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Abstract

In this paper, we discuss the non-singularity of a row skew first-plus-last right (RSFPLR) circulant
matrices with the first row (a1, az,...,an), which is determined by entries of the first row. First,
the sufficient condition for the matrix to be nonsingular is that, there exists an element a,
belonging to the first row, whose absolute value is greater than the sum of the corresponding power
of 2 and the absolute values of the remaining (n — 1) elements, that is, |ai,| > D27, 21710 q,).
Moreover, we derive other sufficient conditions for judging the non-singularity of the matrix.
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1 Introduction

The circulant matrices have in recent years been extended in many directions. The f(z)-circulant
matrices are natural extension of circulant matrices, and can be found in [1-12]. The f(x)-circulant
matrix has a wide application, especially on the generalized cyclic codes [8]. The properties and
structures of the (2™ — x + 1)- circulant matrices [9-12], which are called row skew first-plus-last
right (RSFPLR) circulant matrices, are better than those of the general f(z)-circulant matrices, so
there are good methods for discriminations its non-singularity.

Firstly, we introduce the RSFPLR circulant matrix in the following definition.

Definition 1.1. [10,11] Let A=RSFPLRcircfr(a1, az, . ..,an) be a RSFPLR circulant matrix with
the first row (a1, a2, ...,as), defined as follows

ai az as .. An—1 an
—Qn al +an az T i an—1
A _ —Qn—1 —Qn +an71 T T i : ) (11)
as
—as —aq4 + as . . . as
—agz —ag + a2 —a4+a3 ... —ap+tapn—1 a1 +an

nxn

*Corresponding author: E-mail: jiangnan8767@168.com


www.sciencedomain.org

Cui. and Jiang.; JAMCS, X(X), XX-XX, 20YY; Article no.

Note that the RSFPLR circulant matrix is a (¢" — « 4 1)-circulant matrix [9-12].
Let ©(_1,1) be the basic RSFPLR circulant matrix, denoted by

0 1 0 ... 0
O 11 = . o . 1.2
(-1, : o (1.2)

0 ... ... 0 1

1 1 0 ... 0

nxn

It is easily verified that g(z) = 2™ — x + 1 has no repeated roots in its splitting field and g(z) =
z" —x + 1 is both the minimal polynomial and the characteristic polynomial of the matrix ©(_y 1.
In addition, a matrix A can be written in the form

A=f(Oc1n) =) @O ) (1.3)
i=1

if and only if A is a RSFPLR circulant matrix, where the polynomial f(z) = > a;z'~" is called
the representer of the RSFPLR circulant matrix A. It is clear that A is a RSFPLR circulant matrix
if and only if A commutes with the ©(_; 1), that is,

A@(_l,l) = 6(_1,1)14. (14)

Secondly, based on [1], we deduce the following lemma.

Lemma 1.1. Let A = RSFPLRcircfr(a1,asz,...,an) be a RSFPLR circulant matriz with the first
row (a1,a2,...,a,). Then A is singular if and only if there exists jo(1 < jo < n) such that
f(wjo) =0, where f(z) =31 a;z’ ™ .

2 Main Results

Let A = RSFPLRcircfr(ai, az, . .., an) be a RSFPLR circulant matrix with the first row (a1, a2, ..., an).
We discuss the non-singularity on matrix A under different conditions in this section. At the same
time, several corollaries are derived.

Theorem 2.1. Let A = RSFPLRcircfr(as,as,...,a,) be given as in (1.1). If there exists an
ai, € {a1,az2,...,an}, such that

n
Jaiol > 0 27 ayl i = 1,0 # o, (2.1)
i=1,i#ig

then A is nonsingular.

Proof. If A is singular, then by Lemma 1.1, there exists jo(1 < jo < n), such that

fwjo) = Zai(wjo)i =0.

So

n
ig(Wjo) " == > ai(wsy)".

i=1,i#ig
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Taking the absolute value of the above equation

n n
laio(@s)°1 =1 D aiwe) 1< D laillwsol’,
i=1,i%i0 i=1,i%i0
we have
n . .
laiol < Y aillwsol 7.
i=1,ii0

Note that wj, are the roots of the characteristic polynomial g(z) = =" —x+1 for matrix ©(_ 1),
ie. (wjy)" —wj, +1=0. So we get from [13, Corollary 6.1.5] that

|wj0‘ <2
Hence
n . .
laio) < Y 27 0adl,
i=1,i#ig
which contradicts to inequality (2.1). Therefore, A is nonsingular. ]

Corollary 2.1. Let A = RSFPLRcircfr(ai,asz,...,a,) be given as in (1.1). If there exists an
aiy, € {a1,a2,...,an}, for any i # i0,1 < i < n, such that

|aio| > (n — 1)]a;| V210, (2.2)
then A is nonsingular.

Proof. If A is singular, then by Lemma 1.1, there exists jo(1 < jo < n), such that

flwio) = Zai(wjo)i =0.

So
. n .
aig(Wjo)"° == > ai(ws,)".
i=1,i#ig
Taking the absolute value of the above equation
laio (Wio) I =1 D awio)' < D asllws, ',
i=1,i#ig i=1,i%ig
we get
n . .
lai] < D laallwsol T
i=1,i%ig

Note that wj, are the roots of the characteristic polynomial g(x) = 2™ —z+1 for matrix ©(_1 1),
ie. (wjy)" —wj, +1=0. So we get from [13, Corollary 6.1.5] that

|wjo‘ <2
Thus

n . .
lai] < Y 27 Pail.
i=1,ii0

Hence there exists ko, such that
|aio| < (n — 1)|an,| V2ko—io,

which contradicts to inequality (2.2). Therefore, A is nonsingular. ]
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Corollary 2.2. Let A = RSFPLRcircfr(ai,as,...,an) be given as in (1.1). If there exists an
aiy € {a1,az2,...,an}, for any i #io, 1 < i <n, such that
|ai 1

< -
laig] ~ (n—1)¥2i’

then A is nonsingular.

Proof. The proof process similar to Corollary 2.1. O

Theorem 2.2. Let A = RSFPLRcircfr(aq,az,...,a,) be given as in (1.1). If

lan| > D 27 Maul, (2.3)
i=1,i£M
then A is nonsingular, where ay = max{|ail, |az|, ..., |an|}.
Proof. The proof process similar to Theorem 2.1 O

Corollary 2.3. Let A = RSFPLRcircfr(a1, az,...,an) be given as in (1.1). If for any i # M,1 <
i <n, such that ‘
laar| > (n —1)2"M|a,], (2.4)

then A is nonsingular, where ap = max{|ai|, |az|, ..., |an|}

Proof. If A is singular, then by Lemma 1.1, there exists jo(1 < jo < n), such that

n

fwjo) = Zai(wjo)i =0.

=1
So
n
o .
am(Wio) == D aiws)".
i=1,i%M
Taking the absolute value of the above equation
n n
u ‘ ,
lanr (@i) M =1 D aiwi) 1< D aillwsl’,
i=1i£M i=1,i£M

we have
n

lane| < D7 aillwso T

i=1,i#M
Note that wj, are the roots of the characteristic polynomial g(x) = =" —z+1 for matrix ©(_ 1),
ie. (wjy)" —wj, +1=0. So we get from [13, Corollary 6.1.5] that
|wjo| < 2.

Thus

n

jal < 30 2 Moy

i=1,i#M
Hence there exists ko, such that

laae| < (n—1)2" "M ay, |,

which contradicts to inequality (2.4). Therefore A is nonsingular. ]
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Corollary 2.4. Let A = RSFPLRcircfr(a1, az,...,an) be given as in (1.1). If for any i # M,1 <
i <n, such that

n

Z |ai| 21’—M7
i=litM la|
then A is nonsingular, where ap = max{|a1l, |az|, ..., |an|}.
Proof. The proof process similar to Corollary 2.3. O

Corollary 2.5. Let A = RSFPLRcircfr(a1,asz,...,an) be given as in (1.1). If for any i # M,1 <
i < n, such that

lail 1
lane| = (0 — 1) Y/2i-M’
then A is nonsingular, where apy = max{|ai|, |az|, ..., |an|}
Proof. The proof process similar to Corollary 2.3. (I

Theorem 2.3. Let A = RSFPLRcircfr(ar,as,...,a,) be given as in (1.1). If there exists an
ai, € (a1,a2,...,an), such that

1 1 . .,
|1 —as| < E,2|a¢| < = 1,...,n,1 # o,
then A is nonsingular.

Proof. Add the n inequalities of the both sides

1—ai,|+ > 27" <1

i=1,i7ig
Since
11— aio| >1—lail,
we have .
laigl > > 27 Pail. (2.5)
i=1,i7ig
Therefore,the conclusion is clearly established based on Theorem 2.1 and (2.5). O

Corollary 2.6. Let A = RSFPLRcircir(ay, az, ..., a,) be given as in (1.1). If
1 1 . .
1 —am| < =, 2ai| < =, i =1,...,n, i # M,
n n

then A is nonsingular, where ay = max{|ail,|az|, ..., |an|}.
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Proof. Add the n inequalities of the both sides,

M—an+ Y 27Mal <1,

i=1,i#AM

Since
[T —am|>1—lanm|,
we have
n .
lane| > D 27 Mau.

i=1,i#AM

According to Theorem 2.2, A is nonsingular. O

Theorem 2.4. Let A = RSFPLRcircfr(ar, az,...,an) be given as in (1.1). If

n

n[(1—anm)>+ > a:?226-20] < 1, (2.6)
i=1,i#M
then A is nonsingular, where ap = max{|ai|, |az|, ..., |an|}.

Proof. Since

- I

\/(1 —am)?® + Z?:l,i;ﬁ]w |a;|222(:=2) > [1—anm|+ Z?:Li#M |a;|2:~M
n n

we have

n[(1—an)>+ > P20 > [1—am|+ D a2
i=1,i#M i=1,i#M

n
>1—|am|+ Z |ai|21_M

i=1,i#M

By the inequality (2.6), we get

n

lan| > > a2 M.

i=1,i%M

According to Theorem 2.2, A is nonsingular. O
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