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Generalized Foeplitz Matrices

Abstract

In this paper, explicit determinants and inverses of skew symmetric generalized Foeplitz matrices
are given by constructing the special transformation matrices.
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1 Introduction

Toeplitz matrices have important applications in various disciplines including image processing, signal
processing, and solving least squares problems [Mukhexjee and Maiti (1988)]. It is an ideal research
area and hot topic for the inverses of Toeplitz matrices and the special matrices with famous numbers.
Due to the special structure, it is a major topic of research that the inversion of Toeplitz matrices can
be reconstructed by use of a low number of its columns and the entries of the original Toeplitz matrix.
The stability of the algorithms emerging from Toeplitz matrix inversion formulas was considered in
[Wen et al. (2004)].

In addition, some researchers showed the explicit determinants and inverses of the special matrices
involving famous numbers. In [Akbulak and Bozkurt (2008)], M. Akbulak and D. Bozkurt discussed
originally Fibonacci and Lucas Toeplitz matrices with entries from Fibonacci and Lucas numbers, and
they presented the upper and lower bounds for the spectral norms of the Fibonacci and Lucas Toeplitz
matrix. The authors considered the determinants and inverses of circulant matrices with Jacobsthal
and Jacobsthal-Lucas numbers in [Bozkurt and Tam (2012)]. In [Jiang et al. (2014a)], circulant type
matrices with the k-Fibonacci and k-Lucas numbers are presented and the explicit determinants and
inverse matrices are presented by constructing the transformation matrices. Jiang et al. [Jiang et
al. (2014b)] gave the invertibility of circulant type matrices with the sum and product of Fibonacci
and Lucas numbers and provided the determinants and the inverses of these matrices. And for the
RSFPLR circulant matrices and the RSLPFL circulant matrices involving Padovan, Perrin, Tribonacci
and the generalized Lucas numbers by the inverse factorization of polynomial in [Jiang and Hong
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(2014)].

It should be noted that Jiang and Zhou [Jiang and Zhou (2015)] obtained the explicit formula for
spectral norm of an r-circulant matrix whose entries in the first row are alternately positive and
negative, and the authors [Zhou and Jiang (2014)] investigated explicit formulas of spectral norms
for g-circulant matrices with Fibonacci and Lucas numbers. The authors [Zheng and Shon (2015)]
proposed the invertibility criterium of the generalized Lucas skew circulant type matrices and provided
their determinants and the inverse matrices. Furthermore, in [Jiang and Hong (2015)] the determinants
and inverses are discussed and evaluated for Tribonacci skew circulant type matrices.

In this paper, we will show the explicit determinants and inverses of the skew symmetric generalized
Foeplitz matrices.

Here the Fibonacci sequence is defined by the following recurrence relation:

Foy1=F,+ F._1(n>1) where Fy =0, Fy = 1.

Definition 1.1. An n x n skew symmetric generalized Foeplitz matrix is meant a square matrix of the

form
0 Fy, Frt1 oo Frgn—3  Fryn-2
—F 0 Fy v Frgn—a  Fryn-3
—Fk+1 —Fk 0 e Fk+n—5 Fk+n74
TFk.,n - . . . . . . 3 (1 1)
—Frin-3 —Fiin-a —Fryns - 0 Fy
_Fk+n72 _Fk+n73 _Fk+n74 e _Fk 0 nxn
where Fy, Fixi1,---, Frin—2 are the Fibonacci numbers, and k£ > 2.

Obviously, this matrix is completely determined by its first row, and T}M =—-Tr, n.

Specially, in the case of k = 2, explicit determinants and inverses of Fibonacci skew symmetric
Toeplitz matrices are given in [Chen et al. (2016)].

2 Determinants and inverses of the skew symmetric generalized
Foeplitz matrices

In this section, we will give the determinant and the inverse of the matrix Tr, .

Obviously, the determinant of an n-dimension skew symmetric matrix is zero, if n is an odd number.
So in this essay we always assume that n is an even number.

Theorem 2.1. Let Tr, . be a skew symmetric generalized Foeplitz matrix as the form of (1.1), we
have
det Try .0 =Fhin—z[ar det Gna([Bi]i=s , —Fh-1, Fhm1 — 2F%,0,2F — Fy—1, Fi1)—

2.1)
Brdet Gr—o([Fi)izysn—3, —Fo—1, Fom1 — 2F%, 0,2F — Fi_1, Fi_1)]
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where

Gna([Bi)} =5, —Fr—1, Fy—1 — 2F3,0,2F, — Fj—1, Fy_1)

ﬂZ ﬂ3 ﬁ4 /Bn73 /67172 ﬁnfl
2Fy Fr_1 0 0
Fryo 2F Fr—1
Fr_1 —2F} 0 2F; — Fr—1
= —Fp 1 Fr_1 —2F}
0
0 0 —Fr_ 1 Fx_1—2F} 0 2F, — Fr_1  Fr_1
Gn72([Fi]i'€=k+n—3, —Fy_1,Fr—1 — 2F,,0,2F, — Fi—1, Fr—1)
Fryn_s Fryn—a Fryns Fryo Fr1 Fy,
2F}, Fr_1 0 0
Fk+2 2Fk: kal
Fi_1— 2F} 0 2F, — Fr_1
= —F1 Fyp 1 —2F
0
: . - - - - . 0
0 0 —Fy_ 1 Fr_1—2F% 0 2F, — Fr_1  Fr_1
[51}?:_21 2527537"' 7:87L—1; [Fi]§:k+n73 :Fk+n737Fk+nf47"' 7Fk7
n—2 n—3
ap = Z Frotitn—i—1, o2=— Z Fryn—i—3Tn—i—1, (2.2)
i=0 i=0
n—4
F n—i— F n— Fy F; n—
pr = Z(_Fk+n—i—4 R S A i1+ e M e+ P, (2.3)
i—0 Fk+n72 Fk+n72
FoFyyn— FroyioFiyn— .
By = kL k+ 37 B = —Fipios + k+i—24k+ 37(12374’...7n_1), (2.4)
Frin—2 Fryn—o
T =1, T3 = .’L’%, Fr_123 + 2Frx2 4 Fryo =0, (25)
i—3
2Fyxi1 + Frpowi—o + Z 2F )4 jxi—j—2
T =— = (i =4,5,6,-- ,n—1), (2.6)

Fya

(n—2)x(n—2)

(n—2)x(n—2)
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det Gro([Bi]12y, —Fr1, Fr1 — 2F%,0,2F — F_1, Fi_1) =

(=) 'Bn_1det Ly _3(—Fi_1, Fh1 — 2F%,0,2Fy — Fy_1, Fr_1)+

Fr_1det Gp_s([Bi]1=s, —Fr—1, Fxo1 — 2F3,0,2F, — Fy 1, Fyx_1), (2.7)
det G o([Fi)fin_s, —Fr_1, Fx 1 — 2F%,0,2F, — F_1, Fr_1) =

(=1)" ' Fidet Ly—3(—Fy—1, Fr—1 — 2F%,0,2F), — Fy_1, Fr—1)+

Fiordet Guos([F)5 5, —Foo1, Fro1 — 2F3,0,2Fy — F_1, Fo_1), (2.8)

Li(—Fx—1,Fr—1 —2F;,0,2F — Fy_1, F—1) =

2F} Fr_1 0 0
Fiio 2F} Fr_1
Fk—l_sz 0 2Fk—Fk_1

—Fy_1 Fp 1 —2F;,
0
0

: ) . - - Fi_1
0 0 —Fr_y Fr_1—2F} 0 2F, — Fr_4

TX 1T
detLi(—kal,kal — 2Fk,0,2Fk — kalngfl) =
Fy_ydet Li—a(—Fi—1, Fy—1 — 2F},0,2F), — Fy_1, Fie1)+

F{_y(Fr—1 — 2Fy) det Li—3(—Fo_1, Fa1 — 2F3,0,2F — F_1, Fo_1)+
(2Fy — Fr—1)det Ly 1 (—Fr—1, Fr—1 — 2F%,0,2Fx — Fy_1, Fr—1), (i =5,6,--- ,n—3),

(2.9)
det Ly (—Fy—1, Fr1 — 2F%,0,2F) — Fo_1, Fo_1) = 2F) (2.10)
det Ly(—Fy_1, Fr1 — 2F,0,2Fs — Fy_1, Fr_1) = 4Fk — 2FFu_y — F?_4, (2.11)
det Ls(—Fy_1, Fr_1 — 2F%,0,2Fy — Fy_1, Fy_1) = 8F; — 8F2F_y — 2FWF2_, + 2F2_,,  (2.12)
det Lu(—Fy—1, Fr1 — 2F,0,2Fs — Fy_1, Fy—1) = 16F — 24F7 Fy_y + 9F, F{_, — 2F{_,. (2.13)

Proof. Let Tr, » be an n x n skew symmetric generalized Foeplitz matrix. In the case n > 4, let

1 0 1 0
1 Tn—1 1
_£k+n73 Tn_2 1
k4+n—2
o 11 -1 D _ Tn-3 1
' S R | » :
1 1 -1 1
01 1 -1 o1
be two n x n matrices, which are invertible. And z; (i = 1,2,--- ,n — 1) are the same as (2.5)-(2.6).
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Multiplying Tr, » by C1 from the left, and multiplying D; from the right, we obtain

CITFk,nDI
0 a1 Fryn-3  Friin-a  Frgn-s - x Fiy2 Frya Fy
—Frin—2 a2 —Fj —Frt1 —Fry2 oo oo —=Fryns —Frina —Frin-s
0 B B2 Ba Ba e e Bn-3 Bn—2 Br-1
: 0 2F} Fo 4 0 0
Fyy2 2F%
- 2Fk+1 Fiyo
2Fk42 2F; 11
: i 2Fiyn—6 2Fkyn—7 2Fpyn-s - 2F} Fi_1 0
0 0 2Fkyn—s5 2Fiin-6 2Fppn_7 --- Fryo 2Fy Fr_y
where a1, az, B; (1 = 1,2,--- ,n — 1) are the same as (2.2)-(2.4), and from the last matrix we can
easily get,
det(C1T g, nD1) = Fiyn-adet Gu1(a, [F]ijin_s, [Bilir),
where

Gr1(a1, [Fili—kin_s, Bi]i=1)

aq Fryn—s Frin—a Frin—s ce cor Fryo Frya Fy
Bl /82 /83 /84 e T /Bn—3 /Bn—Z Bn—l
Fietz 2F)
= 2Fk 1 Fiyo

2F 42 2F; 41

D 2Fkin—6 2Fkyn—7 2Fkqyn-sg - cee 2Fy Fra 0
0 2Fiyn—s5 2Fiin-6 2Fpqin_7 --- coo Fryo 2F, Fra

(n—1)x(n—1)

In order to simply compute the determinant of G,—1 (a1, [F]i—rin_s, [B:]72,'), we apply methods
of elementary row transformation to this matrix, then we can obtain G’n,l(al, (Fi)psnes, [Bil12h), it
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is the form as,

’

Gri(an, [Ffgin_s, 18i)1)

aq Frin—3 Frin—a Frin—s Fryo Frpa Fy
/81 ﬁQ ﬁ3 ﬂ4 ﬁn73 671,72 ﬁnfl
0 2F} Fr_1 0 ce R 0
Fk+2 2Fk kal
Fi_1 — 2F} 0 2F, — Fi—1
- —Fr1 Fr_1 —2F}
0
: - - . - 0
0 0 0 — Fr1 Fx_1—2F} 0 2Fy, — Fy—1  Fr_—1

then we can obtain
det G 1 (an,[Filizgns, [Bilis)) =
a1 det Groa([Bi]l=s, — Fr—1, Fi1 — 2F%,0,2Fx — Fy—1, Fi_1)—
B1 det G o ([F)i—psn—3, —Fr—1, Feo1 — 2F%, 0,2F, — Fy_1, Fy_1),

where G2 ([8i]1=y , —Fr—1, Fr—1 —2F%, 0, 2Fx — F_1, Fi—1) and G2 ([Fi]¥_ 43, — Fle—1, Fio—1 —
2Fy,0,2Fy, — Fy_1, F,_1) are the forms as in the interpretation of Theorem 2.1.

To obtain the determinant of G—2([8:]7=, —Fr—1, Fx—1 — 2F%,0,2F), — Fy_1, Fx_1) and
Gn,g([Fi]i-“:Hn_& —Fx_1, Fr—1—2F},0,2F, — F_1, Fr—1), developed them in accordance with the
last column, and in turn it, we can get recursive formulas (2.7)-(2.13). And observe that

(n—=1)(n—2)
2

detC1 = det D1 = (—1) ,

then we can obtain det Tr, ., which completes the proof. O

Theorem 2.2. Let Tr, . be a skew symmetric generalized Foeplitz matrix as the form of (1.1). If
Tr, » IS @ nonsingular matrix, then

0 Y12 Y13 Y14 Y1,n—1 Yin
—7Y12 0 Y23 Yo4 Y2,n—1  Yimn—1
—v13 —Y23 0 Y3,4 Y2,n—2  Y1,n—2
T;“,cl,n _ —7Y14 —Y24 —73,4 0 Y2,n—3 Yi,n—3 (2.14)
—Y1,n—-1 —Y2;n—1 —V2,n—2 —Y2,n—3 0 Y12
—VYi,n —Y1,n—1 —Y1,n—2 —Y1,n-3 —Y12 0

—1
Fin

that is to say T

is skew symmetric about diagonal and symmetric about secondary diagonal as
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well, where

Fryn_s
Y12 = €1n, V13 = €1,n—1 F €1n, Y23 = €2n-1 t €2n, Yin = €11 — €13 — €14,
Fk+n—2
. n .
Vij = €i,n+2—j + €in+3—j — €i,ntd—j, (7' = 17 27 ) 57.7 = 43 5) o, — 1))
1 g g n—3
1 2 ’
€11 = — , €12 = —, 613:*+Zgi+2197;,
Frqin—2 a G p
n—3
’
€15 = G273 + Zgi+2gi»j*37 (.7 = 43 57 ce vn)a
i=1
. Tn+1—i .
67;1:0, (7“:2737”'771)7 €2 = ———, (7’:2737"'7”‘)7
aq
hox n-3 ’ ’
2&n+41—1 .
€3 = —F— + Z hm+2xn+1—i19m + 197171,7;, (2 = 27 37 e 777’)7
G -
m=1
, n—3
€ij = haTny1-in; 3+ E hm42Tnt1-iSm,j—3 + Sn—1-i,j—3, (i =2,3,---,n; j =4,5,--- ,n),
m=1
o2 —o2Fryin_i—1 — o1 Frpio .
g1 = ) gi = ,(222,3,"',”_1),
Frin—2 a1 Fgin—2
_Fk:+n—i—1 .
hi=———"—"— (1=2,3,---,n—1),
a1

G = =L Fa o o = VWL UL = QB Fusa, 2, 2Finoo, 2Fin—s)
Vi = (_éFk+n74 + fs, _éFk+n75 + B4, _&Fk+1 ~+ Brn—2, _&Fk + Bn-1),
(6] (o] (651 a1

-1 n—3 i—j+1, L2 F, .
Wl = (a’iwj)i,j:h Qi,j = { K O] ’L;j (Zaj = 1727"' 7n_3)7

(71)1'—1)\2'
pi= TN 1 M = 2R,
' Fk*l
1—2 ] )
Ni =2Fp i1 — Fk_le+2Ai_2 =+ Z(—l)]nglek+]‘_1)\i_]‘_1, ('L =3,4,5,--- ,n— 3),
Jj=2
’ 1 3 / 1 .
191':_7791', (221727"' 7n_3)7 w; = — W, (7‘: 1727"' 7n_3)7
G G
n—3 B
1 .
791' = Z(_aile+’ﬂ*3*j + /3j+2)u/j+17i7 (7/ = 1721 T — 3)7
Jj=1i
w1 = p1 - 2F%, wo = p2 - 2F + p1 - Frqo,
1—2
@i =i 2 + i1 - Frpa + Y pi1—j - 2Fkyg, (i =3,4,-+ ,n—3),
J=1

1 L. P,
Sij = Mi—j+1+ ?wﬂ%» (i, =1,2,--- ,n—23),ifi—j+1<1, denote pi—j+1 =0
1

a1, ag, Bi, zi, (1=1,2,--+ ,n — 1) are the same as in Theorem 2.1.
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Proof. Let C2 and D; be two n x n invertible matrices, defined by

0 1 1 g1 g2 g3 e gn—2 gn—1
1 1 h2 h3 et hn—2 hnfl
- !
(e
Cy = 1 . Do=
1
1
nxn 1 nxn
@ —aFpqp_i1—o1Fpqq _ —Fryn—i- c
where 91 = Fk+i,27 gi = . k+a1Fk4:n—21 S ’ hi = kzl : ’ (Z - 27 3y ) — 1)
Let C: and D; be as in the proof of Theorem 2.1, multiplying C1 Tr, .»D1 by C2 from the left and by D-
from the right, we obtain
C2C1Tp, nD1 Do
—Fiin_a O 0 0
0 a1 0 . e .. 0
0 0 *%Fk-s-n—er,Bz *%Fk+n—4+ﬁ3 *%Fk-u + Bn—2 *%Fk+ﬁn—1
_ : : 2F, Fry 0 e 0 ,
Frqo 2F}
: : : : : 0
0 0 2Fytn—5 2Fk4n—6 2F} Fr_
this matrix admits a block partition of the form as
C2C1Tp, n D1 D2 =9 G M,
where 91 @ M is the direct sum of 91 and M. N = diag(—Fr+n—2, @1) is @ nonsingular diagonal
matrix,
*%Fk-s-n—erﬂz *%Fk+n—4+,33 *%Fk-m—s +Ba - *%Fk-ﬁ-l + Brn—2 *%Fk + Brn-1
2F} Fi—1 0 e 0 0
Fito 2F} Fr—1
m =
2F 41 Fryo 2F%
: : : : - 0
2Fkin—s 2F;in—6 2Fkq4n—7 2F} Fi_1

Let C = C2Cy and D = D1 D2, we can get,

Ty, =DM am ),
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where
0 0 0 1
1 0 0 0
—& 1 —frin-s
ay Frqn—2
0 1 1 -1
C= ,
0
0 1 1 -1 :
0 1 1 —1 0 0
and
1 g1 g2 g3 e gn—3 gn—2 gn—1
0 Zn-1 hoxn—1 hsTp-1 -~ hp—3Tn—1 hn—2Tn—1 hn—1Zpn-1+1
0 xp—2  hoxn_2 h3xp—2 --- hn—3Tn—2 hpn—2xn—2+1 hn—1Zn—2
0 Zn—3 hoxn_3 h3Tn—3 -+ hp—3xp_3+1 hn—2%n—3 hpn—1Tn—3
p=| |
0 x3 hoxs3 hsxs+1 --- hn—3x3 hn—2x3 hn-123
0 T2 hoxo + 1 hsxa cee hn—3Z2 hn_oxo hn—122
0 = ho hs hn—3 hn—2 hn—1

Observe that the inverse matrix of 91 is of the form:

N = diag(—Fy o, 01 ).

—BFins+B Vi

Leton = < 1 U, W,
2Fhtn—6,2Fkin_s)", Vi = (_%Fk+nf4 + Bs, —%an% + Bay -
/Bn—l)y

Fr_1

2F} Fr_1

Fri2 2Fy Fy1

W, = 2F; 41 Fiio 2F}, Fi_1

2Fkyn—7 2Fpin-8 2Fkin—9 2Fkin—10
2Fk4n—6 2Fkin-7 2Fiin-s8 2Fkin—o

) be an (n—2)x(n—2) matrix, where Uy = (2F%, Fi+2,2F)+1,- -

,_%FkJrl + Bn2, —ZLF +

ol

Fr_1
2F,  Fr_1

as Fr—1 > 1, so W, is an invertible matrix. Use Lemma 1.1 in [Chen et al. (2016)] we can obtain the

inverse matrix of W1,

1251 0 0
H2 H1
V\\]171: M3 M2
Mn—4
Hn—3 fn—a ot H3 M2
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where p1 (i =1,2,--- ,n — 3) are the forms as in the interpretation of Theorem 2.2.

Use Lemma 5 in Liu and Jiang (2015), we obtain,
1 1 —1
_ = —=VW
1_ 1 ¢1 1
m < WU Wit EWTL VW > ’

where (1 = —2-Fy 5 + B> — ViW; 'Uy, and simply we can get (@ 9%) ',

—— 0 0 0 0 cee e 0 0
k4+n—2 1
0 ar 0 0 0 sl e 0 0
’ ’ ’ !
0 0 é 9 s el e Fa Y s
’
0 0 w1 S11 S12 ce tee Sl,n—4 S1,n—3
!
Q193] DJT)_l = 0 0 wo $21 S22 s e S2,n—4 S2,n—3 ,
!
0 0 w3 $31 $32 cee e S3,n—4 $3,n—3
: : /
0 0 Wp—4 Sn—4,1 Sn—4,2 *°° tt Sn—4mn—-4 Sn—4,n-3
’
0 0 Wnp—-3 Sn—3,1 Sn—3,2 *°* tr Sn—3n—4 Sn—3,n—3
’ ! . . .
where ¢;, w;, ¢ ; (1,7 =1,2,--- ,n — 3) are the forms as in the interpretation of Theorem 2.2.
2J J

Then multiplying (91 @ 99t)~* by D from the left, we can obtain

€11 €12 €13 €1,n—1 €1,n
€21 €22 €23 €2 n—1 €2.n
1 €31 €32 €33 ot €3,n—1 €3n
DMeMm = . . . . . )
€n—1,1 €En—-12 €En—-13 - €n—1,n—1 €En—1,n
€n,1 €n,2 €n,3 e €En,n—1 €n,n
where €;; (1,7 =1,2,--- ,n) are the forms as in the interpretation of Theorem 2.2.

In the end, we can obtain T,

0 Y12 Y13 Y14 e Yin—1 Yin
—Y12 0 Y23 Y24 o Y2n—1 V-1
—713 —23 0 Y3,4 cee Y2,m—2  VYin-2
T;kl,n =DM & Em)*lC _ —Y14 —Y24 —3,4 0 S Y2m—3  Y1,n—3 7
—Yin—-1 —V2n—-1 —V2,n—2 —V2,n-3 " 0 Y12
—Y1i,n —Y1,n-1 —Y1i,;m—2 —Vi,n—3 -'°  —Y12 0
where v;; (1 = 1,2,---,5;5 = 2,3,---,n) are the forms as in the interpretation of Theorem 2.2,
which completes the proof. O

3 CONCLUSION

In this paper, by constructing the special transformation matrices we get the determinant and inverse
of the skew symmetric generalized Foeplitz matrices in section 2.

10
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