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1. Introduction and Preliminaries

In this work, we investigate linear summation formulas of generalized Hexanacci numbers and generalized
Gaussian Hexanacci numbers.

Some summing formulas of the Pell and Pell-Lucas numbers are well known and given in [6, 7], see
also [4]. For linear sums of Tribonacci and Tetranacci and Pentanacci numbers, see [9], [10, 12] and [11],
respectively.

First, in this section, we present some background about generalized Hexanacci numbers. There have
been so many studies of the sequences of numbers in the literature which are defined recursively. Two of these
type of sequences are the sequences of Hexanacci and Hexanacci-Lucas which are special case of generalized
Hexanacci numbers. A generalized Hexanacci sequence {V,,}n>0 = {Vo.(Vo, V1, Vo, V3, V4, V5) }r>0 is defined
by the sixth-order recurrence relations

(1.1) Vi=Va1+ Voo +Vas3+Vaa+Vis+Vis
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with the initial values Vo = co, Vi = ¢1, Vo = ¢, V3 = ¢3, V4 = ¢4, V5 = ¢5 not all being zero.

The sequence {V,,},>0 can be extended to negative subscripts by defining
Ve ==Voine1)y = Vet = Vema3) = Venea) = Vones) + Vo(uos)

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Hexanacci numbers with positive subscript and negative subscript are given in
the following Table 1:

Table 1. A few generalized Hexanacci numbers

n Vi V_n

0 Co Co

1 c1 —Ccp—C —Cy—C3—cCq4+c5
2 Co 2c4 — c5

3 c3 2c3 — ¢y

4 ca 2¢co —c3

5 cs 2c1 — ¢

6 co+c1+ca+c3+cs+tcs 2co — 1

7 co + 2¢1 + 2¢o + 2¢3 + 2¢4 + 2c¢5 —3cog — 2¢1 — 2¢9 — 2¢3 — 2¢4 + 25
8 2co + 3¢ + 4eo + 4eg + deyq + 4es cop+c1+co+ 3+ beyg — 3es
9 4cg + 6¢1 + Tea + 8cs + 8¢y + 8cs 4des — 4dey + c5

10 8cq + 12¢1 + 14co + 15¢c3 + 16¢4 + 16¢5 4eg — 4deg + ¢4

11 16¢o + 24c¢1 + 28¢o + 30¢3 + 31y + 32¢5 4cq — 4eo + c3

We consider two special cases of {V}, },,>0. Hexanacci sequence {H, },>0 and Hexanacci-Lucas sequence
{E}n>0 (also called as Esanacci or 6-anacci sequence) are defined by the sixth-order recurrence relations
(1.2)

H,=H, .+H, o+H, 3s+H, 41+ H, 5+ H,_g, Hy=0,H  =1,H,=1H3s=2 Hy=4,H; =8

and
(1.3) By = Ey 1+Ey 2+Ey 3+E, 4+E, 5+E, ¢, FEo=6FE =1,E=3FE3=7FE4=15FE5=31

respectively. Note that H,, is the sequence A001592 in [8] and E,, is the sequence A074584 in [8].
Next, we present the first few values of the Hexanacci and Hexanacci-Lucas numbers with positive and

negative subscripts in the following Table 2:

Table 2. A few Hexanacci and Hexanacci-Lucas Numbers

n -1 -10 -9 -8 -7 6 -5 -4 -3 -2 -1 012 3 4 5 6 7 8

H, 2 0 0 OO0 O -1 1 o0 0 0 0 0112 4 8 16 32 63
rE, -1 -1 -1 -1 -8 11 -1 -1 -1 -1 -1 6 1 3 7 15 31 63 120 239
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2. Linear Sums of Generalized Hexanacci Numbers

The following Theorem present some summation formulas of generalized Hexanacci numbers.

THEOREM 2.1. For n > 0, we have the following lineer sum identities:

(@): o Vi = L(Vits — Viys — 2Viso — 3Viyr + Vi — Vo + Vi + 2Va + 3V; + 4Vp)

(b): > i Vart1 = £ (3Vanta +2Vay — Van—1 + Van—a — 2Van_g 4 2V5 — 5V + 3V5 — 4V5 +4V; — 3Vp),

(€): S p_o Vor = 2(—2Vapio + 5Vany1 + 2Vay + 4Von_1 + Voo + 3Von—3 — 3V + 5Vi — 2V5 + 6V —
Vi +7V0),

(d): Y h_o Vak = 3(—3Vant345Vanso +3Vangr + Van +4Vap 1 +2Va, 0 — 2V5 + TVs — Vo 4+ V1 +8V)),

(€): Dp_o Vaktr1 = £ (2Vangs — 2Vang1 + Van — Va1 — 3Van_2 — 2V5 + 5V — 3V5 — Vo + 614 — 2V))

(£): Yro Vartz = £(2Vangs 4+ 3Vani1 + Van — Va1 + 2Va, 2 4+ 3V5 — 5V — 3V + 4V5 — 4V — 21p)

(8): Yio Var = 2(—2Vinta+3Vins3+ Vanso +3Vin41+2Vin +2Vip 1 —2Vs +4V, — Vs + Vo = Vi +5V;)

(h): >r_o Vaks1 = 3 (Vanta — Vangs + Vinyz — 2Vag—1 +2Vs — 3V — V3 — 3Va + 3V1 — 21p)

(1): Yro Vakte = %(2‘/4n+3 + Vinto + Vant1 — Van + Va1 — Vs + Vo — V3 + 514 + 214)

() Yheo Vak+s = £(2Vanta + Vings + Vinsz — Vangr + Vi — 2Va +4V5 — Vo + V1 — V)

(k): > r_o Vik = 25 (—IVanss + 5Vanga + 14Vsn 43 + 18Vapio + 17Vap 41 + 11Va, + 9V5 — 5V, — 14V3 —
18V4 — 17V + 14V})

D)z Xheo Va1 = 95(—4Vanss + 5Vsnta + WVsnis + 8Vsngo + 2Vain — IVay + 4Vs — 5V — 9V —
8Va + 23V4 + 9Vj)

(m): Y7o Vaksz = 55 (Vants +5Vanta +4Vanys —2Vanyo — 13Van 1 —4Ve, — Vs — 5V — 4V +27V5 +
13V; +4V)

(): Y5 Vokts = 25(6Vanys + 5Vanya — Vanys — 12Vanya — 3Vany1 + Vo — 6V — 5Vi + 26V5 +
12V, + 3V; — Vp)

(0): Y i_o Vokta = 35 (11Vapi5 + 5Vonga — 6Vangs + 3Vanio + TVong1 + 6Vs, — 11V5 + 20V + 6V5 —
3Vy — Vi — 6V4)

Proof. (a), (b), (c) can be proved as in the case of (d),(e),(f) so we omit their proof.

(d),(e),(f): Using the recurrence relation
Vie=Vie1 + Vo + Vg + Viea + Vs + Vis

i.e.

Vicir =Vie —Viea = Vi3 = Vs = Viees — Vi
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we write the obvious equations

Vo = Vi— V-V o-Vi3-V_4-V_;s

Vii= Vu—-Vo-Vi—-Vo—-V_1-V_

Vo = Vo= Vs—-Vu—-Va—-Vo—-V;

Vo = Vip—-WVe—-Vo—-Ve—-V5-V4

Vig = Vig=Vii—Vie—Vo -V =V

Vis = Vig—Via—Vig—Vizg — Vi1 — Vig

Vis = Vig—Vir —Vie —Vis — Via — Vi3

Vor = Vag — Voo — Vig — Vig — Vir — Vis

Vou = Vo — Vag — Vag — Vo — Vg — Vg

Var = Vag — Vog — Vo — Vog — Vaz — Voo
Vance = Vanes —Van—7 = V3n_g — Va9 — Vap_10 — Van—11
Van—s = Vapn_o—Vap_a — Van_s — Van_s — Van—7 — Van_s

V%n = V3n+1 - VBn—l - VSn—Q - VE&n—S - VSn—4 - ‘/371—5

Now, adding these equations, we have

n n n n
Z Vap, = <Z ng+1> + <— Z Vakyo — Vo1 + V3n+2> + (— Z Vak41 — Voo + V3n+1>
k=0 k=0

k=0 k=0

+ (— > Var—Vog+ Vsm> + <— > Vakga = Voa = Voy+ Vapg + v3n+2>
k=0 k=0

+ (- > Vi —Vis = Voo + Van o + Vgn+1>
k=0

=
23 Ve = 2Vango+2Vang1 + Van + Vano1 4 Van o — Vs = Voy = Vg =2V, — 2V 4
k=0

~2) Va2 — Y Vakp
k=0 k=0
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Similarly, we write the obvious equations

Vii = W—=Vao-Vi3-V,4-V5-Vy
Vo, = Va=-Vi—-V—-V_1—-Vo—-V_
Voo = Ve=Vi=V3-Vo=-V1 -V
Voo = Vo-Vi=Vo—-Vs—-Vi—-V3
Viin = Via=Vip—Vo - Vs =V =V
Vie, = Vis—=Vis—Viza=Viu—Vio—Vp
Vie. = Vis—=Vig = Vis = Via — Viz — Va2
Voo = Vo1 —=Vig—Vis —Vir — Vi — Vis
Voz = Vag —Vag — Va1 — Voo — Vig — Vi
Vag = Var —Vas — Vag — Vag — Voo — Vi
Van—a = Vapog = Vin—s5 — Van6 — Van—7 — Van—s — Van_yg
Va1 = Vi = Vanoo = Van—3 — Van_a — Va5 — Van—s
Vang2 = Vangs — Vang1 — Vo — Vano1 — Vano — Vs,3

Now, adding these equations, we obtain

n n n n
Vo) Vas = <V3n+3 +) ng) + <_V—2 -3 V3k+1) + (—V—3 -> V3k>
k=0

k=0 k=0 k=0
+ <V3n+2 -Voai-Vy- Z V3k+2> + <V3n+1 —Voo—V.5— Z V3k+1>
k=0 k=0
+ (—v_ﬁ — Vit Van = > V3k>
k=0
=
2 Vakpe = —Vig—Vis—Voy—2V3—2Vo—2V1 + Vauis+ Vanra + Vangr + Van
k=0

-2 Z Va1 — Z Va.
k=0 k=0
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Similarly, we write the obvious equations

Vg = V41 -V3-Vy4,-Vi;-Vieg—-V_y
Vi = Vo—-W—-V_1-V_o-V_3-V_4
Vi = Ve=-Vs=-Vo=-V1-Vo—-V,
Vii= W=Ve—-Vs-Vi-V3-V
Vio = Vin—Vo—-Vs—=Ve =V =Vj
Vis, = Via—Via=Viu = Vig—Vo = V5
Vie = Vir=Vis = Via = Vig —Via = Vny
Vig. = Voo —Vis = Vir = Vig — Vis — Vs
Vao Vag — Va1 — Vag — Vig — Vig — Va2
Vas = Vag — Vag — Vag — Vag — Va1 — Vg
Vanos = Vapa = Vin—6 — Van-7 = Van—g — Van—g — Vapn_s
Van—o = Vi1 —Van—3 — Vap_a — Va5 — Van_6 — Van—v
Vant1 Vanto — Van — Van—1 — Van—o — Va3 — V3,4

Now, adding these equations, we obtain

n n n n
Voo + Z Va1 = (V—1 + Z V3k+2> + (-V—s - Z V3k> + <V3n+2 V4=V - Z V3k+2>
k=0

k=0 k=0 k=0

+ <V3n+1 Vs =Voa—> V3k+1> + <V3n. ~Vie-Vi—> V3k>

k=0 k=0
+ <V3n—1 +Vapio = Vg = Vo=V =Y V3k+2>
k=0
=
2) Vaker = —Vor—2Voy—Vie—Vig—2Voy —2Vog — Voy + 2Vaniz + Vangr + Van, + Vi

k=0

—2) Vi — > Vaga.
k=0 k=0
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Solving the following system

23 Ve = 2Vanao+ 2Vangr + Van + Vano1 4+ Vanoo — Vo — Vig = Vog — 2V — 2V,
k=0

-2 Z Vagt2 — Z Vakt1

k=0 k=0

2 Z Vakgo = —Vog— Vg —V_y—2V_3—2V_5—2V_1 + Vanys + Voo + Vapi1 + Van
k=0
-2 Z Vakt1 — Z Vi,
k=0 k=0
QZ Vager = —Vor =2V —V_g—V_5—2V_4 —2V_3 —V_1 +2V3pq2 + Vani1 + Van. + Va1
k=0

-2 Z Vi — Z Vakyo
k=0 k=0
we find

> oheo Vak = £(—=3Vangs + 5Vango + 3Vang1 + Van + 4Vapo1 + 2Va o — 2V5 + TV3 — Vo + V1 + 8Vp),
o Vake1 = £(2Vanss — 2Vanqn + Vap — Vapo1 — 3Van_o — 2V5 4 5V, — 3V3 — Vo + 6V — 2Vj),
EZ:() ‘/Bk-‘rQ - %(2V3n+3 + 3V3n+1 + V3n - ‘/371—1 + 2‘/3n—2 + 3‘/5 - 5‘/4 - 3‘/3 + 4‘/2 - 4‘/1 - 2‘/0)

(g),(h),(i),(j): As in the cases (d),(e),(f), solving the following system

2> Vik = 2Vinsa+ Vins2 + Vingr + Vin + Vino1 =2V = Vg = Vg = Vg — Vs —
k=0

n n
Z Vikq2 — 2 Z Vik+3
k=0 k=0

2 Vit = Vo —Voo—Vig—=Vou+Vins+ Vanro + Vinsr + Van — > Virgs —2 ) Vig
=0 k=0 k=0

2 Z Viky2o = Vangs +Vango +Vapg1 — Vo1 — Voo —V_3 -2 Z Vg1 — Z Vi
k=0 k=0 k=0

2> Vikgs = Vinpa+Vings + Vange = Vo= Vi = Ve =2 Vikpo — > Viea
=0 k=0 k=0
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we find

1
= g(—2V4n+4 + 3Vint3 + Vango + 3Vang1 + 2V + 2V — 2V5 + 4V, — V3 + Vo — V3 + 5V))
1
= 5(V4n+4 — Vings + Vanga — 2Vip—1 + 2V5 — 3V — Va — 315 4+ 3V — 214)
1
=(

£ (2Vants + Vingz + Vanar = Vi + Vinoa = Vs +Va = Vs + 5V2 + 2V0)

1
= 5 Vinsa + Vinss + Vingz = Ving1 + Vin = 2V +4V5 = V3 + Vi = Vo)

(k),(1),(m),(n),(0): As in the cases (d),(e),(f), solving the following system

n
2 Z Vsk
k=0

‘/F)n—i-4 + ‘/5n+3 + ‘/5’n+2 + ‘/5n+1 + ‘/5n - V—l - V—2 - V—3 - V—4 - V—5

n n n
- g Vskya — E Vskts — E Vskq2
k=0 k=0 k=0

2 Z Vike1 = Venga + Vengs + Vengo + Vg1 — Vo1 = Voo = Vo3 —V_y
k=0

n n n
- § Vskya — E Vskvs — E Vsi
k=0 k=0 k=0

2> Vikir = Vhupat+ Vengs+ Venga = Vor = Vie = Vig = > Vaera— > Vikgr — ) Vek
F=0 k=0 k=0 k=0

2 Z V5k+3 = V5n+4 + VEerg V-V - Z V5k+2 - Z V5k+1 - Z Vi
k=0 pors P —

22 Vskta = Vsngs + Vepga — Vo — Vo1 — Z Vsk+s — Z Vsiro — Z Vi1
k=0

> Vsk
k=0

n
§ Vsk+1
k=0

k=0 k=0 k=0

we find

1
= %(—9‘/571% + 5Vapta + 14Vsyy3 + 18Vango + 17Vapp1 + 11Vs, + 9V5 — 5Vy — 14V3

—18V, — 17V} 4 14Vj)

1
= 7(_4‘/5n+5 + 5V—5n+4 + 9%n+3 + 8‘/5n+2 + 2‘/5n+1 - 9Vv5n + 4‘/5 - 5V2L - 9V3 - 8V2 + 23‘/1 + 9‘/0)

25
= %(Vm% + 5Vinaa +4Vsnaz — 2Vsnio — 13Va, g1 — 4V, — Vs — 5V — 4V3 + 27Va + 13V) + 4Vp)
= ?15(6‘/},%5 + 5Vanta — Vangs — 12Vsp10 — 3Vapp1 + Vi — 6V — 5V + 26V + 12V5 + 3V) — Vh)
— %(ll%n% + 5Vsnaa — 6Vipas + 3Vinao + TVapaa + 6Vs, — 11Vs 4 20V, 4 6V5 — 3Va — 7TV; — 6V4).
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As special cases of above Theorem, we have the following two Corollaries. First one present some

summation formulas of Hexanacci numbers.

COROLLARY 2.2. For n > 0, we have the following formulas:
(a): Yop_oHi = $(Hnys — Huyz — 2H, 40 — 3H, 1 + Hy, — 1)
(b): >r_o Hokp1 = %(3H2n+2 +2Hy, — Hop1 + Hop—o —2Hoy 3+ 2)
(€): Yp_oHok = £(—2Hony2 + 5Hony1 + 2Han + 4Hy 1 + Hap—o + 3Hap—3 — 3)
(d): Yp_o Hsp = 2(=3Hsnys + 5Hapio + 3Hzpi1 + Hap + 4Hs,_1 + 2Hs,—2 — 2)
(€): Yp_oHsrt1 = £(2H3ny3 — 2Hzp 41 + Hap — Hsy oy — 3Hs, o + 3)
(£): Yr_o Hskr2 = £(2Hs3p43 + 3Hspq1 + Hyp — Hapo1 + 2Hz, 2 — 2)
(8): Yp_oHu = %(_2H4n+4 +3Hun+3 + Hinto +3Hant1 +2Huy +2Hy 1 — 2)
(h): >"p_o Hart1 = 3 (Hansa — Hanys + Hapyo — 2Hap 1 + 2)
(1): Yp_o Hakto = £ (2Hany3 + Hango + Hany1 — Hip + Hynq — 1)
(3): Yopo Havvs = £ (2Hunta + Hanes + Hango — Hing1 + Hup)
(k): > i_o Hsk = 55 (—9Hsn15 4+ 5Hsnpa + 14Hs, 13 4+ 18Hsp o + 17Hsp 11 + 11Hs,, — 11)
(D): Y4 Hoig1 = 55 (—4Hsn45 + 5Hsnya + 9Hsp43 + 8Hsyio + 2Hsn 41 — 9Hs, +9)
(m): ZZ:O Hspyo = %(H5n+5 + 5Hy, 44+ 4Hsp 43 — 2Hs4090 — 13Hs,41 — 4Hs, + 4)
(n): Y 4_o Hsirs = 55(6Hsnps + 5Hspia — Hsngs — 12Hsp40 — 3Hspy1 + Hsp — 1)
(0): Y i_o Hsira = 5 (11Hspy5 + 5Hspqa — 6Hspps + 3Hsnq2 + THspi1 + 6Hs,, — 6).

Next Corollary gives some summation formulas of Hexanacci-Lucas numbers.

COROLLARY 2.3. Forn > 0, we have the following formulas:

(@): >p_oEx = 2(Bugs — Enys — 2Eny2 —3Ens1 + En 4 9)

(b): >p_o Eokt1 = £ (3Fant2 + 2F2, — Eop—1 + Ean—g — 2E2,_3 — 18),

(e): i o Fox = é(_2E2n+2 +5Fant1 + 2Es, +4F2, 1 + Eap_o + 3Ea,_3 + 27),
(d): Y i_o Fsk = $(=3E3n13 + 5E3n42 + 3F3n41 + F3n + 4E3,_1 + 2F3,_5 + 33),
(€): Yh_oFskt1 = :(2E3n13 — 2E3p41 + Esp — Esp1 — 3E3_5 — 17)

(£): Yon_o Esky2 = £(2E3n43 + 3E3n41 + B3y — Esp_1 + 2E3,_5 4+ 3E5 — 7)

(8): Yp—o Bar = %(*2E4n+4 + 3E4n+43 + Eang2 + 3E4ni1 + 2By, + 2E4, 1 + 23)
(h): >2i_g Pakr = %(E4n+4 — Eypys + Esngo — 2E4,_1 — 8)

(1): Yp—o Bars2 = 3(2Buny3 + Banto + Eing1 — Ean + Ean 1 +4)

(3): Yp_o Bants = + (2B4n4a + FEanys + FEany2 — Eing1 + Egn — 10)

(K): S o Esk = 55 (—9Es5n15 + 5Esn44 + 14E5, 13 + 18Es,40 + 17E5;, 11 + 11E5, + 119)
(): Si o Eski1 = 3 (—4Esp45 + 5Esn44 + 9Esn 43 + 8Fsni2 + 2Es5n 41 — 9Fs5, + 39)
(m): Y7 Esitr2 = 55 (Esnys + 5Esn4a + 4E5043 — 2E5n49 — 13E5,41 — 4E5, — 16)
(n): Y 4_o Esits = 55(6E5n45 + 5Fsn44 — Fsnys — 12E5,40 — 3E5n41 + Fsp, — 46)
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(0): ZZ:() E5k+4 = %(11E5n+5 + 5E5n+4 - 6E5n+3 + 3E5n+2 + 7E5n+1 + 6E5n - 51)

3. Linear Sums of Generalized Gaussian Hexanacci Numbers

A Gaussian integer z is a complex number whose real and imaginary parts are both integers, i.e.,
z =a+1b, a,b € Z. If we use together sequences of integers defined recursively and Gaussian type inte-
gers, we obtain a new sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gauss-
ian Pell, Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-
Padovan numbers; Gaussian Tribonacci numbers. Gaussian generalized Hexanacci numbers {GV,, },>0 =

{GV,(GVy, GV1, GVa, GV, GVy) }>0 are defined by

(31) GVn = Gvn—l + GV!L—2 + Gvn—?) + GVn—4 + G‘/TL—57

with the initial conditions

GVO = ¢o+ (760 —C1 —Cy—C3+ C4)i, GV1 =c1 + Coi, G‘/rQ =cC2+ Cl’i,

GV = ¢34 coi,GVy=cyq + c3i

not all being zero. The sequences {GV,,},>0 can be extended to negative subscripts by defining

GV_p==GV_ (1) = GV_(n2) = GV_(,_3) = GV_(,,_4) + GV_(_5)

for n = 1,2,3,.... Therefore, recurrence (3.1) hold for all integer n. Note that for n > 0

(3.2) GV =V + iV

and

GV_, =V_,+iV_,_1.

The first few generalized Gaussian Hexanacci numbers with positive subscript and negative subscript are

given in the following Table 3 and Table 4:

Table 3. A few Gaussian generalized Hexanacci numbers with positive subscript



ON SUMMING FORMULAS OF GENERALIZED HEXANACCI AND GAUSSIAN GENERALIZED HEXANACCI NUMBERSI1

GV,

co+ (—co—c1—ca—c3—cg+cs)i
c1 + cot
co + c1t
c3 + Cot
cq + c3t
cs5 + ¢4t
(co+c1+cotcs+eq+cs)+csi
(co+2¢1 4 2¢o + 2¢3 + 2¢4 + 2¢5) + (co+ 1 +ca+ 3+ ca+c5)i
(2¢c0 + 3c1 4 4eo + 4es + 4eq + 4es) + (co + 2¢1 + 2¢0 + 2¢3 + 2¢4 + 2¢5)i

© 0 N O Ul A W NN R O3

(dcg + 6¢q1 + Tea + 8cs + 8ca + 8¢s) + (2¢0 + 3¢1 + 4eg + 4es + dey + 4es)i
10 (8¢co + 12¢1 + 14eg + 15¢5 + 16¢4 + 16¢5) + (4deg + 6¢1 + Tea + 8¢z + 8¢y + 8¢y )i
11 (16co 4 24c¢1 + 28¢o + 30cs + 3leq + 32¢5) + (8co + 12¢1 + 14co + 15¢3 + 16¢4 + 16¢5)i

Table 4. A few Gaussian generalized Hexanacci numbers with negative subscript

n GV_,

0 co+(—co—c1—ca—c3g—ca+cs)i

1 (—co—c1—ca—c3—ca+tcs)+ (2¢4 —c5)i

2 (2¢4 — ¢5) + (2¢5 — ¢4)i

3 (2¢3 — ¢4) + (2¢2 — ¢3)i

4 (2¢2 — ¢3) + (2¢1 — ¢2)i

5 (2¢1 — ¢2) + (2¢9 — 1)

6 (2co0 — ¢1) + (=3¢ — 2¢1 — 2¢9 — 2¢3 — 2¢4 + 2¢5)i
7T (—=3co —2c1 —2co — 2¢3 — 2¢c4 + 2¢5) + (co+ ¢1 + 2 + ¢3 + Heg — 3¢5)i
8 (co+c1 4 ca+cg+5eqy —3es) + (dez — deg +¢5)i
9 (deg — 4eg + c5) + (deg — 4des + cq)i

[y
o

(402 — 403 + C4) + (401 — 462 + Cg)i

11 (461 — 462 + 03) + (4C0 — 461 + Cz)i
We consider two special cases of GV, : GV,,(0,1,1 44,2 + i,4 + 2i) = GH,, is the sequence of Gaussian

Hexanacci numbers and GV, (5 — i, 14 53,3+, 7+ 3i, 154 7i) = GE,, is the sequence of Gaussian Hexanacci-
Lucas numbers. We formally define them as follows:

Gaussian Hexanacci numbers are defined by
(33) GH,=GH, 1+GH, s+ GH,_3+GH,_4+ GH, _s,
with the initial conditions

GHy=0,GH, = 1,GHy =1 +i,GHy =2+ i, GH, = 4+ 2i
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and Gaussian Hexanacci-Lucas numbers are defined by
(3.4) GE,=GE, 1+GE, s+ GE,,_3s+GE,_4+GE,_5
with the initial conditions
GEy=5—1,GE1 =1+4+5i,GEy=3+4+1,GE3 =7+ 3i,GEy = 15 + Ti.

Note that for n >0
GH, = M, + My 1, GE, =R, +iR,_1

and

GH_, =M_, +iM_p_1,GE_, = R_p, +iR_pn_1.

Next, we present the first few values of the Gaussian Hexanacci and Hexanacci-Lucas numbers with positive

and negative subscripts in the following Table 5:

Table 5. A few Gaussian Hexanacci and Hexanacci-Lucas Numbers

n 0 1 2 3 4 ) 6 7 8
GH, 0 1 1479 247 442 8+ 4i 16 +8 324160 63+ 32
GH_, 0 0 0 0 1 1—1 -1 0 0
GE, 6-—1 146 3+4+¢ T7+3 15+7i 31+155 63431 120463¢ 239+ 1207
GE_, 6—i -1—4% —-1—4¢ —-1—4¢ —-1—%¢ —-1411¢ 11-—8i —8—1 —1—q

The following Theorem present some summation formulas of Gaussian generalized Hexanacci numbers.

THEOREM 3.1. For n > 0, we have the following lineer sum identities:

(a): Yr_oGVi = %(GVn% —GVp43—2GV, 12 —3GV11 + GV, — GV + GV5 +2GV2 + 3GV, +4G V)

(b): Y i GVars1 = £(3GVany2 + 2GVay — GVan—1 4+ GVan_a — 2GVay_3 + 2GV5s — 5GV, + 3G Vs —
4GVy + AGV; — 3GVy),

(e): > i GVor = %(—2GV2"+2 +5G Va1 +2G Vo, +4G Va1 +GVay o+ 3G Va3 —3G Vs +5GV, —
2GV3 4+ 6GVy — GVi + TGVy),

(d): Xr_o GVar = 2(—3GV343+5G V3424 3G Va1 + GVan +4G Va1 +2G Va0 —2G Vs + TG V3 —
GV, + GVi + 8GVy),

(e): >k GVapt1 = %(2GV3n+3 —2GV3p41 + GV3y, — GVaym1 — 3G V3p—9 — 2GV5 + 5G'Vy — 3G V35 —
GVy 4+ 6GVy — 2GV)

(£): Y i GVaito = £(2GVsp4s + 3GVapi1 + GVay — GVan_1 + 2G Va2 + 3GVs — 5GVy — 3G V3 +
4GVy — 4GV, — 2GV)

(8): YpoGVa = %(—QGVMH +3GVan43+GVipto+3G Va1 +2GVay +2G Va1 —2G V5 +4GVy —
GV3 4+ GVy — GV + 5G V)

(h): >0 GVag1 = %(GV4”+4 — GVapts + GViapgo — 2GVyp—1 + 2GV5 — 3GVy — GV3 — 3GV +
3GV — 2GV))
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(1) S0 GVirgz = L (2GVin 5+ GVinsatGVins1 —GVin+GViy—1 ~GVat GVi— GVat5GVa+2GVp)

(3): Xh—o GVikts = £(2GVant4+GViny3+GVin 12— GViap1+GVin —2GV+4GV3— GV + GV —GV))

(K): Y0 GVag = & (=9GVan 45 +5GVan s+ 14G Vo 45+ 18GVap o+ 17GVan 41+ 11G Vs, +9GVs —
5GVy — 14GV5 — 18GV, — 17GVy 4+ 14GVp)

(1): 370 GVapsr = £ (—4GVnys + 5GVinsa + 9GVan iz + 8GVania + 2GVan 11 — 9G Vi, + 4GV —
5GVy — 9GV3 — 8GV; + 223GV + 9G V)

(m): Y3 GVorga = 5= (GVongs + 5GVspia + 4GVapnis — 2GVania — 13GVsnq1 — 4GVs, — GV —
5GVy — AGV3 + 2TGV, + 13GV, + 4GVp)

(n): >p_o GVorys = 55(6GVanis + 5GVania — GVapis — 12GVsnio — 3GVapin + GVs, — 6GV5 —
5GVy + 26GV3 + 12GV;, + 3GV, — GV)

(0): Sy GVaksa = 2 (11GVanss +5GVansa — 6GVanys +3GVania + TGVanss +6GVay — 11GVs +
20GV; + 6GV; — 3GV — TGV; — 6GVL).

Proof. (a)-(o) can be proved exactly as in the proof of Theorem 2.1.
As special cases of the above Theorem, we have the following two Corollaries. First one present summa-

tion formulas of Gaussian Hexanacci numbers.

COROLLARY 3.2. For n > 0, we have the following formulas:
(a): >p_oGHy = L(GHyy5 — GHyy3 — 2GHyyo — 3GHp 1 + GH, — 1 — i)
(b): Sp_ o GHopsr = (3G Hanso + 2GHay, — GHapy + GHayog — 2GHoy 5 + 2 — 3i)
(€): Yop_o GHap = 2(—=2GHapn 42 + 5GHapy1 + 2GHay, + 4GHoy 1 + GHapyo + 3GHap—3 — 3 + 21)
(d): >p_o GHsi = £(—3GHsn13 + 5GHspi o + 3GHs, 1 + GHsy + 4GHsy 1 + 2GHgp o — 2 — 21)
(€): Y h_oGHsuy1 = £(2GHsy13 — 2GHsp 1 + GHsy — GHspoy — 3GHsy o + 3 — 2i)
(£): Yop_o GHspio = £ (2GH3n 43 + 3GHspiy + GHsy, — GHspo1 4 2GHzp g — 2 + 3)
(8): Yh_oGHur = :(—2GHupnia + 3GHyni3 + GHypgo + 3GHun 41 + 2GHyy + 2GHyp 1 — 2)
(h): >4 o GHupy1 = 2(GHynya — GHapys + GHynypo — 2GHyp—1 + 2 — 20)
(1): Sh_o GHupr2 = 2(2GHuy 3+ GHango + GHupyr — GHapy + GHapoy — 1+ 20)
(G): Sp_o GHuprs = 2(2GH 14+ GHupy + GHupyo — GHupgy + GHay — i)
(k): Y r_ o GHsp = 5=(—9GHsp45 + 5GHspia + 14GHsp 43 + 18GHsy 12 + 17TGHsp 41 + 11GHs,, —

11 — 61)

(0): Yo GHspr1 = o (—4G Hspy 5+ 5G Hspa +9GHs 5 +8G Hs o +2G Hsy —9G Hs,, +9—110)
(m): Y7 GHspio = 5= (GHspps5+5GHsy 14+ 4GHsp 43— 2GHspy o — 13GHsyy 41 — 4G Hsp, + 44 91)
(n): Y4 o GHsiys = 5= (6GHspys + 5GHspq — GHspys — 12GHsp 2 — 3GHsn 41 + GHs, — 1+ 41)
(0): Sh_o GHsjpra = 5= (11GHspi5 +5GHs 4 — 6GHspys + 3G Hspso + TG Hspy1 +6G Hs,, — 6 — 1)

Next Corollary gives some summation formulas of Gaussian Hexanacci-Lucas numbers.

COROLLARY 3.3. Forn > 0, we have the following formulas:



14

YUKSEL SOYKAN

(@): Yp_oGEr = 1(GEny5 — GEny3 — 2GE, 12 — 3GE, 41 + GE, + 9 + 4i)

(b): > r_o GE2i1 = :(3GE2n12 4+ 2GEs, — GEoy—1 + GE2y—g — 2GE3,_3 — 18 + 2Ti)

(€): Yo GEa = 2(—2GEsni2 + 5GEoni1 + 2GE2, + 4GE2y, 1 + GEzy o + 3GEg,_3 + 27 — 23i)

(d): Yo GEsk = $(—3GEsn43 + 5GEs3p12 + 3GEsn41 + GEsy + 4GE3, 1 + 2GE3y o + 33 — 12i)

(€): Yp_oGEsit1 = £ (2GE3p43 — 2GE3, 11 + GE3y, — GE3,_1 — 3GE3;,_o — 17 + 331)

(£): Yr_o GEspi2 = 2(2GE3n43 + 3GE3,41 + GE3y, — GE3,—1 + 2GE3, o — 7 — 17i)

(8): Yon_oGEuy = +(—2GE4n+4 + 3GE4ny3 + GEanio + 3GEun11 + 2GEyy, + 2GEy, 1 + 23 — 15i)

(h): > _o GEari1 = 2 (GEsnia — GEanys + GEuyny2 — 2GEy, 1 — 8+ 23i)

(i): Yp_o GEukt2 = t+(2GEuny3 + GEsni2 + GEspy1 — GEgy + GEgp—1 + 4 — 81)

(3): Yh—oGEurs+s = +(2GE4nt4 + GEinys + GEuny2 — GEypi1 + GEyp — 10 + 40)

(k): Yp_oGEsk = 55(—=9GEspn45+5GEspis+14GEsp 3+ 18GEsp 2+ 17GEsp 41 4+ 11GEsy, + 119 —
761)

(D: Yo GEsit1 = % (—4GEs45+5G Esy 1 4+9GEs+3+8G Esy i 2+2GEs, 1 —9G sy, +3941193)

(m): Y3 GEspy2 = 5= (GEspis+5GEspia+4GEsy 35— 2GEsy 0 — 13G Esp 1 — 4G By, — 16+ 391)

(n): Y4 GEsky3 = 55 (6GEsn45+5GEsn 44 — GEspys — 12GEsn 49 — 3G Esp 1 + GEsy, — 46 — 161)

(0): Yi_oGEsia = 3:(11GEs5p 4 5+5GFEspy 14 —6GEsy 3+ 3GEsp 2+ 7GEspy 1+ 6GEs, — 11GE5 +
20GE, +6GE3 — 3GEy — TGE, — 6GEy).

4. Conclusion

In this work, a number of linear sum identities were discovered and proved. The method used in this
paper can be used for the other linear recurrence sequences, too. We have written linear sum identities in
terms of the generalized Hexanacci sequence, and then we have presented the formulas as special cases the
corresponding identity for the Hexanacci and Hexanacci-Lucas sequences. All the listed identities may be
proved by induction, but that method of proof gives no clue about their discovery. We give the proofs to
indicate how these identities, in general, were discovered. Recently, there have been so many studies of the

sequences of numbers in the literature and the sequences of numbers were widely used in many research

areas, such as architecture, nature, art, physics and engineering. For example, in the articles [1], [2], [3] and

[5], the authors defined some linear recurrence sequences and investigate their various properties.

We can summarize the sections as follows:

e In section 1, we present some background about generalized Hexanacci numbers.
e In section 2, linear summation formulas have been presented for generalized Hexanacci. As special
cases, linear summation formulas of Hexanacci and Hexanacci-Lucas numbers have been given.

e In section 3, linear summation formulas have been presented for generalized Gaussian Hexanacci

numbers. As special cases, linear summation formulas of Gaussian Hexanacci and Gaussian Hexanacci-

Lucas numbers have been given.
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