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Abstract

In this paper we apply the newly developed charge storage expression as a function of time i.e. via
convolution operation of time varying capacity function and applied voltage function to a capacitor
i.e. g = c* v. This new formula is different to usual and conventional way of writing capacitance
multiplied by voltage to get charge stored in a capacitor i.e. g = cv. We apply this new formula to RC
circuit as charging/discharging the capacitors (ideal and fractional ones) via constant dc voltage or
current sources. This paper gives validity of usage of this new formula in RC circuits.
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1. Introduction

This is continuation of our earlier deliberations regarding verification of the new
formulaq(t) =c(t)*v(t) ; [1], [40]. This paper is from deliberations regarding usage of this
formula in Project: Design & Development of Power-packs with Aerogel Supercapacitors &
Fractional Order Modeling BRNS Santion No. 36(3)/14/50B/2014-BRNS/2620 dated 11.03.2015;
where we wish to use this new developed formula.

The voltage change when appears at a capacitor, it reacts or relaxes via relaxation current. The
time varying capacity function c(t) is the one that defines the response function; and by

principle of causality [1] we write q(t) =c(t)*Vv(t) where v(t) is the input impressed voltage.
This is different to usual formulaq(t) =c(t)v(t). This new formulation is deliberated in detail
with c(t) as for ideal loss less capacitor case, as well as time varying capacity function (fractional
capacitor case) in [1]. The capacity function c(t) is the function which decays with time, and has

the formc(t) oc t™; 0 < o <land acts only at the time of application of voltage change. For ideal
case of loss-less capacitor the capacity function is c(t) oc 5(t); [1]. In this paper we will always
take the power-exponent of power-law of decaying capacity function i.e.o. as between zero and
one, i.e. O0<a <1. This power-law decay function is in singular at origin and is in tune with

singular power law decay relaxation current given by Curie-von Schweidler (universal law) of
dielectric relaxation [2]-[5]. In this universal dielectric relaxation law, the relaxing current is a

decaying power-law asi(t) oc t™*, when uncharged system of dielectric is stressed by a constant

voltage. The use of this universal dielectric relaxation law gives current voltage relation of a
capacitor as given by fractional derivative [6]-[10]. The non-singular decaying function gives all




together different form of current voltage relations in capacitor is discussed in [11], [38]. The use
of non-singular kernel in integration for the formula for fractional derivative and application is
developing topic. This concept is used and studied in pioneering works [23]-[36], for several
dynamic systems.

Here we are taking singular function c(t) as ‘time varying capacity function’, as because the

same gets derived from basic universal dielectric relaxation law i(t) «c t™* of Curie-von
Schweidler [1], [40]. In this paper we will take capacitor with time varying capacity function
c(t)=C_t“(i.e. a fractional capacitor), and will use the formula [1], where the voltage

excitation v(t)is applied at time t = 0 to an uncharged capacitor

q(t) =c®*v(t) = [ ct-gv(dr=[ c(v(t-rde
With this new formulaq(t) =c(t)*v(t) applied we discuss various cases of (t) i.e. charge

stored in capacitor andi(t), the circuital current etc. for RC charging/discharging circuit with
ideal capacitor and fractional capacitor.

We note a priori that the constant C_ is proportionality constant of the relation of time varying
capacity function i.e. c(t)oct™ , and not Fractional Capacity. The fractional capacity of a
fractional capacitor we will represent as C.__ which has units of Farad / sec’™ . and we will use
C.,=C,I'(1-0) to relate the two [1], [40]. The voltage, v(t) across a capacitor or dielectric
changes at a rate in proportion to the current:i(t) = Di(c(t)*v(t)), with c(t)=C_t™ we get
i(t) = (c(t))(v(0)) +c(t)*Dyv(t) ; [1]. The equation of current and voltage, and impedance for
fractional capacitor is following, given by fractional derivative Dy =d® /dt* [6], [7] [8], [12],

[13]; comes from q(t) =c(t)*v(t), [1]. The fractional derivative operator is Riemann-Liouville
type (Refer Appendix) as derived in [1]; and in [6], [7].
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With limit oo — 1 we get classical ideal loss less capacitor that is following
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The fractional capacitor appears in studies with super-capacitors and other memory based
relaxation phenomena [14]-[22]. We assume that the fractional capacitor has no resistance, (like
ideal capacitor has no resistance) and is excited by ideal voltage sources (that has zero output
impedance), in the RC charging circuits. We will use Laplace Transform technique in all our
analysis. In all the cases in subsequent sections, we will apply this new formula
q(t) =c(t)*v(t) and give the validity justification. Recently this formulaq(t) =c(t)*v(t) is
getting experimentally validated [39], for super-capacitors.

Therefore charge in a capacitor isq(t) = c(t)*v(t), is given via convolution operation and not
with the usual way that we write asq(t) =c(t)v(t). Let us have a capacitor with capacity

function in time as power-lawc(t)=C_t™ (0<a <1), that is fractional capacitor, is charged
via resistance R. Let a voltage v, (t) or currenti, (t) be applied to an uncharged capacitor in the




RC circuit at timet =0. Then charge function in time is given as convolution (*) operation
asq(t) =c(t)*v,(t), with v,(t) is the voltage profile on the capacitor, in the RC circuit of

Figure-1. This chargeq(t) is also q(t) = .[Oti(r)dr , Where i(t)is current flowing through the

capacitor in the RC circuit. This comes from normal circuit theory application, and we will show
that this q(t) = c(t) * v, (t) is same that we get from normal circuit theory. For each case we also

study the ideal loss less capacitor given by capacity function asc(t) =Cd(t), [1], [40] and
apply q(t) = c(t)* v, (t) .

We will validate and verify this new formulaq(t) = c(t)* v(t) in circuit theory with RC circuit,
in this paper. The aim of the paper is not to show profiles of circuit voltage current or charge,
with variation of o ; but rather validate the new formula q(t) = c(t)* v, (t) , with that of solution

obtained by circuit theory techniques. Thus we are not drawing MATLAB simulated figures for
voltage current and charge functions. We will also validate self-discharge mechanism of
fractional capacitor (super-capacitor) exhibiting memory effect, by using this new
formulaq(t) = c(t)*v(t) .

2. Charge storage q(t) by step input voltagev,, (t) = V_u(t) excitation to RC circuit
with ideal loss less capacitor

In classical circuit theory, if we charge an ideal capacitor, C (initially uncharged) through a
resistor R , via a step input voltage v, (t) = V,,u(t) (Figure-1) we get voltage across capacitor as
exponential rise as v, (t) =V, (1-e™"®); t>0 . In Figure-1 consider Z,(s) =R , and Z,(s)is
ideal capacitor with capacity function asc(t) = Co(t), [1], [40]. Therefore we have following

impedance function

1 1 1

Z,(s) = = =— 1)
sC{c(t)} sL{C3(t)} sC

The above Eq. (1) is new way of writing Z(s) for capacitor ideal or fractional we got from

application of formula q(t) =c(t)*v(t)in our earlier discussion [40]. That we got by

differentiating this convolution expression to get i(t) and taking Laplace transform to arrive at

Eq. (1), ie. Z(8)=V(8)/1(5) = (sL{c(t)}) -
We have from circuit theory and from Figure-1 the following expressions

Z,(s) V
Vy(8) ==—2=2—L{v, (1)}, v, =V ult), Liv,()}=—"
0() Zl(S)+ZZ(S) { |n( )} i () () { ()} s
2
Ve (11 ?
RCs(s+4&) "ls s+&
The inverse Laplace Transform of Eq. (2) gives following voltage charging equation for capacitor
V() =V, (1-e"F); t>0 (3)
We havelim,, v (t)=V,, , the current flowing in the RC circuit at t > O s the following
()= e = {3 (2]} = e @




Therefore the charge function q(t) is
(. Vi —ure
Q) = [,i()dr= [ e 6
=V C(1-e"F%); t>0
We apply the formula q(t) = c(t)* v(t) to ideal capacitor given by c¢(t) = C5(t) across which we

are having a voltage profile asv,(t) = V, (1—e "¢

Q) = (L{e®})(£{vo(1)})

), to write following

\Y \Y (6)
=(L{C3(t)})(L{V, Q- ")} )=C| > -
(cles))efvaa-e ) -cf o Yo

The inverse Laplace transform of Eg. (6) above gives

qt) =V, C(l-e"¢); t>0 @)
Eqg. (7) is same as Eq. (5) that we got via circuit theory applying q(t) ='[Oti(1')d1'. This gives

validation of formula q(t) = c(t)* v(t) for classical ideal loss less capacitor case.
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Figure- 1: The constant voltage charging RC circuit

3. Charge storageq(t) by step input voltagev,,(t) = V_u(t) excitation to RC circuit
with fractional capacitor
In Figure-1 consider Z,(S)=R , and Z,(s)is fractional capacitor with capacity function

asc(t)=C_t™*; withO<a <1 . Therefore we have following impedance function [40]
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Here we will use a constant voltage excitation of V, fromtimet=0, totimet=T,_ (as charging

phase, through a known resistor R) and thereafter we will switch to discharging phase i.e.
voltage source will be made zero (Figure-3). By this we record the charging and discharging

profile v, (t) , and then apply q(t) = c(t) *v,(t) to get charge, and then current. From the circuit
diagram of Figure-1, we write the following [37]

Zz (S) =
i 8

__ %0 _ _Va

VO (S) - Zl (S) N 22 (S) ‘C’ {Vin (t)}’ Vin (t) Vmu(t) ' {Vln (t)} S
_ V., _V, ks™ . 1 ®©)
" RC__s (s + o) C(s*+k)’  RC.,

Now use L{t™EQ(at")}=2[10], [12], [18] to getL'{S-}=t"E,,.(at"), by

puttingp=0, a=a,B=a+1, where the Ea,ﬁ(at )is two parameter Mittag-Leffler function
(Refer Appendix); as defined in infinite series in following expression
o0 (X)m o0 (_kta)m
o (-kt* _
(x|3( ) z +B) a(u 1)( ) zr(ma—i—a—i—l)

o (10)
X) =E_(X
(xl( ) ( ) z +1)
With this we obtain the following from Laplace inverse of Eq. (9)
Vo(t) = £7{ Sk = VKB, (KE?)
V. . . (11)
= RCFiq t Ea,aﬂ (-Wm)
We have alternate derivation via series expansion [13], [37] as follows
V,(s) = VoK _ Vmif (1+%)71; (1+X)* =1-x+x2-x3 +...
s(s* +k) s* s
V,_k k k* k°
=i (1——Q+E—E+---j (12)
S s* S S

(kKK
- Vm g+l - g2+ + 3o T

Use Laplace pair r‘”“) = E{t”} to invert term by term the above Eq. (12) to get following
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Where, E_(X)is one parameter Mittag-Leffler function (Refer Appendix) used in Eq. (13),

kt(x k2t20c k3t30n
Vo(t) = ( j
V.,

with E;(X) = e*. Therefore for classical ideal capacitor with limitoo— 1, we have normal
); writingC, | =C.

—-t/RC

exponential chargingv,(t) =V, (1-e

For voltage charging expression for fractional order impedance Z,(S) =S~ Cqu , Eq. (8) we
have from Eq. (11) and Eqg. (13) the following
_ « W\ Vi . o
Vol = Vo (1-E, (-#7)) = g B (-75) a9
We havelim, v,(t)=V,. For charging current of circuit of Figure-1 with
\A vV, vV, [ s
|()——( j Vo) ST (15)
Z(s) S( al ) R1|s +reo
Usng{E (at" )}
it) = —m E, (-2 ) (16)

Clearly for ideal case i.e. in limit o — 1case we geti(t) = ~=g*/R¢

from Eg. (16) the following
— t. — th
q(t) = J.Ol(r)dr—J.O?Ea(-

We apply the formula q(t) =c(t)*v(t)to fractional capacitor given by c(t)=C_t *across

. Therefore the charge q(t) is

) de (17)

which we are having a voltage profile asv,(t) = V,, (1- E, (ﬁ)) to write following steps




Qs) = (L{cM})(£{ve(1)})

-(clc, t“})(ﬁ{Vm (1-E, (‘#))})

ViCra (=)
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Taking inverse Laplace transform of Eq. (18) by recognizing £ { J.Ot f(r)dr} =57'F(s) we write

A = [, (e (19)

The same result as in Eq. (17) we got by using q(t) = .foti(r)dr validates the verification of
formulag(t) =c(t)*v(t). Putaa=1 in Eg. (19) and we get ideal loss-less capacitor
withC., =C, and E,(X) = e*to write the following case

a0 = [, ()i = [ e e (20)
a=1

=V C (1_ pt/RC )

The above Eqg. (20) is charge build up relation for ideal-loss less capacitor, same as Eq. (5) and
Eq. (7).

t
We take the integration of Mittag-Leffler function as IO Ea(-kr“)dr=t(Ea,2(—kt“)) with

Ea,ﬁ(x) = ZL F(S&iﬁ) (Refer Appendix for proof). So we have charge build up function on a
fractional capacitor in RC charging circuit as follows

o0~ [ e ()

V.t (21)
=-a (E,o(-t*/RC.,)); t=0
: : V. t "
Let us verify this for oo =1from Eq. (21) where we getq(t) = Fr; (Ea,2 (-t /RCM)) ,
a=1;Cg,=C

We useE,,(-ax*)=)" (D22 and get q(t)=VmC(1—e*“RC), by simple algebraic

=0 I'(am+2)
manipulations and tricks. Thus we have verified the validity of formula q(t) =c(t)*v(t) in RC
charging circuit with fractional capacitor.




4. Charge holding at large times for fractional capacitor
We have from Eq. (21) at t = T_ the charge stored isq(T,) = (V?m)TC (EOL,2 -1/ RCF_u)) . Now

we see if we keep the unit step voltage v, (t) =V, u(t)for large time say T, Toofor a

fractional capacitor, what islim, q(T,)=lim (V—m)TC(Ea,z(—Tc“/ RC,,)). that we

R
analyze. Whereas for classical ideal capacitor limy q(T) =lim; CV, (1-e™") =V C,isa

constant independent oft =T_.

This we study from recurring property of E_g(X)which is E  (X) =+E,;,(X) -5g= from

@ 1

n=1 x"T(B-na)

which Poincare asymptotic expansion is Ea,B(X)~-Z valid for X — —oo (Refer

Appendix). In the expression asymptotic expansion of E_,(-T*/RC)takingx =—-KT*,
wherek = z2— we write for T, T a0 as following

. T -o T 2a T -3a

lim_, E,,(-kT")= < - -

¢ ’ k['2-a) kT'(2-2a) k’T(2-3a)
T
K['(2-a)

We approximate above infinite series Eq. (22) by neglecting higher powers exponents of power

law, as the higher terms will be decaying much faster than the first term. Therefore we write the
following

lim, o(T,)=lim; ()T, (E,,(-T.*/RC,,)); 0<a<I

(22)

R

~ ﬁTC T = VinCr Tcl'OL ; I'(m+1)=ml(m) (23)
R kK'2-a)) T(2-w)
VmCF-oz Tl-a —

T (L-wl(l-a) °©

In [1] we gotq(t) :C“\l/_—"(fmfor a fractional capacitor with capacity function c(t)=C_ t™"as a

charge build up formula for a fractional capacitor. In [1] we showed lim , q(t) = by use of

formula q(t) = c(t)*v(t) for an uncharged fractional capacitor, charged directly from ideal

voltage source (i.e. in RC of circuit Figure-1 withR =0Q ). Here in RC circuit case we see that
steady state of charge holding will be never obtained (as we get for an ideal loss less capacitor).
For the fractional capacitor case, the charge will keep growing to infinity, leading to electro-static
break down of capacitors [1], [6], [7]. Using C., = C_I'(1-a) in the derived formula for large

VmCF-u tl'a _— Vmcu

l-a H
Torag L = et that is same

times in RC charging in asymptotic approximation is q(t) ~
that we got in [1]. Here if we puto. — 1, we have classical ideal capacitorC., = C I'(1-a)=C
and thus q(t) = V,,Cfor anyt > 0; that is true for classical ideal capacitor case.




In case of classical capacitors, we haveq(t):VmC(l-e'”RC) and here we get steady-state

atlim,_q(t) = V,,C. This is fundamental to memory effect as observed in a fractional capacitor

case [40]. There is no memory effect in the classical capacitor cases the charge store is steady
constant q(t) = CV,, for any holding time forv,, (t) = V_u(t) . While the charge storage in a

fractional capacitor depends on holding time for step voltage, more the holding time more
the charge stored in fractional capacitor [1], [40].

5. Self-Discharging a fractional capacitor after holding a step input voltage for a
long time--The memory effect, explained by the formulag=c*v
A fractional capacitor is charged from time t=-T_to time twith a constant step

input v, (t) =V, u(t-(-T,)). That is step voltage us applied at timet = -T, . The charging current
is from general charge equation by following convolution

expression gg,, (t) = (c() *v(t)) = I t c(t-x)v(x)dx; [1]. For a fractional capacitor with
capacity function c(t) = C_t™ we write the convolution expression with lower limit of integration
as -T_that is the time where the voltage change is applied, [1].

t t o

Gew () = (cO* V)], = [ Cu(t-3)“v(x)dx (24)

Where Vv(t) we say voltage across the capacitor assumed to be at V, int =-T,, and v(t) = 0, for
t <-T,. This assumption is valid when we sayt >>-T_, that is neglecting the rise part of the

charging equationv(t+T,) =V (1-E ( (tT)" )) isv(t+T,)=V, for t> T, . The charging

current is following
49en (D) _

i () = —==> dt d—(c(t)*v(t)) , c)=C,t*

j C(t-)"V(dx =C, j L Vxjdx -
- (t-x)°
The integration by parts for term J._T (t-x)“v(x)dx in Eq. (25) gives following result
t v(X)dx _ - [

I oy [ (t-x } LC(V (t-x)"
:v(X)( = X)laj [ v )[(1)“ X)MJ (29)

1- o

VT e [ Y0y
= (t+T)"+ | —4(t-x)"dx
Lo (T LC ()

Using the derivation of Eq. (26) and using the definition of fractional derivative for 0 < a <1 is
Riemann —Liouville (RL) , Df and Caputof1 D¢ (Refer Appendix) we write the following steps




T (t-x)° l-a
:Cav(T)dt(Mj+Cur (mj (t-x)""dx

1-a Tl 1-a

L) [t X200,
+T) T (t-x)” (27)

B 1 V(-T) et v (x)dx _
_ca(r(l-a)){r(l_a)((t”c)a+LC o B C,(T(1-a))=C

_ CF»a V('Tc) Cre
‘ru-w(a+1fj+ch(%DJW0D

=Ce, (4 DI[vV(®]), 0<a<I
We set V(-T.)=V,_for t> T and v®(t)=0for a constant voltage v(t) =V, for t> T and

write
o 1 [ v(T) | ¢t v®)dx
'CH(t)—Ca(F(l'“)){r(l-a)((HTc)“+I’Tc (t-x)" D

_CV,

H() t V(X)dX Cu d (V( -T ) (t +T )la +J. V(l) (X) (t X)l udxj

(28)

(t+T.)"
The abovei, (t) in Eq. (28) is Curie-Von Schewdler relaxation current power law for dielectric

relaxation when the dielectric is stressed by a constant voltage at time (in this case) t ~ —T_. This
we get by other method too as depicted below

e () = CF*OL(-TC D?V(t)); O<a<l

t=t
d*v
=C_ —T" , C., =CI(1-
F-a dta o F-a o ( (X)
t (29)
d*v
=C I'(1- n -T. )™
-0 e —crn| eseny |
=C,—Vm 0O<a<l (t+T.)>0
(t+T)°

In above steps of Eqg. (29) we used formula for RL fractional derivative of a constant K

as, DK =K (Fx(f‘)u) , with a = -T_that is start point of fractional differentiation process, andx =t

and K =V, (Refer Appendix). We note thatf1 D;K =0, that appears in Eq. (28).

At t = 0the voltage source Vv, (t) = V_u(t) is disconnected, or we keep the fractional capacitor at

open-circuited condition, after keeping this for a long-long time fromt = -T, .Thus there will be
a self discharging of the charged fractional capacitor, and the self discharge current will be




proportional to decaying open circuited voltage v, (t) , given as follows from timet =0 the time
the fractional capacitor was kept open circuited, to time t > 0. The self-discharging current we
write as follows iy (t) = CF_a( Div (t)) , that is

t " oc

VO ¢ 1) Ve (30)

dt® ¢ dt®

t=0 t=0
We will see in subsequent section that i, (t) of Eq. (30) is not the conventional current of
discharge that flows out to a shunt resistance put for discharging the stored charge, but gives a

notion due to special re-distribution of charges inside a spatially distributed system infinite RC
circuit-we call it notional discharge current (we will discuss later).

Ins(®=Ce,

The coulomb of charge d,(t) pumped into the capacitor plus self-discharged coulombs of
charge say (qpg(t) is zero that isq,(t) =-qys(t). Differentiating this we get
Icy () +ip5(t) =0 which gives the following. We write the following

ien () +ips(t) =0

" . (31)
CF*(X ( -T, Dt V(t)) + CF—a ( Dt Voc (t)) = 0
That is the following we get using Eqg. (28) or Eqg. (29)
Vo oo Ve® (32)
e+ T Sk dt*

Our interest is finding Vv, (t), fromt > Othat is in self-discharge phase. We do the fractional

integration, I (fromtime O to timet) of the above Eq. (32) and write the following

o Vi, d*v,.(®) || _
I |:C W:| +C F(l )(0 t|: dte :D 0 (33)

We write (Olf‘[ Div (t)}) =V, (t)|0 =V, (t)- v, (0)withv, (0) =V, for the second term

t “oc
and write the following
V.,
oli|C,—E2—|+C I'(1-a)|v, . (t)-V, |=0 34
{an} (1-0)[ve () -V, ] (34)
To the first term we apply Riemann formula of Fractional Integration (Refer Appendix) that is
i [fO] = f‘x)dx and get

r (a) 0 (t-x

1 t dx
V. (- -C I'(1- =
CVa I'(a) J.O (T, +X)u(t-x)1'“ +[Ca (1-a)v, (1) -C,I( 0‘)Vm] 0 (35)
Rearranging the Eq. (35) we write
\V/ t dX
=V._ - m
Ve = Vo T ) (T, )" (t-x)" (36)

In Eq. (36) putT, +X =1, dX = drt, therefore for x =0, t=T,and x =t, t="T_ +t we have




Vool =V T (1o

-
(T, +t-1)"

T, +t T, +t 0 T+t
Now we break_[T F(t)dt as _[T F(r)dt =L F(r)dt+jo F(tr)dt and call the second term

V., J-Tc+t dt ; V- V., J-Tc+t F(o)de
: (T, +t-1)™ TFo)Il'(1-a) 7T a7

F(r) =

as | (t). We write 1, (t) in terms of convolution of two functions with substitution T, +t =t

o (Tett . T+t d‘C B T dt B 1 1
()= _[0 F(t)dt = IO et il Ry e (t_"‘j*(tl—“J (38)
o v s Lapic i €17} = 22210t (1,0} 1,09} [

_(TCa+D(T(-(1-0)+1) ) _ T(1-0) (o)
@ =T }{ T )
Recognizing L{u(t)} =s™, we write £{1, ()} = 1,,(t) , and write
I'(l-o)['(a) ;t=0
1, (t) = 40
\© { N (o)
Therefore we have J.OT°H F(t)dt = .[OTCH e ‘fm)m =T (1-o)'(o) . Thus we write the expression for

open circuit voltage v (t) for a charged fractional capacitor that is charged for a long time T_to
voltage V_ and at t = O kept at self-discharge mode, we get

V., T, +t 0
v )=V, m[ jo F(r)dt+ jTC F(t)dr}

" T(-0)(a) ( T(1-a)T(0) J; Foye

'V V c
= —”‘J.O F(t)dt = —"‘J.T F(tr)dt
Ir(-o)l(a)’m I'(1-a)(a) 70
_ Vm J'Tc dT
r(1-o)(e)?° (T, +t-1)"™
In Eq. (41) v, (t)is the voltage over open capacitor at self discharge mode (oc). Thisv,,(t)

I'(1-0)I(w))-
(41)

function of time depends on the total time T, the capacitor has been on the voltage source of
constant voltage V.. More the T_more d, (T.) and more time v (t) will take to self-discharge,
from charged voltageV,. This formula for self discharge voltage i.e.

Vin Te d ; ; . ; ;
voc(t):r(l_a)r(u) . TQ(TC;_T)I,Q is noted in [6]; here we derived the same by using the

conceptq(t) = (c(t) * v(t)).

We mention here the formula for self discharge as described above is only valid for a constant
voltage excitation or a step input case. For a triangular voltage impressed att =-T_ reaching




voltage V,at time T, described as (V, /T, )(t+T)will be having different v (t)self-
discharge profile.

The Figure-2 shows self discharge of a super-capacitor when charged with different times,
showing memory effect. Here T_is 4hr, 8hr and 16hr, charged toV,, =2.2 (Courtesy: BRNS

Funded joint Project CMET Thrissur-BARC Development of CAG Super-capacitors and
application in electronics circuits); [41], [42]. The Figure-2 shows that self discharging

curves V. (t) for each T_is different, indicating memory effect.

2.5 -
Vo (1) ‘/—Tc =16hr
T, =8hr
1.875 -
.
[0}
o)
E
S
>
1.25 {
1-
0.9375 -
b ! LA R | ' L |
100 1000 10000
Time (s)

Figure-2: Self-discharge of fractional capacitor, more time we place fractional capacitor on a
constant voltage more time it takes decay: Memorizing the charging history.

6. Self discharging of a classical ideal capacitor
We have a constant voltage source applied at t =-T_for a constant capacitor case with

capacity function asc(t) = Cé(t), [1]. For this case we have the relation Eq. (42) i.e.
iCH(t):C8(t+TC)(V(-TC))+C(V(”(t)); that we derive from formulagg, (t) = c(t)*v(t) .
Compare what we got for a fractional capacitor with c(t)=Ct*

i.€.ig, (t) = C, X +Caj‘_tT Ygy | Eq. (28). We follow following steps

o (t+T,)" (t-x)*




dgey () _ d

iy ()= (C(t)*v(t))‘fT . c(t) =C¥(t)
dt dt 3
d x=t d
= 1 ctovodn = S (C(vv). =,
= V(t)?j—(t: + C% w

dv(t dv(t
= (v(H)(C(3(t+T,))) +C% = C(V(-T,)(t +TC))+C%

Si(T)+i(), t=-T,

The first term at RHS of above Eq. (42) i.e. i(-T,) indicate the value of current att=-T_.
The constant function starting at t=-T_i.e. Cwhen differentiated gives Cé(t+T,) . This
unit delta functions att=-T_, i.e. 3(t+T,)when multiplied by v(t) givesv(-T,)d(t+T,).
This comes from propertyj(a(x0 -x))(f(x))dx =f(x,), differentiation of this
gives (8(x, - X)f(x)) = & f(x,) = f(x,)3(x). Thus at t=-T we have i(-T,)=Cv(-T,)and
i(-T,) = 0 fort>-T,. Compositely we writei(-T,) = C,v(-T,)(8(t+T,)), i.e. specifying its
value at onlyt =-T,. The second term is i(t) fort = -T,, that isi(t) = C (v (1)) .

The  obtained  expressionic, ()= C3(t+T,)(V(-T,))+C(v¥(®) is by the
formulationqg(t) = c(t)*v(t) . As an example, we take v(t) =V u(t+T,)a step input at
timet=-T_, to an uncharged capacitor. We have v(t)=0fort>-T_; and at t=-T_ we
have  v(-T,)=V, . Using this we geti(-T,)=CV, (8(t+T,)); this
makesig, (t) = CV,, (8(t+T,)), t=-T,. At any timet the coulomb g, (t) pumped charge
into the capacitor plus self-discharged coulombs of charge say qpg(t) is zero that
iSOy () =-0ps().  Differentiating  this  we  get i, () +ip()=0  which
givesig, (t) +ips(t) =0. That s the following

CVm(S(t+TC))+C¥=O 43)

Our interest is finding Vv, (), fromt > Oself-discharge phase. We do the integrationoli (from
timeO to timet) of the above Eq. (43) and write the following

t t dv.(tv) .
Jode(CVa (3 +T))) + [ diC =22 =05 120 (44)
The first integration term is zero since the delta function is outside of the region of integration,
t
thus C | de(V,, (3(x+T,)))=0.




For the second term in Eq. (44) we have CI VO (0)dt = C[ vy, (D], = C (Ve (H)-v(0)). The
valuev(0) = V,, that is ideal capacitor is charged to full value of voltage. Using these results we
have for ideal classical capacitor v (t) = V,,, from Eq. (44).

This is very true observation. That an ideal loss less classical capacitor, once charged to V,, Volts
would retain its charge that is finite and equilibrium value CV_ coulombs; and the terminal
voltage v (t) will be held constant indefinitely. Now if a resistance is shunted across the charged
capacitor, sayR, this voltage V. (t) =V, will decay as

Vois (1) = (Voo (1)) e 7 or vy (1) = V,,€FC, for t > 0from the time the resistance was shunted.

Similarly for a case of fractional capacitor the self discharge voltage

TC - .-y - - - - -
say V. (t) = T a)r(u) e Tt el Eqg. (41) will additionally discharge if the fractional capacitor is

shunted by R , and we will record for a fractional capacitor v, s (t) as following expression
Vois (1) = (Vo (1) E, (-* /RC,.,,)

:( AL - JEa(-t“/RCF_u)
ra-o(a’ (T, +t-1)™

The term E_(-t* /RC,_,) is discharge decay function of Mittag-Leffler, for a fractional capacitor

(45)

-t/RC

(that we will derive in subsequent section), is similar to decay function e~ "~ as for the case for a

classical loss less capacitor.

7. Self-discharge is a misnomer
While we keep the charged fractional capacitor in ideal open circuit condition, (assume ideal
infinite open circuit resistance or the ideal case this fractional capacitor having no leakage

resistance), then we question why shall the terminal voltage v (t) once charged to V_ Volts,
decay. We say in ideal case while shunt resistances are infinite there is no discharge current

- - - TC
flowing out of fractional capacitor. Yet we observe decay as v (t) = F(l-\;TF(a) . Ta ‘ft = for
T (T +t-t

different T, pumping various amounts of chargeq(T,).

A fractional capacitor is like lossy semi-infinite transmission line-that is electrode structure being
porous [8], [9], [41]. This infinite transmission line is composed of per unit series resistancer,

and shunt capacitancec, giving terminal relation of current and voltage as, [10]

c, dv(t). 1 u
it coa=1, Cp, =% 46
() ] dta 2 F-a r ( )

Therefore the fractional capacitor we say is spatially distributed system too, having infinite
elements. When we connect a voltage source V,, to this semi infinite transmission line, though

the first capacitor (sayc,, gets charged toV, , yet, the charging current keeps flowing to charge




infinite number ofc,,, € ,..., C,_, ,(charges diffuse spatially). Therefore at timeT_, =oo, we

U—oo !

have g (%0) = o0, with all the voltages at each distributed capacitors of infinite numbers atV, .

This system when kept in open ideal circuit condition will maintainv (t) =V, . But see the
actual case, we have a limited T, < oo, but large enough that gives the terminal voltage, say to
capacitor ¢, almost ~ V, with other capacitorscC,,, C,....., which are spatially farther away,

with lesser terminal voltage as compared to the first capacitor ¢, . While in ideal open circuited

condition-this unequally charged semi-infinite transmission line, will have internal spatial charge
distribution, to have voltage balancing to equal voltage to all the unit capacitors that are spatially

distributed. This gives the notion as if Vv, (t) is self-discharging or decaying, though there is no

real discharge current flowing out of the fractional capacitor. Since this semi-infinite lossy
transmission line has infinite elements, thus this process goes on infinitely for a long time, to have
infinite capacitors have infinitesimal small charges and adding up to zero-and while the charge
balancing is at play, at open circuited condition the current that flows in all the section will
dissipate the stored electrostatic energy. Therefore, a fractional capacitor is a truly lossy
capacitor, unlike an ideal loss-less capacitor which holds the stored charge and thus the open
circuit voltage) indefinitely. This analysis is assuming that ideal capacitor or fractional capacitor
doesn’t to have any leakage resistance. Therefore, self-discharging term is misnomer; actually it
is voltage redistribution taking place spatially-via diffusion process.

8. Charging/discharging a super-capacitor in RC circuit

8-a) Charging Phase

The differential equation corresponding to Figure-1 fora. =1, is ordinary differential equation
(ODE), with Z,(s) = Rand Z,(s) = ¢ is following

RC dVO (t)

V() =V, () @7)

For o =1we get fractional differential equation (FDE), withZ,(s) =R andZ,(s) =z is

following
d®v, (t
RCe, v, =1, 0 (48)
A super-capacitor is modeled as Equivalent Series Resistance (ESR) series with impedance of a
Fractional Capacitor of order o [15]-[22]. We now consider a lumped ESR (R,) for super-

capacitor, thus for Figure-1 we have Z,(s) =R, +—1— = Real

SuCF—a S CF—rx
remains at Z,(s) = R . Therefore for any input voltage V,, (S) = £{vin (t)} , we write the charging
current (in Laplace domain) as

lcn(s) =

while charging impedance

\/in (S) — SOLCF»oz\/in (S)
R+R,+-1 s°C.,(R+R,)+1

a,
S CF—u

(49)

Output voltage across Z, (S) in Laplace domain is therefore is




VO(S) :(ICH (S))(ZZ(S)):[ \/i” (S)SQCF-OI j[SaRsCF.a +1j

s"Ce,(R+R,)+1 $"Ce.,
Vi, (5) Vi, (5)s°R
V S +V SO!R C in T + Jin - s V
— m( ) in s“F-a _ CraR+R,) (R+R,) put \/in (S) — Vm (50)
s"C.,(R+R)+1 $* + c—wmy S

_[ V, j 1 { vaSj s*!
CF—a (R + RS) S(Sa + Cp,m(é+R5)) R+ RS Sa + Cpm(é'*Rs)

To get v, (t) we do inverse Laplace transform of Eq. (50) as following

CF.a (R*Rs) )

Use formulaﬁ{ " EP (at* )} p!<= . [10], [12], [13] withp=1,a=a, B=a+1 andp =0,
a=a,B =1, towrite from Eq. (51) the inverse Laplace as

V., o . VR "

v ( ) = mt Ea,aﬂ (_ CH(tR+RS))+ R j_ RSS a,l (_ CF_a(tR+RS)) (52)

Let us keep the step input fromtime t=0tot=T_ , and then at timet = T_, the output voltage is
V, T! 1o VR 7o

)= B e (i) i (o) 6

The charge q(t) will be held only in the element C. . We calculate now the voltage profile v, (t)

and then voltage att =T,

c!

i.e. V.(T,) for only fractional impedance part i.e. o

impedance Z,(s) comprising of R plus this fractional impedanc Scl :

: (©) 1 v
Vels) =1 - — ut V. (s)= ™
C( ) CH (SaCF»aj [SO‘CF-Q(R + Rs) +1j[SaCF_aj p m( ) s

(54)
_( Vi j 1
CeR+R)) | s(s" + o—hury)
Using the Laplace identity of Mittag-Leffler function E{E (at" )}
vV, “
V.() =—————t"E_ . |-
() CFQ(R + R ) 0,0 1( Ce (R RS)) (55)

V(1) =V, (1- E(—W)) 0<t<T

At t =T, we thus have the voltage at the fractional impedance
VvV T! T2 To
Vv (T,) = ﬁ E ot (m) =V, (1 E ( W)) (56)
F-a s
The chargeq(t)is q(t) =c(t)*v, () with fractional capacitor with capacity function

asc(t) = C_t™ having voltage profile and that isv(t) = V,, (1— E, (— : )) as following




QE) = (L{c})(£{v.(1)})

- (efe v (e{va(1-Eu (- i)
= V C a( ¥ ) W
_ CQF 1— a-1 ( Vm((R TR)Cra j Fa | R R )cF ] Y
( (1-a)s ) (i) ) s (5 + (R+R o ) , r((:f +>=C,
V., g% Lan) gt &7
( j . L{B (k)= (57)

1
(R+RS)CF—rL )
1

(s +
o fem)

(e o e ()

Taking inverse Laplace transform of Eq. (57) by recognizing £ { J.Ot f(r)dr} =57'F(s) we write

m

R+R
V
R+R

|

. V, t
qH) = .[0 R+ R a(' (R+RTS)CF,m)dT "R+ R,

(E,.(~t*/(R+R))C,,)) (58)

At t =T, we have charge as

T a
q(T)_ R+ R Ea,Z( (R+FI)CF ) (59)

For Z,(s) = R, + i.e. with an ideal capacitor with ESR, we have the following

Q®=@@mnwwam

£{cs)) (z 1 e<”s>C)}j

60
( wRC j V (R+R )C) V clt # ( )
(RR)C S S S+(R+R)C

(R+R )C)
() =V, C[1-¢ ")

Charge at the end of t =T _is

q(T,)=V.C (1 _ e(mrfs)c) (61)
The charging current is following from Eg. (60)

. dg(t) _ Ve ™"
t = = m
'on (0 d (R+R,)’

<t<T (62)

The voltage at theend of t =T isv (T,) =V, (1- e“”gs)c) :




8-b) Discharging Phase

After t=T,we make the voltage Vv, (t)=0i.e. we are draining out the stored charge i.e.
q(T,) = VmC(l—e7T°’((R+R5)C))during the discharge phase (t=T,); Figure-3. In the discharge
phase the voltage Vv, (T,) will decay asv, () = (v (T.))e "®"* fort>T_, writingt' = t-T,.
At this point the capacity functionc(t’) = Co(t") will again appear, as there is sudden change
(differentiability is lost) in voltage from V_to Oat t'=0(i.e.t =T,). Therefore the discharging
charge profile q(t") we write as q(t") = c(t) * v, (t") as follows

Q@) =(L{ct)})(L{v.(t)}), t=T,

_ (E {Cg(t’)})(ﬁ {(VC (TC))E’V/(R+RS)C})
_ (C)[M} ©3)

1
S+ (R+R)C

(1) = Cv (T)e ™ vxn)=vm@—e“ﬁ”)

:vmc(l—em)em; t>0; t>T

c

The discharging current t > T_is as follows

..~ dg(t de =r
0s() =N = cu m)E T,
LT (64)
vV, (1-e <R*Rs>°)
- _ Vc(Tc) 7W: m( 7m
(R+R)) (R+R,)

The negative sign in Eq. (64) indicates that discharge current is opposite to that of charging

current. Now we carry on with the above logic for a fractional capacitor with Z, (S) = R, + 0 é .
F-a

This valuev (T,)=V,, (1—Ea (—W)) ; EQ. (56) becomes the initial voltage while we

discharge the super-capacitor with time defined ast’=t-T_, for discharge phase where
Vin(t')zo '

Now we see the discharge profile, as the charged fractional capacitorC. A with above
valuev_(T,) Eq. (56) discharges through R . The discharge current is now fort’ >0, negative to
the charging current is following

I (s) = vV (T) /s v, (T,)s*™

R+R,+ 2 (R+RS)(5“+%)

$°Cr, (R*R,)

(65)

The inverse Laplace transform of Eq. (65) gives discharge current for t > T_as following




: _ 1 Ve (Te)/s
w0-cf-ss

v (T,) . : T
—rp Bl BT OV, 126 (rdle)
S
Thisipg(t) is real discharge current flowing out of the capacitor, unlike notional discharge
current that we used in explaining the self discharge phenomena. For o =1we have for ideal

loss less capacitor C._, = C from Eq. (66)

(66)

iD|S (tr) _ El {_ F;/i(RT:i/SS%} —_ ;:(_Tg) ef(m‘gs)c N Tc , Vc (Tc) :Vm (1_e(R+RES)C j (67)

The discharging profile of q(t) with initial charge q(0) = q(T,) is
v, (T,
) =a()+ [} e

e R [CV (T,)e ™ >} T,
=0
=q(0)+c:vc(Tc)e’W—Cvc (T.) (68)
a(T) = 6(0) = Vo1 ™% |=cv (1)
Thus we get q(t') fort > T_with t' = t- T, as following

c

q(t) =Cyv, (TC)e*‘R*}*’S’C v V(T) =V, (1— g e ); t>T (69)
The voltage profile across the fractional capacitor while discharging process is
Vo) =V (TE, (i) 12T VT =V (1-E, (- i) (O

We mention here that Eq. (70) is only having discharge though shunt resistor R . If we consider
the self-discharge phenomena of the fractional capacitors, then we have from earlier derivation

V| 1B |~ e
m{ +"=a| T (R+Rg)CFq

T o
= ¢ d (t) . '
v (t) = F(-0f@ J.O waia | Fa (— ®R,)Cr ) >0 (71)

The self discharge part due to spatial charge diffusion into distributed structure, is a very-very
slow process, thus we generally avoid that while calculating the discharge profiles through
external shunt resistance.

The charge q(t") profile during the discharge phase is q(t") = c(t)*v_(t") for t > T_is following
Q(s) = (L{c(t)})(£{v.(t)})
- ({eu® ) £{v.(E, (~mi)}): Cro=CTC-w)

v, (T, )s“ 1 e (72)

=(c,ra- OL)S“ [ } eV (T)s =

s+

1
(R+R )Cr.o (R+R{)Cp.q

1

CoV(T)(s L{DIE(M): k= o




In above steps Eq. (72), we have useds“F(s) = D{f(t), for F(s) == 'lk () = E_(—kt*).

Consider the fractional derivative operator D{ as Caputo fractional derivative. We have the

Caputo fractional derivative of Mittag-Leffler function E_(Ax“) asDjE_(Ax")=AE_(Ax");
[13] (Refer Appendix). Using this we write the following

Q(S) = Cr Vo (T) (s L{-KE,(-K™)}); k= gy (73)
Using inverse Laplace Transform we have

t,
() = 9(0)+(~Co v, (T KE, (ke Xz |: k= e

, (74)
40+ e e

Where we have q(0) = q(T,) = ;’J{ E, ( (R+;z:CFrm)and v.(T,) =V, (1 E ( W))

We use .[ )dr = t( 0hz(—kt"‘)) (Refer Appendix) and write the following

.
q(t>=q(0)+[ (ng))I O )dfj: t=T,

_ V. T, . ( To )_ V., (1— E, (_ (R+‘FeTf“)‘cF,u )) [t'(Emz ( o ))J

R + RS (R+Rs)Cr, (R + RS) (R+R{)Cp,

(75)

Ve (Te)

We put a=1inq(t) = q(0)+(_ ) Ot E, (_W)df) Eq. (75) and we get what we got

for classical ideal capacitor C., = C, i.e.q(t") = q(0) +( ‘;H(L)J. g ©k )Cdr) Eqg. (69).




v, (1)

t

Figure-3: Constant voltage charging and discharging voltage profile at super-capacitor

The Figure-3 displays the curve of voltage profile for a constant voltage charge and discharge
case. Here we point out that the charging curve though similar to exponential charging of a text

book capacitor v, (t) o (1-e"R€), but it is not so, for fractional capacitor that is described via
Mittag-Leffler function. Similarly the discharge profile though similar to exponential
decay v, (t) o e but is not so for fractional capacitor; here too described by Mittag-Leffler
function. All the relations we obtained and also verified our formulaq(t) = c(t) * v(t) .

9. Charge storage q(t) by step input constant current i, (t) =1 _u(t) excitation to RC

circuit with fractional capacitor and ideal capacitor
In the Figure-1 we take Z,(S) =R, Z,(s) = =2—and instead of v, (t) =V u(t), that is voltage

S“CF—m

source, we take, that as an ideal constant current source i.e. i, (t) =1 u(t). This constant current

charging we apply to initially uncharged fractional capacitor, with capacity functionc(t) = C_t™.

The fractional capacitor will develop a voltage across it by law governed by fractional derivative
and fractional integral as follows

. d“v(t) 1 . a 1 ..
i(t)=C., ;o V(t)=—— i(r)(dr) =——D/i(t); O<a<l 73
(= Ce, o™ VO CHIO()( )= Dri (73)
Therefore, for constant current i(t) = I  the voltage is fractional integral of a constant |
v(t)=iD;"‘i(t):iD;"lm =I—mt“; t>0 (74)
C., C., C.J(l+aw)
for t>0[12], [13], [37]. We used formulaD"t" = 55t in Eq. (74), (Refer Appendix)

Therefore the charge function q(t) is q(t) = c(t) * v(t) as follows




Q(s)=(£{c(t)})(£{v })
=(cle.t ) (L{tnermmt'))i 2 =c{r]
=(c,ra- a)s“)(lmm%); C.I(l-0)=C.,
|

(75)

Thus we have charge functlon by taking Laplace inverse of above Eq. (75) as

qi)=1_t; t>0 (76)
The Eq. (76) can be expressed asq(t) = I ,r(t), where r(t) is unit ramp function att =0. That is
rit) =tfort>0and r(t) =0fort <0. This Eq. (76) is matter of fact is the current flowing
through Rand C__is i(t) =1 fort >0, and thus the charge will be

q@) = [ i(dr = [ 1,dr=1,t=1,1®); 20 77)
For an ideal capacitor with c(t) = C3(t) the voltage is v(t):%.[otlmdr=%mtso the charge
isq(t) = c(t) * v(t) as follows
Q@) =(£{e})(£{v.(})
=(c{cam})(L{l.2t}); L=L{t)=c{r®)}

=(C)(In )= IS_?

q) =1 t=1r(); t=0
Thus in the case of constant current charging, we verified the validity of q(t) = c(t)* v(t) as for
any capacitor fractional or ideal loss less capacitor, theq(t) = I,t; that is always integration of

(78)

current function, i.e. q(t) = .[Oti(t)dr ,for t>0.

10. Charge storage q(t) by step input current of a square pulse i,,(t) to RC circuit

with fractional capacitor and ideal capacitor
Let the square pulse of current be described as follows

i) =1, u®)-21 ut-T,)+I1 ut-T,) (79)

Whereu(t-T) =1for t>Tand u(t-T)=0fort < T, i.e. unit step function at time t =T .Then
with identity £{f(t-T)} =e*"F(s) with f(t-T)=0fort <T; we write

9= L{i} =2 Zln e 4 ln g

S

(80)

We have voltage across Z,(s) = .
V(s) = Z,(9)I(s)

B R PP P L U MO S PO S o
C.s*)\ls s s C, """ C.s"" C, "




Then taking inverse Laplace of Eq. (81) we get voltage profile across C._ as
V(D) = It u(t) - 21 (t-T,)" UE-T.)+ I, (t-T)"
Ce L(atl)  CpI(a+l) Cp T(a+1)
_ o Ln@® 20, (-T) N l.r (t-Ty)
Ce l(a+l) Cpl(a+l) C,I(a+l)
We note thatl’ {e'STF(s)} =f(t-T), wheref(t-T)=0fort<T. We can write

u(t-T,)
(82)

explicitly £ {e'STF(s)} =f(t-T)u(t-T), whereu(t-T) is unit step functionat t=T . This we
used in Eq. (82). Also in Eq. (682) we define functionr as r (t-t)=(t-t)"for t>rtand
r,(t-t)y=0fort <t. The Laplace transform of r, is, £{r,(t)} = (a+1)s™" therefore we
have the identity L£{r, (t-1)} =e¢*T(a+1)s™", which is used in Eq. (81) to get Eq. (82).

The charge function is q(t) =c(t) *v(t) as follows, when the voltage profilev(t); Eq. (81) is
across a fractional capacitorc(t)=C_t™. Thisc(t)=C_t* gets applied att=0,
t =T andt = T,; that is where there is sudden change of state of v(t) ; (that is at points where the
differentiability of v(t) is lost). We write

QM) =(£{C, t*})(L{v}); GR=£{t"}; C.,=C,I(-a)

I 21 I
= (C(xr(l_a)sohl) ma+l - ma+l e_STC + ma+1 e_STd
C.s" C.s C..s

-0l F-a
I 21 |
_ a-1 m _ o-1 m -sT, m ST,
- CF-OLS C Sa+1 F-a C Sa+1 € + C Su+1 € ‘ (83)
F-a F-a F-a
I 2l

— r; _ m e-STC + r;]e-STd

s s S
q)=1t-21_ (t-T)u(t-T,)+ 1 (t-THu(t-T,)
=1 rt)-21 rit-T,)+1 rt-T,)
In Eq. (83) we define unit ramp functionras r(t-t)=(t-t)for t>tand r(t-t)=0fort <r.
The Laplace transform of r is, £{r(t)} =s™therefore we have the identity L£{r(t-7)}=e¢"'s?,

which is used in Eq. (683). This shows verification of our formulaq(t) = c(t) *v(t). In similar
way we can analyze the ideal loss less capacitor ¢(t) = Cd(t) , for this wave form of current pulse.

11. Charging/discharging when R is zero ohms in RC circuit with voltage pulses
In this case Figure-1 hasZ,(S) = 0. Therefore the voltage source directly gets connected to the
fractional or ideal capacitor represented by impedance Z,(S) . This case we have studied for step,

ramp and sinusoidal voltage excitation in [40]. Here we take square wave case and triangular
wave case, as extension of [40].

11-a) Charge storage q(t) in a square wave voltage-on for time T_and thereafter zero
The following excitation of a square wave pulse is applied to uncharged capacitor




o , t<0
vi)=<V, , 0<t<T (84)

o , t>T,
We construct the above Eq. (84) excitation with u(t-t)=1for t>tand u(t-t)=0fort<rt;
that is unit step function att = t asv(t) = V_u(t) - V, u(t-T,) . The Laplace transform is
Vi Vo g, (85)

S S

We used L{f(t-t,)}=e"“L{f(t)}=e"F(s) with f(t-t,)=0fort<tyin above Eq. (85).
When this voltage is applied to a time varying capacity function c(t) = C,3(t)i.e. ideal loss less
capacitor we write from (t) = c(t) * v(t) the following

Q(s) = £{a®)} = (£{c®})(£{vD}) = (cl)(ﬁ_ﬁe-snj

S S

V(s) = L{V, ut)} - L{V,u(t-T,)} =

(86)
— Vmcl _e-STC Vmcl
S S
Taking inverse Laplace transform of Eg. (86) we get
0 : t<0
qt) =V, Cu(t)-V Cut-T,)=1V,C, , 0<t<T, (87)
0 : t>T,

Now when this square-wave is applied for a time varying capacity function as c(t) = C_t™i.e. for
fractional capacitor we write from q(t) = c(t) * v(t) the following

Q) = £{a®} = (L{c®})(L{vO}) = (MJ(V_V_ETJ

S S S (88)
VuCul(1-0) s V,CI(1-0)
SZ o SZ o
Taking inverse Laplace Transform of above Eg. (89) we obtain

0 , t<0

q(t)_VCtl u) _ VinCo (t-T)" Cut-T) Vmcatl.a 0<t<T (90)
l-a l a ' [
VmCa t _ \/mca (t T)l o , t > TC
l-a I-a

The charge at t =T, isq(T,) = Y~ charge att = 2T, > T, q(2T,) = %™ (2% 1) charge

at t=3T,isq(3T,) = Vmgi{; (3" -2""). We observe that for a fractional capacitor while the

voltage is zero, aftert =T_, there still is charge holding, as compared with ideal capacitor Eq.
(87). The current wave form is




0 . t<0
i)= 990 -y ¢ (v (t-T)") = V. C.t* . 0<t<T

dt m m o

VmCa (t_a - (t - Tc)-a) ) t> Tc

11-b) Charge storage by voltage as triangular input of voltage

The following excitation of a square wave pulse is applied to uncharged capacitor

0 , t<0
ﬁt , 0<t<T
v(t) = T
Vot 2Vogo1y | T<t<oT
T T
0 , t>2T

(91)

(92)

We can write the above excitation as v(t) = (V,, / T)r(t) - (2V,, / T)r(t-T) for0< t < 2T . With
r(t) unit ramp at t =0and is zero fort <0 and r(t-T)as unit ramp at t =T and zero att < T .
With this applied to a ideal capacitor, with c(t) = C,3(t) , we get the following by application of

q(t) = c(t) *v(t)

Q) = L{at)} = (L{ct)})(L{vD})= (Cl)(

— Vmcl =T 2\/mcl
- ;€ 2
Ts Ts

V. 2V o
58
Ts® Ts

Doing inverse Laplace transform of Eq. (93) we get

0 . t<0
V.C,
g , 0<t<T
=520 25 o
m1p EVm ) T<t<2T
T T
0 . t22T

Current is got by differentiation of above Eq. (94)

(93)

(94)




0 , t<O0
V. C,
m , 0<t<T
i) =990 _ VuCy |y 2Vl my=] T (95)
T T AR
g <
0 . t>2T

We take a fractional capacitor and do the following as done above as in Eq. (95) by applying the
formula q(t) = c(t) * v(t)

Q) = £{a®)} = (£{c®})(£{v®)}) = [C‘*rﬁ,"”j( V2V ej
S Ts® Ts (96)
_V,CI(l-a0) +2V,C,I(l-a)

m o

Tsl+(2—a) TSH(Z-&)

We take inverse Laplace transform of above Eg. (96) with following definition of a
functionr_ (t - t) defined as

rm(t-r)={(t'g)m’ i: M%(t-r)kw (97)

Thus the charge function q(t) is following from Eq. (96) and Eq. (97)

q(t) = Ll {M}_El {e—sT w}

Tt @) T @
V,C.I(l-a 2v, . CI(1-a
= —() r2-a (t) - —() rZ-a (t - T) (98)
TI'(3-a) TI'(3-a)
VG r,, (- _ Gy r,,t-T)

- TA-0)2-0) °“" T1-0)2-a)

We used I'(1+ m)=mI"(m) in above Eq. (98). We re-write above Eq. (98) as using Eq. (97)

0 : t<0
: V. C t**
— VnCalh ) _ 2VinCilh, (t-T) — m“a
q() = T - Tawow - m , 0<t<T (99)
VGt 2V, C,(t-T)™ T<t<oT
Tl-0)2-0) T(-0)2-a)




We have att =T, q(T) = %att = 2T, q(2T) =25 "2 \we observe that att = 2T,

(1-a)(2-0)
the voltage is zero, but we have charge as non-zero. Witha ~ 1, we getq(2T) =0, Eq. (99) that
we have analyzed for an ideal loss less capacitor. Differentiating the above we write current as

0 , t<0
1-a
i(t)zmz VuCot™ . 0<t<T (100)
dt T(L-a)

VoCut™ _2V,C, (t-T)™
T(1- o) T(1-a)
Thus we verified q(t) = c(t) * v(t) the formula in RC circuits with charging resistance as zero, for
triangular and square pulse of voltage excitation.

, T<t<2T

12. Conclusions
This formulaq(t) = c(t) * v(t) is a new development. We have not yet applied this to practical

cases in our project as this theoretical development very new, but plan to have further
experimental and theoretical studies on this new formula, like application in estimation state of
charge (SOC) in supercapacitors charge discharge applications, parameter extraction by
Hysteresis plot where use this formula for supercapacitors, the insight into new way of defining
loss-tangent as we obtained from this formula, and applications to several dielectric relaxation
experiments where memory is observed. In this paper however we have applied this new
formula of charge storage i.e. via convolution operationq(t) =c(t)*v(t), of time varying

capacity function and voltage stress for a fractional capacitor and ideal loss-less capacitor; for
verification in RC charging/discharging circuit; with dc voltage and current sources. We have
also shown the effect of memory in self-discharging cases for a fractional capacitor, by this
formula. This new formulation is different to the earlier used formula of multiplication of
capacity and voltage function. The circuit analysis that we described for each cases verifies this
formula. Thus this new formulation of stored charge via convolution operation is applicable, and
can be taken as general formula applicable to fractional capacitor as well as ideal capacitor.
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APPENDIX

A Preliminaries of fractional calculus
For a function f(t)fort >0, the Riemann-Liouville fractional integration of order veR"is
defined as

1 t
IP[f(t)]=——| (t-17)"'f(t)dt Al
o [fD)] m)jo( )" 'f(x)
Where TI'(v)is Euler’s Gamma function, is generalization of factorial function we
have T(v) = (v-1)!. The formula Eg. (Al) isol’t’[f(t)]:(t

[(v)

V-1

)*f(t) is convolution operation,

with power-law memory kernel. This is K (t) = F(

We havelim__ k. (t) = lim = 8(t), which gives ,I{ [f(t)] = f(t) .The formula Eq. (A1) is

appearing as generalization of Cauchy’s multiple integration formula of mfold integration
where m € N given as follows

) _ and is singular function for case 0<v <1 .

v—0 v—=>0 F(U)

T [FO] = 1)| j (t-D™f(r)dr; m=1,2,3,.... A2
The fractional derivative of order 3 for 0 < B <1by Riemann-Liouville (RL) formula is
t-1)Pf(r)dr; 0<p<l1 A3
D} [f(1)] = mﬁ)dj( ) fi(x) B

The Eq. (A3) is fractionally integrating the function by order (1-p) by formula Eq. (A1) and then
followed by one-whole differentiation. We note that Eq. (A7) is also having convolution

operation and with singular kernel ask(t) = m 5 We have

thus lim, K, (t) = lim,_, 7= 8(t) and lim, (D! [f(t)]) = 42 .

There is reverse operation called Caputo’s fractional derlvatlve, where we have a function
f(t) defined for t>0and is differentiable i.e. f®(t)exists fort>0. The Caputo fractional
derivative for fractional order 0 <3 <1is given as

oDi[fD)] = m 5

Thus for Eq. (A4) we need to get first the one-whole order derivative that isf®(t) , and then
carry out fractional integration for order 1-f, by formula Eq. (Al). The formula Eq. (A4) also

j -1tV ()dr; 0<p<l A4




employs singular kernel ask (t) = =i, and we have lim,_, (%Df [f(t)]) =f®(t). The Caputo

and Riemann-Liouville (RL) fractional derivative are related by

,DE [f()] = D! [f)] + f(O)B)tB 0<p<l A5

We write (A5) as following, with non-zero as start point of fractional differentiation process

U (x)
[f()]_F(l B)dt s X)ﬁdx 0<PB<l

: (f(a) tf(l)(x)dxji t>a

“TA-pla-ay dx)

_ f(a) L1 J-tf(l)(x) d
(t-a)’T(1-a) T(1-0)2(t-x) A6

f
@) oayr s o [f(t)]
- I(1-P)
We mention that both the fractional derivatives are equal when initial value is zero i.e. f(0) =0.
We note that fractional derivative of constant is not zero in RL sense, but is a power function (and

that is singular at start point) i.e. Df[K]= t® . Whereas the Caputo’s fractional derivative

0y
of a constant is zero, i.e. ; D} [K] = 0.

The fractional integration and fractional differentiation of delta function is as follows

0I’;a(t)zit“'l; ,DI8(t) = L t*',  0<v<l A7
I'(v) I'(-v)

Fractional derivative and fractional integration of power function f(t) = Kt is
+ +
UKt = K_LPTD DKt = K LPFD

v obh t, p>-1 A8
I'(p+v+1) ['(p-v+1)
The Laplace transform of fractional integral operation is

L{, 1)} =5 F(s) A9

Laplace transform of Caputo fractional derivative for fractional order 0 <v <1 is
L{SDyf(t)} = "F(s)-s"'f(0) A10

Laplace transform of Riemann-Liouville fractional derivative of order 0 <v <1is
L{,Dif(t)} =s"F(s)-f"(0) All

In (A11) f*V(0)= Iimt_)o(oli'”f(t)); that initial states required in (A1l) for RL fractional

derivative is of fractional order, types f‘“‘”(O) whereas initial states required (A10) for Caputo
type fractional derivative is integer order (classical) type f(0) .

B. Mittag-Leffler Function

Like in classical calculus, we have exponential functione”; similarly, in fractional calculus we
have Mittag-Leffler function. The series definition Mittag Leffler function is

Ea,ﬁ(z):ZT:OHii—)er, zeC; Re[a,p]>0 B1




For B=1we have E ,(z) = E,(2) ; is called One-Parameter Mittag-Leffler function. The Laplace
transformation of Mittag-Leffler function is following

L{E, (")} =

= e™ ,andE_(- at“

gul
s* -2

= cosv/at .
We point here thatf(t) = E_(At")is eigen-function for fractional differential equation with
Caputo derivative i.e. §Df(t) = M(t) ; and f(t) = t‘“Ew1 (AMt")is eigen-function for fractional
differential equation with RL fractional derivative i.e. ,D{f(t) = Af(t) .
Recurring property of E_;(x) is

B2

We observe that for E_ (-bt*)]

1
X) = B3
a|3( ) uBu( ) F(B (x)
For one parameter Mittag-Leffler function
Ea(X) = Ea,l(X) =— al u( ) XF(I (X,) B4
We use (B3) and write following steps
Eaﬁ(x) = -#-I-EEOLB-&(X) = -#-Fi -;-‘-EEUB-ZQ(X)
’ xXI(B-a) x — xXI'(B-a) x{ x['(B-2a) x =
1 1 1
= -— + 5 E 0¥ B5
XI(B-a) xTP-20) x° °
1 1 1

1
=T "2 "3 +—E, B-3a (X)
XI'(B-a) xTP-2a) xT(P-30) x° °

From (B5) we get Poincare asymptotic expansion of Ea,[3 (X)as

1
e ——— B6
Eua () =2 = X"T(B - nat)
valid for X — —c0 .
C. Proof of formuIaJ' )dr—t( o> (-kt") ) used
We verify the formula usedJ. )dr—t( a,z(—kt“)) as in following steps
o 2_2a 3_3a
J.tE(,L(-kt"L)drz.[t 1- ke + Kr' k& +....(dt
0 o\ T(a+1l) T'QRa+1) TI'Ga+l)
kt(Hl k2t2u+1 k3t3u+1
=t- + — +
(a+ DI (a+1) QRa+DHIQRa+1) Ba+hHI'Ba+1) o1
o 2420 3430
_ffqoKC KT KT L) p(me+1) = mr(m)
INa+2) TQRat2) T'Gat2)

=t(E,, (k) ;  E(0)= zr(ocrnJrB)




