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Abstract—In this paper, we mainly discuss the path
connectedness of the soft rough topological space. We study
the properties of connected soft rough real space, give the
definition of path between soft points, and discuss the property
of path connectedness in the soft rough topological space, and
the relation between connected soft rough topological space and
path local connected soft rough topological space.
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1. INTRODUCTION

Formal concept context? | rough set(>4, soft set!>%] are
extensively applied in the uncertainty reasoning, and many
authors have discussed the related issues in these fields, and
produced many meaningful research results mostly listed the
reference ([7]-[16]). Topology[”] is also applied to these fields
as one of the greatest unifying ideas of mathematics listed in
the reference [18]-[23].

In [23], the authors defined isolated subset and demonstrated
the properties of isolated subset. At the same time, in this
paper, the soft rough connected topological space is defined,
and connectedness of soft rough topological space is discussed.
In [24], the author defined the connected branch and further
discussed the local connectedness over the connected soft
rough topological space. However, the above researches were
carried out without referring path connectedness.

Therefore, in this paper, based on the connected soft rough
topological space which author proposed in [23], we further
discuss path connectedness of the soft topological space over
the soft rough formal context . The rest of this paper is
organized as following: in section 2, we review some basic
concepts and properties of rough concept formal and soft
sets. In section 3, we give the properties of the continuous
mapping between the soft rough topological spaces and discuss
the connected soft rough real topological space under the
continuous mapping. In section 4, we define path between soft
points and path connectedness of given soft rough topological
space, and discuss the properties of path connectedness. In
short, conclusions are given in section 5.

2. Basic knowledge

Definition 2.1. B! Let U be an initial universe set and E be
a set of parameters. Let P(U) denotes the power set of U and
A C E. Then a pair (F, A) is called a soft set over U, where
F:A— P(U) is a mapping.

That is, the soft set is a parameterized family of subsets of
the set U. Every set F'(e),Ve € E, from this family may be
considered as the set of e-elements of the soft set (F, F), or
considered as the set of e-approximate elements of the soft
set.

According to this manner, we can view a soft set (F, E) as
consisting of collection of approximations: (F, FE) = {F(e) |
e€ E} ={(F(e),e) | e€ M}.

Definition 2.2. ! Let (G, M, R) is a rough formal context,
G is objects set, is also called the universe, M is attributes
set. A pair (F, B) is a soft set over G, where B C M, and
F : B — P(G) is a set-value mapping over G, furthermore,
the lower and upper rough approximations of pair (F, B) are
denoted by R(F, B) = (F, B), R(F, B) = (F, B), which are
soft sets over G with the set-valued mappings given by F'(z) =
B(F(z)) and F(z) = B(F(x)), where z € B. The operators
R, R are called the lower and upper rough approximation
operators on soft set (F, B).

If R = R, we say that the soft set (F, B) is definable,
otherwise, (F, B) is rough.

we call such quadruple tuple (G, M, R, F') as rough soft
formal context, and, such soft set (F, B) on the rough soft
formal context (G, M, R, F') which is called rough soft set.

Obviously, Vo € B C M, F(z) C @ is a parameterized
family of subsets of G, and F'(x) is the set of x- approximate
elements in (G, M, R, F).

Remark 2.1. In this definition, we first give the soft set,
then discuss their rough properties, so we call it as rough
soft formal context. However, if we first discuss the rough
properties, then find the soft set, and we call it as soft rough
formal context. In this paper, our study is based on soft rough
formal context.

Definition 2.3. !9l Let (G, M, R, F) be a soft rough for-
mal context over the objects set (G, and attributes set M.
B1,By C M, (Fy,B;) and (Fy, Bs) are two soft sets
F, : B = P(G),i = 1,2 is a set-value mapping over G
on (G,M,R, F).

G If By € By , and Fl(l‘) - FQ(Z‘),VJI € By C Bs,
then (Fy,B;) is a soft subset of (Fy, Bs), denoted as
(Fy, B1)C(Fy, By).

(i) (F1,B1) and (Fy,By) are said soft equal , if
(F17B1)6(F27Bg), and (FQ,BQ)&(F]_,Bl). We 81mply de-
note by (Fy, By) = (Fz, Ba).



Definition 2.4. 1! Let F: B — P(G), and (F, B) be a soft
rough set over the soft rough formal context(G, M, R, F'), we
define the soft complement as:

(1) The relative complement of (F,B) is denoted by
(F,B)¢ and is defined by (F,B)¢ = (F¢,B), where F°¢ :
B — P(G) and F¢(z) =G — F(z),VYx € B.

Clearly, ((F, B)®)¢ = (F, B).

(2) (F,B) is said to be a relative null soft rough set
denoted by N, if Vo € B,F(x) = 0, if B = M, then is
called absolute null soft rough set, denoted as ().

(3) (F,B) is said to be a relative whole soft rough set

denoted by G, if Vx € B, F(z) = G.
Definition 2.5. !  Let (G, M, R, F) be the soft rough
formal context, F'1, F» : B — P(G) are two set-value mapping
over G on (G,M,R,F). (F1,B:1) and (F3, By) are two soft
rough sets over (G, M, R, F).

(i) The union of (Fy, By) and (Fy, Bs) is the soft rough
set (H,C), where C' = By U By, and Ve € C, denoted as

(Fl,Bl)O(F27BQ) = (H, C) = (H, B1 UBQ), where
Fl(e), Zf eec By — By
H(e): F2(6)7 Zf e € By — By

Fl(e)UFQ(e), Zf eEBlﬂBQ

(ii) The intersection of (F, B1) and (F3, Bs) is the soft
rough set (H,C) is denoted as (Fy,B1) N (Fz, Bg) and is

defined as (I, B1)M(Fy, By) = (H,C), where C = B1N By,
and Ve € C, H(e) = Fy(e) N Fy(e).
Definition 2.6. ' Let 7 = (G, M, R, F) be a soft rough

formal context over the object set G and attributes set M,
B, C M, T ={(F;,B;) | (F;, B;) is a soft set over G} which
is the collection of soft sets on the soft rough formal context
(G,M,R, F), if

M 0,G belong to 7.

(2) The union of any number of soft sets in 7 belongs to T,
that is, 7 is closed for the any union of soft sets over 7.

(3) The intersection of any two soft sets in 7 belongs to T,
that is, 7 is closed for the finite intersection of soft sets over
T.

Then the collection 7 is calleda soft topology over
T (simply called soft rough topology). The triplet (G, 1, M)
is called a soft topological space over 7 (simply called soft
rough topological space), and the members of 7 are soft open
sets in 7, the relative complement (F, B)¢ = (F°, B) is said
to be a soft closed set in 7 if (F,B)¢ e T

If (F, B) is both soft open and soft closed, then (F, B) is
a soft clopen set.

Definition 2.7. 23 Let (G, 7, M) be a soft topological space
over T, and (F, B) be asoft setin 7,and x € G . we say x €
(F, B)( read as x belongs to the soft set (F, B)) if v € F(e)
for all e € B, and if there is some e € B, z € F(e),Vz € G,
then = ¢ (F, B). The points belong to some soft set, we call
these points as soft points.

Definition 2.8. 23 Let the triplet (G

7, M) be a soft rough
topological space over 7, Y C G, (F; 1

iy M), = 1,2 are soft

sets, Y be a soft open (closed) subsets of G.

() if (Fy, M), (Fy, M)CG are soft sets in 7, where
((F1, M)N(Fy, M))O((F, M)M(Fy, M)) = 0, then soft sets
(Fy, M) and (Fy, M) are isolated soft subsets of GG, simply,
(Fy, M) and (Fy, M) are isolated.

(i) if G = (Fy, M)J(Fy, M), then (G,7,M) is not
connected, otherwise, (G, T, M) is connected.

(i) If (Y, 7 |y, M) is a soft rough subspace of (G, 7, M)
which is a connected , then Y is a connected soft subset of
G, otherwise, Y is not a connected soft subset of G.

(iv) If 3(F,B) € 7,Ye € B,F(e) C G such that = €
(F,B) and y € (F, B), then z and y are connected.

Proposition 2.1. 2/ Let (R,7,M) be a soft rough real
topological space, in which 7 = {(F,B) | Ye € B C
M, F(e) CR}, then (R, 7, M) is a connected.

Corollary 2.1. Any interval E of R, if (E,7|g, M) is a soft
rough topological subspace of (R, 7, M), then (E,7|g, M) is
soft connected.

Conversely , we have

Proposition 2.2. Let (G, 7, M) be a soft topological space,
Y, C G,y € I', T is an index set, {Y,} er is a class of
connected soft subset ofG if HWeFY # (), then UvepY isa
connected soft subset of G.

Proof: Suppose that (Fy, M), (Fy, M) are isolated soft
subsets of G , and UyerY, = (FhM) (Fy, M). For any
T € I_Iverff/ without loss of the generality, assume that
x € (F1, M), by Y being connected, having Y- C(Fy, M) or
Y, C(Fy, M), 50 MyepY,C(Fy, M) and (Fp, M) = () which
infers O,\/el"?,y is connected. [ ]

Proposition 2.3. Let (G, 7, M) be a soft topological space,
Y C G,Va,y €Y, there exists a connected soft subset Yy, of
G, such that T,y € YguyCY then'Y is a connected soft subset
of G.

Proof:
Case 1. IfY =0, then Y is clearly a connected soft subset
of G.
Case 2. IfY # 0, then Va € Y, Y = Oyey{/;, and

a € MyeyYyy, by the above proposition, we can know that Y
is a connected soft subset of G.

3. THE PROPERTIES OF SOFT REAL REAL TOPOLOGICAL
SPACE

In the following, (G, 7, M) is a soft rough topological space
and B C M, (F, B) is a soft set in 7.

To avoid repetition, we do not write it again. As the descrip-
tion in [23], we have known the soft rough real topological
space is connected, next , we study some properties of this
connected soft rough real topology.
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Assuming that the reader is familiar with soft set, topology,
soft rough formal context, and soft connectedness, we review
the basic knowledge used in this paper and more information
can see [19-23].

Definition 3.1. (23] Let (Gl, T1, Ml) and (GQ, T2, MQ) be soft
rough topological spaces, f : (G1,71, M1) — (Ga, T2, Ms)
is a mapping. if V(Fy,B2) € m19,3(F1,B1) € 7, such
that f(Fl,Bl) = (FQ,BQ)(VGQ € Bs,de; € By, such that
f(Fi(e1)) = Fs(e2),), that is: the pre-image of soft open set
is soft open. Then f is a continuous mapping.

Remark 3.1. If (G1,71, M) and (Ga, 72, Ms) are connect-
ed soft rough topological spaces, f (G1,71,M;) —
(G2, 2, Ms) is a continuous mapping, then Yy € Ga,y must
belongs to a soft set (Fa, Ma) € 1o, similarly, x € Gy, x must
belongs to a soft set (Fy, M) € 11, so , we can describe this
continuous mapping f using different methods:

(1) For universe, Yx € G1, Jy = f(x) € Go is the image
of x, and denote the image of the universe G1 as f(G1)
which is the subset of Gs. Furthermore, Vx € Gy, because
(Gy, 11, My) is a soft rough topological space, x must be
a soft point in (G1,7, My)( that is , there is at least one
soft set (Fy,B1) € 7, such that x € (F,B1) € 11),
Jy € (F2,Bs2) € 7o, having f(x) = y under f (see Fig.
1),

Hence, in the following, x € G means x is a soft point in

(G, M).
(2) For soft set, V(Fy, By) € 71,3(Fs, Ba) € 79, such that
f(F1, By) = (Fy, Ba).

So, for convenience, we can simply denote the image of
(G1,71,My) as f(G1), and

f(G1) ={f(Fi(e1)ler € M1,z € Fi(e1) C G1}
= {Fg(eg)‘eg S Mg,y S F2(€2) - GQ}
= {y S Ggly S Fg(eg) - GQ,f(.’L‘) =Y, T E Gl}

For example, if f : (G, 11, M1) — (R, 12, M2) is a continuous
mapping, then for all x € G, the the image of x is a real
number, and and I(Fy, Bs) € 19 = {(F2, B2)|F> : By —
R,Vey € By C Ma, F(ez) C R}, such that f(x) € (Fa, Ba).

Theorem 3.1. Let (G,7,M) and (G',7',M') be
soft rough topological spaces, 3(Fi,By),(Fy,Bz) €

7, s.t. (Fy, B1)U(Fy, By) = G. denote: A= |J Fi(e),B =
ecB;

U Fa(e). Ler fi
ec Bo
fo : (B,7|g, M) — (G',7',M") be continuous mappings,

and ¥Yx € G, if © € AN B, then fi(x) = fa(x). Define

(A, 7|4, M) — (G',7',M’") and

(G, M) — (G', 7', M) such that Vx € G,
| fAlx), if x€A
f(x)—{ f;(x), if veB

then f is continuous.

Proof: VY C G, then Y is soft subset of G’ and
f1()=f()|"|A YY) = YY) N A so

YY) = fN 0SS Y.

Suppose that (F’, B’) is any soft open set of 7/, then

fANF,B) € tla C 7, f5(F'.\B') € 7|p C 7, so,
f~YF', B = f;Y(F',B"Uf;(F',B’), that is, the pre-
image of soft open set is also open. And
Yy =f(Y)nA LS el 1
Hff; - H% ni) ==
5 =

Hence, f is continuous.
|

Remark 3.2. (1) This theorem is Pasting Lemma(Glueing
Lemma) in topology.

(2) This result is also true, if (Fy, B1) and (Fy, By) are soft
closed sets .

Theorem 3.2. % Let f: (G1,71,My) — (G2, 72, M3) be
a continuous mapping, if (Gy,11, Ml/)vls soft connected, then
f (Gl) is a soft connected subset of Gs.

This theorem tells us that the connectedness is invariant
under the continuous mapping.

Proposition 3.1. Let (R, 7, M) be a soft rough real topolog-
ical space, E is a connected subset of R, that is, (E, 7, M)
is a connected soft rough topological subspace of (R, T, M),
then E is an interval.

Proof: Suppose that F is not an interval, then Ja, b € F,
without loss the generality, assume that a < b such that the
interval [a,b] ¢ E which means 3¢ € [a,b],a < ¢ < b,
and ¢ ¢ E. Denote A = (—o0,c) N E,B = (¢,+00) N E,
obviously, A and B are non- empty open subset of E, and
AUB = E A N B = 0, then E is not connected, _which is
contradict with E being a connected soft subset of R.

Hence, E is an interval. [ |

Corollary 3.1. Ler (G, 71, M) be a connected soft rough
topological space, f : (G,11,M;) — (R, 12, M) be a
continuous mapping, then

(1) f(G) is an interval.

(2) For any z,y € G, f(x) and f(y) which are real
numbers are their images under the continuous mapping f,
t is any real number between f(x) and f(y), then 3z € G
such that f(z) =

Remark 3.3. Because (G, 71, M) is connected, Va,y €
G,3(Fy, B1)CG, (Fo, B2)CG such that x € (Fy,By), and
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y € (Fa, Ba), (if x and y are soft connected, then(Fy, B1) =

(Fy, B3)). Denote the images of (F1,B1),(Fz, Ba) respec-
tively as (F{,B}),(Fs,BY), that is, f(F1,By) = (Fy,B})
f(Fy, By) = (F3,B%) . f(x) and f(y) are the images of x
and y respectively.

Because f(x), f(y) are real numbers, f(z) > f(y), f(z) =
f(y), f(x) < f(y) must have one and only one held by the
law of the excluded middle of real numbers.

However, (F{,B}) and (F5,B) need not have any
inclusion relations, that 1is, it is not necessary for
(F{,B})C(F3, B}) or (Fj,By)C(F],BY), in other words ,
they can be (F{, B{)1(F3, By) = 0 or (Fy{, B})N(Fy, B}) # 0
(see Fig. 2).

Proof: (1) It is obvious from the above proposition.

(2) The conclusion hods if f(z) = f(y). Next, suppose
that f(x) # f(y), without loss of the generality, assume that
F() < f(y), then [f(x), f(3)] C F(G) C R, and f(G) is
an interval which infers V¢t € R, f(z) < t < f(y) having
t e f(G).

Hence, 3z € G such that f(z) =t. [ |

Theorem 3.3. (Intermediate value theorem)

Let f : ([a,b],71,M1) — (R, 72, M3) be a continuous
mapping, f(z) and f(y) € R be the images points of x,y
under f( Vx,y € [a,b]), then for any real numbert between

f(z) and f(y), there is a real number z in [a,bl(i.e.z € [a,b])
such that f(z) =

Proof: The proof is easy using the above proposition. B

Remark 3.4. Because ([a,b], 71, M1) and (R, 7o, Ms) are
connected, Ty = {(F1, B1)|Ver € By € My, Fi(e1) € By C
M} and U, p)yer, (F1, B1) = [a,b], for any Vz € [a,b],
there is at least one soft set (Fy,B1) € 71, such that x €
(Fy, B1) which means any point x in [a,b] is a soft point,
similarly, any point is also a soft point in R.

4. THE PATH CONNECTED OF THE SOFT ROUGH
TOPOLOGICAL SPACE

Definition 4.1. Let (G,7, M) be a soft rough topological
space, x,y be soft points in (G, 7, M).

(1) If there is a continuous mapping f from
([a, 0], Tljap), M)([a,0] S R) to (G,7,M), such that
fla) =z, f(b) =y, then f is a path from the soft point x
to the soft point y, simply , f is a path from x to y.

(2) If there is path form x to y in (G, T, M) , then we say
z and y is path connected.

(3) If for any pair (z,y) of soft points in (G, 7, M), there is
a path from z to y, then we say (G, 7, M) is a path connected
soft rough topological space, to be short, (G, 7, M) is path
connected.

Remark 4.1.

(1) For simplicity, we take interval [a,b] as unit closed
interval [0, 1].

(2) The relation of path connectedness is an equivalent
relation.

Proof: For any soft points x,y,z in G, 7, M), we have:

(i) x and x is path connected.

In fact, let f : ([0,1], 7|01, M) — (G, 7, M), such that
f(t) ==a,Yt € [0,1], then f is a path from x to x.

(ii) If x and y is path connected, then y and x is also path
connected.

In fact, suppose f : ([0,1], 7|1, M) — (G,7,M) is a
path from x to y, define f'(t) = f(1 —1t),Vt € [0,1], then f’
is a path from y to x.

(iii) If x and y is path connected, y and z is path connected,
then x and z is also path connected.

In fact, suppose that f1, f> : ([0,1], 7|01, M) = (G, 7, M)
are paths from x to y and from y to z, respectively, define
mapping f: ([0,1],7(011, M) = (G, 7, M), such that,

f1(2t), if tel0,4]

f(t) :{ Bl if veld] vt € [0,1]
then f is continuous by Pasting Lemma, and f(0) = f1(0) =
z, f(1) = f2(1) = 2

Hence, f is a path from x to z. |

Example 4.1. (R, 7, M) is path connected.

In fact, we know (R,7,M) is connected, so any point
xz in (R,7,M) is a soft point, that is , 3(F,B) € 7,
such that « € (F,B). Define continuous mapping f as
J(0,1],7lj0,1, M) — (R, 7, M) , such that, Y(F", B) €
7|j0,1),3(F, B) € 7, having f(F',B") = (F,B) € 7, and
YVt € [0,1],3z,y € R, f(t) = v+ tly — x) € R(Note:
x,y and t are soft points), clearly, f(¢) is a soft point in R,



that is , there is at least one soft set (F,B) € 7, such that
f(t) € (F, B). Then f is a path from z to y.

Furthermore, we know [0, 1] and R have the same cardinal
number, so for any pair of soft point (z,y), this continuous
mapping will be a path from z to y.

Hence, (R, 7, M) is path connected.

For example, let M = {ej,es,e3}, 7 = {(F,B)|F : B —
I CRIis any interval }. Take By = {e1,e3}, Ba = {ea},

and = = (Fl,Bl) = {(e1,[0,1]), (e3, (-1,3]}, v =

2(Fs, By) = {(eg,( 3)},Vt € [0,1],3x,y € R, such that

ft) =41+ R there is at least one interval I C R,
t

24

3t
such that f(t) € I without loss of the generality, suppose
that I = [a,b] C [0,1] and let f(a) =z = 3, f(b) = 2, so

27
f(t) is a path from § to 2 in (R, 7, M) .

Theorem 4.1. Let (G, 7, M) be a path connected soft rough
topological spaces, then (G, 7, M) is connected.

Proof: Because (G, 7, M) is path connected, for any
z,y € G, there is a path f : ([0, 1], 7|01, M) — (G, T, M)
from(soft point) = to (soft point) y which is continuous map-
ping, and we have known that ([0, 1], 7[(,1), M) is connect,
SO its 1magef([0 1], 7|[0,1, M) is also connected (see [23]),

that is f ([O, 1]) is a connected soft subset of G.
Hence, (G, 7, M) is connected. [ |

Remark 4.2. The converse of this theorem is not true, in
other words, if (G, 7, M) is connected , then (G,7, M) can
not be path connected.

However, we can prove:

Theoremd4.2. Let ACR, Ais a connected soft (open) subset
of R, then (A, 7|4, M) is connected if and only if (A, T|a, M)
is path connected.

Proof: Suppose that A C R and (A, 7|4, M) is path
connected, then (A, 7|4, M) is connected by above theorem.
Conversely, assume that (A, 7|4, M) is connected, if |A| =
1, i.e. A is singleton, then A is clearly path connected. If
|A| > 1, then A is an interval of R, and (A, 7|4, M) is path
connected by Proposition 3.1. ]

Theorem 4.3. Let (G, 7,M) and (G',7', M') be soft rough
topological spaces, | : (G, 7,M) — (G', 7', M") be a con-
tinuous mapping from (G, 7, M) to G', 7', M"). If (G, T, M)
is path connected, then its image (f(G), '), M') is also
path connected.

Proof:  Vy1,ye,3(Fy,BY), (Fy,B5) € 7', such that
Y1 € (F{,Bi), Yo € (Fé7Bé), take z;, € (Fl,Bl), To €
(F»,B3) € 7, such that f(z1) = w1, f(z2) = y2. Be-
cause (G,7,M) is path connected, there is a path g
([0,1],7lj0,1;, M) — (G,7,M) define a mapping h
([0,1], 70,11, M) — (f(G),7'|f(@), M'), such that Vt €
[0,1],R)t) = f o g(t), so, h is a path from y; to yo. Hence,
(f(G), ' (c), M") is path connected. |

5. CONCLUSION

In this paper, the issue discussed is the path connectedness
of the soft rough topological space based on the soft connected
rough topological space. Studying the properties of connected
soft rough real space, we give the definition of path between
soft points, and at the same time, we discuss the property of
path connectedness in the soft rough topological space, and
the relation between connected soft rough topological space
and path local connected soft rough topological space, which
will offer a brand-new idea in data analysis.
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