

B

b
or

A

a
BPPP  

 
33 

From the condition 0
2

0
4




P ,we know 0
0
d , 34 

From the condition 0
~

4

2

0

2

1
 PP



,we know 0
2222
 dBeA , 35 

From the condition ,0
~

4

2

0

4

1
 PP



 and 36 

),(
2

1
,4sin4cos)2sin2cos(

~ 2

1

2

131442231

3

11
BAABABAAPP  

 
37 

 we know 
38 

.)(
8

1
,)(

2

1
,0

22

1

2

1411

2

1

2

144444
BABBAABAdBeA 

 
39 

Then
40 

,0),2sin2cos()2sin2cos(2sin2cos
2

2

2

222

2

2

22

2

2

22
 BABA

A

d
BA

B

e
ed 41 

,0),4sin4cos()4sin4cos(4sin4cos
2

4

2

444

4

4

44

4

4

44
 BABA

A

d
BA

B

e
ed 42 

).
~~

(
~

)4sin4cos()2sin2cos(

4sin4cos2sin2cos

1131

3

11

4

4

11

2

2

44

4

4

22

2

2

442204

PPAPP
A

d
PP

A

d

BA
A

d
BA

A

d

ededdP











                                           (3) 
43 

Substituting(1)into(3),we have ),(
3

13

2

1211014
PPPPP    

44 

.,3,3,

4

4

31

4

4

2

2

1

4

4

31

4

4

2

2

1131

4

4

1

2

23

1

4

4

0

A

d
B

A

d
B

A

d
A

A

d

A

d
BA

A

d
B

A

d
B

A

d
 

 
45 

 46 
 47 
 48 
Consider the fifth polynomial 49 
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