
 

Original Research Article 1 
 2 

Keller-Box Study on Casson Nano fluid Flow Over a slanted Permeable Surface with chemical 3 

reaction 4 

Khuram Rafique1*, Muhammad Imran Anwar2,3, Masnita Misiran1 5 

1 School of Quantitative Sciences, Universiti Utara Malaysia, 06010, Sintok, Kedah, Malaysia, 6 

2 Department of Mathematics, Faculty of Science, University of Sargodha, Pakistan, 7 

3 Higher Education Department (HED) Punjab, Pakistan, 8 

Corresponding author: Khurram.rafique1005@gmail.com 9 

 10 

Abstract 11 

In this problem, examination of Casson Nanofluid boundary layer stream over linear slanted 12 

extending sheet by fusing the chemical reaction and heat generation impacts are under thought. 13 

Nanofluid demonstrate in this examination is developed on Buongiorno model for the warm 14 

efficiencies of the liquid streams in the presence of Brownian movements and thermophoresis 15 

impacts. The nonlinear issue for Casson Nanofluid stream over slanted channel is displayed to 16 

ponder the heat and mass exchange wonder by considering portant stream parameters to 17 

strengthened boundary layers. The governing nonlinear partial differential equations are 18 

decreased to nonlinear normal differential equations and afterward illustrated numerically by 19 

methods for the Keller-Box plot. An examination of the set up results in the absence of the joined 20 

impacts is performed with the accessible outcomes of Khan and Pop [1] and set up in a decent 21 

contract. Numerical and graphical outcomes are additionally exhibited in tables and graphs. 22 

Keywords: Casson Nano fluid, Chemical reaction, Heat generation/absorption, inclined surface.  23 

Nomenclature 24 

  ݃  Acceleration due to gravity                                           ܤ଴  Uniform magnetic field strength 25 

 Electrical conductivity                                                  μ  Viscosity 26  ߪ 

 ௣  Density of the nanoparticle 27ߜ                                              ௙ Density of the base fluidߜ 

 ௧ Coefficient of thermal expansion 28ߚ                                                          Casson parameter ߚ 

 ஻ Brownian diffusion coefficient  29ܦ                      ௖ Coefficient of concentration expansionߚ 

 Thermophoresis diffusion coefficient                        ݇ Thermal conductivity 30 ்ܦ 

 ሺܿߜሻ௣  Heat capacitance of the nanoparticles                 ሺܿߜሻ௙ Heat capacitance of the base fluid 31 



 

∗ߙ  ൌ
௞

ሺఋ௖ሻ೑
  Thermal diffusivity parameter                      ܵ Suction parameter 32 

 Kinematic viscosity of the fluid 33  ߥ            Magnetic parameter called Hartmann number ܯ

 Lewis number 34 ݁ܮ                                                           Prandtl number ݎܲ

 ሺ0ሻ Reduced Nusselt number 35′ߠPermeability parameter                                             െ ܭ 

െ߶′ሺ0ሻ  Reduced Sherwood number                              ܥ௙௫ Skin friction coefficient  36 

ܴ݁ ൌ
௨ೢ௫

ఔ
  Local Reynolds number                               ܾܰ Brownian motion parameter  37 

 Buoyancy parameter  38 ߣ                                       Thermophoresis parameter ݐܰ

 Inclination parameter  39 ߛ                                       Solutal buoyancy parameter ߜ

 ଵ Heat generation or absorption parameter                 ܴ Chemical reaction parameter 40ߣ

߬ ൌ
ሺఋ௖ሻ೛

ሺఋ௖ሻ೑ 
 Ratio between the effective          41 

heat capacity of the nanoparticle and heat capacity of the fluid 42 

 43 

1 Introduction  44 

In the prior couple of decades, quick advances in nanotechnology have prompt creating of new-45 

age coolants called "Nano liquid". Nano liquids are potential heat exchange fluids with improved 46 

thermo physical properties and heat trade execution can be associated with various tools for 47 

better exhibitions (for example imperativeness, heat exchange, and other performances). Nano 48 

liquids are structured by interfering with nanoparticles with typical sizes underneath 100 nm in 49 

ordinary heat transfer liquids, for example, oil, water, and ethylene glycol. These are current heat 50 

exchange masters that trigger the thermal conductivity of the base liquids and an important 51 

subject for specialists and scientists for the most recent couple of years because of its varied 52 

development and current applications Choi [2]. Eastman et al. [3] inspected in an investigation 53 

when nanoparticles are included base liquid (water) with volume portion 5% the thermal 54 

conductivity upgraded up to 60%. Moreover, Eastman et al. [3] announced that the thermal 55 

conductivity expanded up to 40% by including the copper nanoparticles with volume part 1% in 56 

the customary liquid ethylene glycol or oil. Buongiorno [4] has talked about in his investigation 57 

there are seven systems, which are imperative to upgrade the thermal conductivity of the base 58 

liquid. Among all these Brownian movement and thermophoresis are increasingly significant. 59 

Anwar et al. [5] studied the numerical study of micropolar nanofluid flow over a stretching sheet.  60 

Mitra [6] investigated computational modeling of nanofluid flow over a heated inclined plate. 61 

Khan et al. [7] illustrated the heat and mass transfer of MHD Jeffery nanofluid flow over 62 

inclined sheet. Hatami et al. [8] discussed three-dimensional steady nanofluid over an inclined 63 

disk. Govindrajan [9] investigated the nanofluid flow over a slanted sheet. Nanofluid flow with 64 

radiation effects on a slanted surface examined by Chakraborty [10]. Besides, the similarity 65 

solution of nanofluid on the permeable sheet studied by Ziaei-Rad et al. [11]. Thumma et al. [12] 66 



 

discussed the nanofluid flow on a slanted plate by incorporating the heat source. For more 67 

literature about nanofluids flow against different geometries we can see [13-18] 68 

Casson fluid is a shear thinning liquid which should have zero viscosity at an infinite measure of 69 

shear and infinite viscosity at zero degree of shear, yield stress under which no flow occurs. 70 

Shear thinning states the response of a liquid substance thickness when force applied. The 71 

examples of Casson liquid are jam, tomato glue, stock, thorough organic product fluids, and 72 

human blood and so on Kumar et al. [19]. Casson liquid stream assumes a key job in designing. 73 

Shaw et al. [20] discussed the effect of different parameters on Casson fluid stream over a plate 74 

with convective farthest point conditions at surface. Ali et al. [21] discussed the Casson fluid 75 

flow over a slanted sheet. Casson fluid flow over a slanted plate calculated by Vijayaragavan and 76 

Kavitha [22]. Shamshuddin et al. [23] numerically investigated the effect of chemical rection on 77 

Casson fluid flow on slanted plate.  Casson fluid is more useful cooling agent as compere to 78 

other fluids [24-30]. 79 

 80 

The heat and mass exchange with chemical reaction over a slanted extending plate has achieved 81 

a significant intrigue as a result of its various applications in building. Anwar et al. [31] 82 

examined the MHD stagnation point flow of nanofluid flow over a sheet. shit and Majee [32] 83 

expounded the impacts of chemical reaction on magnetohydrodynmaic fluid flow over nonlinear 84 

extending slanted surface. Mixed convection flow over a vertical plate by joining impacts of 85 

chemical reaction and heat generation examined by Eid [33]. Malik [34] talked about MHD two 86 

dimensional flow over penetrable slanted surface with second order chemical reaction. Jain and 87 

Bohra [35] examined the impact of chemical reaction on three dimensional incompressible flows 88 

over a slanted surface. Heat and mass exchange MHD free convection flow over a slanted plate 89 

inspected by Sheri and Modugula [36]. For further literature regarding heat and mass exchange 90 

with different impacts we can see [37-41]. 91 

Motivated by the earlier cited literature, we decide to work on Casson nanofluid flow on a 92 

slanted Permeable stretching surface with chemical reaction and heat generation. Although, a lot 93 

of work already done on non-Newtonian fluid with different effects due to its increasing need in 94 

the industry and engineering field we develop the understudy model. We use Keller-box method 95 

for the numerical solution after converting the nonlinear partial differential equations into 96 

nonlinear ordinary differential equations. According to the author’s best knowledge, all the 97 

results are new.   98 

2 Problem formulation 99 

A steady, two dimensional boundary layer flow of Casson Nano fluid on a porous slanted linear 100 

enlarging plate with an angle ߛ is under account. The extending and free stream speeds are 101 

supposed to stand as, ݑ௪ሺݔሻ ൌ ሻݔஶሺݑ and ݔܽ ൌ 0 respectively, here ‘x’ is the coordinate 102 

dignified along the extending surface and ‘a’ is a constant. The Brownian motion and 103 

thermophoresis properties are taken into account. The temperature ܶ and Nano particle fraction 104 

 ௪ on the wall, on the other hand ambient forms for nanofluid 105ܥ take the constant values ௪ܶ and ܥ



 

temperature and mass fractions ஶܶ and  ܥஶ are attained as y inclines to immensity shown in 106 

Fig.1. 107 

 108 
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 129 

The subjected governing equations are: 130 
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Where ݑ and ݒ are the components of velocity in ݔ and ݕ directions, respectively, ݃ is the 135 

acceleration due to gravity, ܤ଴ is the uniform magnetic field strength, ߪdenotes the electrical 136 

conductivity, μ is the viscosity, ߜ௙ is the density of the improper liquid, ߜ௣ denotes density of the 137 

nanoparticle, ߚ௧ is the factor of thermal extension, ߚ௖ denote the factor of concentration 138 

enlargement, ܦ஻ denote the Brownian diffusion factor and ்ܦ denotes the thermophoresis 139 

diffusion factor, ܳ଴ is the heat generation or absorption coefficient, ܴ∗ is the chemical reaction 140 

coefficient,ሺܿߜሻ௣denotes the heat capacitance of the nanoparticles, ሺܿߜሻ௙ represents the heat 141 

capacitance of the improper liquid, thermal diffusivity parameter is denoted by ߙ ൌ
௞

ሺఋ௖ሻ೑
andthe 142 

ratio between the effective heat capacity of the nanoparticle and heat capacity of the liquid is 143 

represented by ߬ ൌ
ሺఋ௖ሻ೛

ሺఋ௖ሻ೑
. 144 

 145 

The subjected boundary conditions are                                                                                                                      146 

ݑ ൌ ሻݔ௪ሺݑ ൌ ,ݔܽ ݒ ൌ ௪ܸ , ܶ ൌ ௪ܶ , ܥ ൌ ݕ   ݐܽ   ௪ܥ ൌ 0, 147 

ݑ  → ሻݔஶሺݑ ൌ 0, ݒ → 0 , ܶ → ஶܶ , ܥ → ݕ   ݐܽ   ஶܥ → ∞,                                                           (5) 148 

Here we obtained nonlinear ordinary differential equations from nonlinear partial differential 149 

equations by using stream function ߰ ൌ  ߰ሺݔ,  ሻ demarcated as 150ݕ
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                                                          Where 152 

 equation (1) is fulfilled identically.  The similarity transformations are demarcated as  153 
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 155 

On substituting equation (7), system of equations (2-4) reduces to the following nonlinear 156 

ordinary differential equations: 157 
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                                                                                                                                          166 

Here, primes denotes the differentiation with respect to ߣ ,ߟ Buoyancy parameter, ߜ Solutal 167 

buoyancy parameter, ܯ is the magnetic constraint, ߥ denotes the kinematic viscidness of the 168 

liquid, ܲݎ denotes the Prandtl number, ݁ܮ denotes the Lewis number, Chemical reaction 169 

parameter is denoted by ܴ, ߣଵ Heat generation or absorption parameter. 170 

 171 

The equivalent boundary settings are converted to 172 

 173 

݂ሺߟሻ ൌ ܵ,    ݂′ሺߟሻ ൌ 1, ሻߟሺߠ ൌ 1, ߶ሺߟሻ ൌ ߟ  ݐܽ    1 ൌ 0, 174 

݂ᇱሺߟሻ → ሻߟሺߠ    ,0 → 0, ߶ሺߟሻ → ߟ   ݏܽ  0 → ∞,                                                                       (12) 175 

 176 

The skin friction, Sherwood number and Nusselt number for the current study are defined as 177 
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௫ݑܰ ൌ
௫௤ೢ

௞ሺ்ೢ ି ಮ்ሻ
, ݄ܵ௫ ൌ

௫௤೘

஽ಳሺ஼ೢି஼ಮሻ
௙ܥ , ൌ

௧ೢ

௨ೢ
మఘ೑

,             (13)             179 

 The reduced Sherwood number െ߶′ሺ0ሻ, skin-friction coefficient    00 fC fx  , and the reduced 180 

Nusselt number െߠሺ0ሻ,  are demarcated as 181 

െߠ′ሺ0ሻ ൌ
ே௨ೣ

ඥோ௘ೣ
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Where, ܴ݁௫ ൌ
௨ೢሺ௫ሻ௫

ఔ
 is the local Reynolds number 183 

 184 

The converted nonlinear differential equations (8-10) with the boundary conditions (12) are 185 

elucidated by Keller box method consisting on the steps as, finite-differences technique, 186 

Newton’s scheme and block elimination process clearly explained by Anwar et al. [42].  187 

 188 

3 Results and discussion: 189 

The transformed nonlinear ordinary differential equations (8-10) with boundary conditions (12) 190 

are solved via Killer-box method. For numerical result of physical parameters of our concern 191 

including Brownian motion parameter ܾܰ, thermophoresis parameter ܰݐ, Chemical reaction 192 

constraint ܴ, magnetic factor ܯ, buoyancy constraint ߣ, heat generation or absorption bound 193 ,1ߣ 

solutal buoyancy constraint ߜ, inclination parameter ߛ, Casson fluid parameter ߚ, Prandtl number 194 

 and suction parameter ܵ, several figures and tables are prepared. In Table 195 ,݁ܮ Lewis number ,ݎܲ

3.1, in the absence of buoyancy parameter ߣ, solutal buoyancy parameter ߜ, with 90 = ߛo when 196 

Casson constraint ߚ → ∞   outcomes for reduced Nusselt number െߠ′ሺ0ሻ, reduced Sherwood 197 

number െ߶′ሺ0ሻ are equated with the existing outcomes of Khan and Pop [1]. The fallouts are 198 



 

established brilliant settlement. The effects of reduced Nusselt number െߠ′ሺ0ሻ, reduced 199 

Sherwood number െ߶′ሺ0ሻ and skin friction coefficient ܥ௙௫ሺ0ሻ against different values of 200 

involved physical parameters ܾܰ, ݎܲ ,ߛ,ߜ , ߣ ,1ߣ ,ܯ ,ܴ ,ݐܰ ,ߚ,  and ܵ are shown in table 3.2. It 201 ,݁ܮ

is noted that െߠ′ሺ0ሻ decreases for increasing the values of  ܾܰ, ߛ ,ߚ, ,݁ܮ ,1ߣ ,ܯ ,ݐܰ  and 202 ,ܵ ,ݎܲ

increased by increasing the numerical values of , ܴ, ߜ ,ߣ and for decreasing values of ܵ. 203 

Moreover, it is observed that െ߶′ሺ0ሻ enhanced with the larger values of ܾܰ, ܲ204 ,ݐܰ ,ݎ 

,1ߣ ,݁ܮ  and for small values of ܵ. It is true physically, which results in enhanced the  205 ,ߜ ,ߣ

Brownian parameter the movement of the fluid particles enhanced due to which the thermal 206 

boundary layer thickness. Whereas, decreases for cumulative the values of ܴ, ܯ ,ߛand ܵ. On the 207 

other hand, ܥ௙௫ሺ0ሻ surges with the increasing values of ܾܰ, ߛ ,1ߣ ,ߚ ,ܯ ,݁ܮ, and for small values 208 

of  ܵ. Moreover, decreases with the increasing values of ܰݎܲ ,ߜ ,ߣ ,ݐ, ܴ, and ܵ.   209 

 210 

Table 3.1: Contrast of the reduced Nusselt number )0(  and the reduced Sherwood number 211 

)0(  with M,  , S, ܴ, ߣଵ,   = 0,  Pr = Le = 10 and 90 =ߛo  when .  212 

Nb Nt 
Khan and Pop [1] Current Outcomes 

)0(  )0(  )0(  )0(  

0.1 0.1 0.9524 2.1294 0.9524 2.1294 

0.2 0.2 0.3654 2.5152 0.3654 2.5152 

0.3 0.3 0.1355 2.6088 0.1355 2.6088 

0.4 0.4 0.0495 2.6038 0.0495 2.6038 

0.5 0.5 0.0179 2.5731 0.0179 2.5731 

 213 

 214 

 215 

 216 

 217 

 218 



 

 219 

 220 

 221 

 222 

Table 3.2: outcomes of the reduced Nusselt number )0( , the reduced Sherwood number 223 

)0(  and the Skin-friction coefficient  0fxC . 224 

Nb Nt Pr Le M ࢼ R λ 1 λ δ S ࢽ 
)0(  )0(   0fxC  



 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 0.1 0.1 0.9 0.1 450 0.7385 0.7248 0.6709 

0.3 0.1 6.5 5.0 0.5 1.0 1.0 0.1 0.1 0.9 0.1 450 0.2942 0.9897 0.6978 

0.1 0.3 6.5 5.0 0.5 1.0 1.0 0.1 0.1 0.9 0.1 450   0.4591 0.9008   0.6139 

0.1 0.1 10.0 5.0 0.5 1.0 1.0 0.1 0.1 0.9 0.1 450 0.6977 0.8104 0.6703 

0.1 0.1 6.5 10.0 0.5 1.0 1.0 0.1 0.1 0.9 0.1 450 0.6220 1.5163 0.7203 

0.1 0.1 6.5 5.0 2.0 1.0 1.0 0.1 0.1 0.9 0.1 450 0.6911 0.5356 1.0322 

0.1 0.1 6.5 5.0 0.5 5.0 1.0 0.1 0.1 0.9 0.1 450 0.7183 0.6520   0.8109 

0.1 0.1 6.5 5.0 0.5 1.0 2.0 0.1 0.1 0.9 0.1 450 1.1379 -2.3869 0.5423 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 0.5 0.1 0.9 0.1 450 -0.2881 1.5280 0.6821 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 0.1 1.0 0.9 0.1 450 0.7504 0.7570 0.5565 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 0.1 0.1 3.0 0.1 450 0.7736 0.8445 0.3438 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 0.1 0.1 0.9 0.3 450 0.3124 0.5246 0.6032 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 0.1 0.1 0.9 0.0 450 0.9988 0.8108 0.7060 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 1.0 1.0 1.0 -0.3 450 1.9229 1.0041 0.8114 

0.1 0.1 6.5 5.0 0.5 1.0 1.0 1.0 1.0 1.0 0.1 600 0.7334 0.7015 0.7191 



 

 225 

Fig. 2. Velocity profile for several values of 226 .ܯ 

 227 

 228 

Fig. 3. Temperature profile for several values of 229 .ܯ 
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 230 

Fig. 4. Concentration profile for several values of 231 .ܯ 

Fig. 2 depicts the effect of magnetic field parameter on velocity profile. It is found that the 232 

velocity profile decreases for bigger values of magnetic field parameter ܯ. It is due to the 233 

application of magnetic field produces Lorentz force, by means slow down the speed of the fluid. 234 

Moreover, Figs. 3 and 4 present the temperature and concentration contours increase by 235 

enhancing the values of M. 236 

237 
Fig. 5. Velocity profile for several values of ܵ. 238 
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 239 

Fig. 6. Temperature profile for several values of ܵ. 240 

 241 

Fig. 7. Concentration profile for several values of ܵ. 242 

The effects of suction parameter ܵ on the velocity profile are shown in Fig. 5. It is perceived that 243 

the velocity profile decline by growing the suction parameter signifying the normal fact that 244 

suction steadies the boundary layer development due to which the creation of highest in the 245 

velocity outline also drops. Besides, the same effect showed in the case of temperature profile 246 

and concentration profile respectively in Figs. 6 and 7. 247 
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 248 

 249 

Fig. 8. Velocity profile for several values of 250 .ߚ 

 251 

Fig. 9. Velocity profile for several values of 252 .ߣ 
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 253 

Fig. 10. velocity profile for several values of 254 .ߜ 

The outcome of Casson constraint on velocity factor is presented in Fig. 8. It is detected that for 255 

different values of Casson parameter velocity profile decreases. The cause overdue this behavior 256 

is that by growing the values of Casson parameter ߚ increases the fluid viscosity i.e falling the 257 

yield stress. Therefore, the momentum boundary layer thickness reduces. The impacts of 258 

buoyancy factor are shown in Fig. 9. It is pragmatic that the velocity profile rise by improving 259 

the buoyancy limit. Fig. 10 indicates that the velocity outline increases by enhancing the solutal 260 

buoyancy factor. 261 

262 
Fig. 11. Velocity profile for several values of 263 .ߛ 
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 264 

Fig. 12. Temperature profile for several values of 265 .ߛ 

266 
Fig. 13. Concentration profile for several values of 267 .ߛ 

Fig. 11 indicates that the velocity profile decelerated by enhancing the values of inclination 268 

parameter ߛ. This is because of enhancing the value of inclination parameter; retard the strength 269 

of the bouncy force by a factor ܿߛݏ݋ because of the thermal variation. Also we found that the 270 

influence of the bouncy force (which is highest for ߛ ൌ 0) exceeds the main stream velocity 271 

significantly. The same impact indicates in Fig. 12 for temperature profile but opposite impact 272 

presents in the case of concentration profile in Fig. 13. 273 
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274 
Fig. 14. Temperature profile for several values of ܾܰ. 275 

 276 

Fig. 15. Concentration profile for several values of ܾܰ. 277 
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 279 

Fig. 16. Temperature profile for several values of ܰ280 .ݐ 

 281 

Fig. 17. Concentration profile for several values of ܰ282 .ݐ 

Figures 14 and15 indicate the effect of Brownian cue on the temperature and concentration 283 

outlines. The temperature contour enlarges by enhancing the Brownian motion. Moreover, 284 

contrary style is seen beside the concentration outlines. Substantially, the enlargement in 285 

Brownian movement factor supports to heat up the boundary layer which inclines to travel 286 

nanoparticles from the extending sheet to the motionless liquid. Therefore the concentration 287 
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nanoparticle moderates. Moreover, Figs 16 and 17 specify the effects of thermophoresis 288 

parameter on temperature and concentration contours. It is found that mutually temperature and 289 

concentration profiles are increases for large values of thermophoresis parameter ܰ290  .ݐ 

 291 

 292 

Fig. 18. Temperature profile for several values of ܲ293 .ݎ 

 294 

Fig. 19. Concentration profile for several values of 295 .݁ܮ 
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Figs. 18 and 19 depict the effect of Prandtl number ܲݎ on temperature and Lewis number ݁ܮ on 296 

concentration profile. It indicates that the temperature profile decrease for large values of Prandtl 297 

number. The boundary layer thickness shortens by enhancing the values of Prandtl number. 298 

Moreover, the concentration profile decrease for higher values of Lewis number ݁ܮ which shows 299 

Lewis number reduces the boundary layer thickness. 300 

 301 

Fig. 20. Temperature profile for several values of ߣଵ. 302 

 303 

Fig. 21. Concentration profile for several value of ܴ. 304 
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Figs. 20 and 21 presented the effect of heat generation on temperature and chemical reaction on 305 

concentration outline. It is noted that the temperature and concentration contour upsurge by 306 

growing the values of heat generation constraint ߣଵ and chemical reaction constraint ܴ. The 307 

velocity of the liquid enhance by increasing the values of heat generation, due to which heat 308 

generate in the flow region and the temperature increase with in the thermal boundary layer.  309 

 310 

4 Conclusions 311 

In progress problem is explored the heat and mass exchange of Casson nanofluid flow above 312 

porous linear slanted extending sheet. The main conclusions are following: 313 

 The Nusselt number decreases by enhancing the heat generation or absorption parameter. 314 

 The temperature profile upturns for large values of the heat generation or absorption 315 

parameter. 316 

 The temperature curve increases by improving the Brownian motion factor. 317 

 The velocity profile drop for bigger values of the suction parameter. 318 

 The boundary layer thickness reduces by increasing the values of Prandtl number. 319 

 It is noted that for changed values of Casson constraint velocity contour drops. 320 

 321 

 322 
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